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ANDRAS GACS (1969-2009)

We report with great sadness the passing away of Andrds Gécs, associate
professor of the Department of Computer Science. He died suddenly at home

on 28 October 2009 at the age of 41.

Gécs studied mathematics at
the Lordnd Eotvos University be-
tween 1988 and 1993. After grad-
uation, he stayed at the university
as a student of the PhD program in
Pure Mathematics then newly cre-
ated. He obtained his degree in
1997 with the thesis “The Rédei
Method in Finite Geometry” (advi-
sor: Tamds Szényi). He spent the
years between 1997 and 2000 as a
researcher of the Alfréd Rényi In-
stitute of the Hungarian Academy
of Sciences. Then he returned to
the Department of Computer Sci-
ence as assistant professor. Gics
was promoted to associate profes-

sor in 2002. He received a Bolyai Janos Fellowship between 2006 and 2009.
With Zoltan Porkolab he coordinated the mathematics—informatics seminar at

Bolyai College.

His research interest lied in finite geometry, algebraic methods in combi-
natorics, and polynomials over finite fields. His main skill was the clever use
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4 ANDRAS GACS (1969-2009)

of polynomials for solving combinatorial problems arising from geometry. He
always liked problems which looked easy, but in reality, were difficult, some-
times very much so. We mention only two of Gacs’s several strong results.
He established a fifteen year old conjecture of Blokhuis and Sz6nyi on regular
semiovals by showing that they are either ovals or unitals. In a series of
papers he managed to prove an astonishing generalization of Rédei’s theorem
on directions determined by p points in an affine Galois plane. His results
inspired and will continue to inspire many researchers in finite geometry.

Andras was an enthusiastic teacher who also wanted to entertain his
audience. His students loved him as a teacher and as a person. He attracted
a strong group of gifted PhD students (Péter Csikvari, Tamdas Héger, Zoltin
Loérant Nagy) and worked on several problems with them. Gdcs was always
ready to help students, colleagues, and friends. He was a good friend of
many, and a good colleague of us all. We will sorely miss his warm-hearted
personality and special vein of humour.

The Institute of Mathematics of Eotvos Lordand University, Budapest
organized a memorial seminar on the 29th of October, 2010. Family mem-
bers, former students, classmates, and colleagues came together to share their
memories about Andrds. The program of the seminar was coordinated by
Péter Sziklai. It consisted of the following talks:

e L4szl6 Lovasz: Opening

e Simeon Ball: On functions over a field of prime order p, which determine
less than p — /p directions

e Zsuzsa Weiner: Arcs and codes

e Aart Blokhuis: History and future of the directions problem

e Zoltdn L. Nagy: Permutations, hyperplanes and polynomials over finite
fields

e Laszl6 Szegd: Laughing is recommended

e Tams$s Sz6nyi: From buildings to directions

e Leo Storme: Spectrum results in finite geometry

e Tamds Héger: Regular configurations in PG(2, p)

e Péter Csikvari: From the density Turdn-problem to integral trees

Department of Computer Science, Institute of Mathematics

2011. februar 15. -9:10 4



List of publications of Andras Gacs

[11 A. GAcs, P. SzIKLAIL T. SZONYL: Two remarks on blocking sets and nuclei in
planes of prime order Designs, Codes and Cryptography, 10 (1997), 29-39.
[21 A.GACcS: A remark on blocking sets of almost Rédei type, Journal of Geometry,
60 (1997), 65-73.
[31 A. GAcs: On the number of directions determined by a point set in AG(2, p),
Discrete Mathematics, 208/9 (1999), 299-3009.
[4] A.GAcs, P. SZIKLAL: On the structure of a generalization of weakly associative
lattices, Ars Combinatoria, 62 (2002), 221-226.
[51 A. GACS: On the size of the smallest non-classical blocking set of Rédei type
in PG(2, p), Journal of Combinatorial Theory Ser. A., 89 (2000), 43-54.
[6] A. GAcs:The Rédei method applied to finite geometry (Ph.D. Thesis), ELTE
(1997).
(7] G.BERCzI, A. GACS, T. SZONYI: Finite projective planes, (in Hungarian), in: Uj
Matematikai Mozaik (A. Hraské ed.), 2002, 53-76.
[8] G. BERCZI, A. GACs, A. HRASKO T. SZONYIL: Regular graphs, (in Hungarian),
in: Uj Matematikai Mozaik (A. Hraskoé ed.), 2002, 77-104.
[91 A. GAcs: On a generalization of Rédei’s theorem, Combinatorica, 23 (2003),
585-598.
[101 A. GAcs, ZS. WEINER: On (g + t,t)-arcs of type (0,2,t), Designs, Codes and
Cryptography, 29 (2003), 131-139.
(111 A. GAcs, T. SZONYIL: On maximal partial spreads in PG(n, q), Designs, Codes
and Cryptography, 29 (2003), 123-129.
[121 A. GAcs, T. SzZONYI, ZS. WEINER: On the spectrum of minimal blocking sets in
PG(2, q), Journal of Geometry, 76 (2003), 256-281.
[131 A.COSSIDENTE, A. GACS, CS. MENGYAN, A. SICILIANO, T. SZONYI, ZS. WEINER:
On large minimal blocking sets, Journal of Combinatorial Designs, 13
(2005), 25-41.
[14]1 A. GAcs: On regular semiovals in PG(2, q), Journal of Algebraic Combina-
torics, 23 (2006), 71-77.
[151 A.GAcs, T. SzONYL: Random constructions and density results, Designs, Codes
and Cryptography, 47 (2007), 267-287.
[16] S. BALL, A. BLOKHUIS, A. GACS, P. SZIKLAI, ZS. WEINER: On linear codes
whose weights and length have a common divisor, Advances in Mathemat-
ics, 211 (2007), 94-104.
(171 S. BALL, A. GACS, P. SZIKLAL:On linear combinations of permutation polyno-

mials that are permutation polynomials, Journal of Combinatorial Theory
Ser. A, 115 (2008) 505-516.

2011. februdr 15. -9:10 5



6 ANDRAS GACS (1969-2009)

(181 J. DE BEULE, A. GAcS: Complete (q2 — 1)-arcs of Q(4,q), Finite Fields and
Their Applications, 14 (2008), 14-21.

[191 A. GAcs, T. HEGER: On geometric constructions of (k, g)-graphs, Contributions
to Discrete Mathematics, 3 (2008), 63-80.

[201 A. GAcs, L. LovAsz, T. SzONYI: Directions in AG(2, pz), Innovations in Inci-
dence Geometry, 6/7 (2009), 189-201.

[211 S. BALL, A. GAcCS: On the graph of a function over a prime field whose

small powers have bounded degree, European Journal of Combinatorics,
30 (2009), 1575-1584.

[22]1 T. ALDERSON, A. GACS: If a linear code has an extension, then it also has a
linear extension, Designs, Codes and Cryptography, 53 (2009), 59—-68.

[231 A.GAcs, T. HEGER, L. Z. NAGY, D. PALVOLGYI: Permutations, hyperplanes and
polynomials over finite fields, Finite Fields Appl., 16 (2010), 301-314.

[241 A. GAcs, T. HEGER, ZS. WEINER: On (k,6)-graphs arising from projective
planes, preprint

[251 A. GAcs, T. SzONYI, ZS. WEINER: 0 mod p sets and codewords, in preparation

2011. februdr 15. -9:10 6



ANNALES UNIV. SCI. BUDAPEST., 54 (2011), 7-34

SPECTRAL CALCULATIONS IN RINGS

By
GYULA LAKOS

(Received November 20, 2009
Revised February 28, 2010)

Abstract. We examine the validity of certain spectral integral formu-
las in topological rings. We consider the sign and square-root functions in

polymetric rings containing % It turns out that formal analogues of classical
transformation kernels and the resolvent identity can be used to understand the

. . 1 : 1 1 1 1 1
situation. In the lack of 5, the functions 5 — 5 sgn (7 — z) and 5 — /7 — 2
can be generalized, respectively.

0. Introduction

Spectral integrals like

1— 1
7+ 50 |dz

1 =
(D sgn Q (eC:lel=1) 1%+1%ZQ 2
and
S |dz|
) ﬁ=/ > 2
L _ 21
(zeC:fzl=1) 1 ((%) _ (ITZ> S)

are often useful. They extend the complex functions sgn Q, which is the sign

function of (the real part of) Q, and V/S, which is the square root function
cut along the negative real axis, respectively. Definitions like above are
justified if they are supported by appropriate algebraic identities and spectral

AMS subject classification (2000): Primary: 46H30, Secondary: 13J99.
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8 GYULA LAKOS

properties. This is the situation in linear analysis, where the formulas above
can be established for elements with appropriate spectral properties in great
generality, even if the resolvent terms are not necessarily continuous, cf.
HAASE [1], MARTINEZ CARRACEDO-SANZ ALIX [3]. We refer to this case
as the “analytic case”.

However, in the analytic case, if the resolvent terms are continuous, then
they are also smooth, and one can expand everything in terms of Fourier
series, or rather Laurent series in z. One can naturally ask if similar com-
putations can be done in more general rings, in particular, in rings without a
natural R-action. It is natural to check these ideas for formal Laurent series
on polymetric rings. We refer to this case as the “algebraic case”.

We call a ring 2 polymetric if
(a) its topology is induced by a family of “seminorms” p : 2% — [0, +00)
such that p(0) = 0, p(=X) = p(X), p(X + Y) < p(X) +p(Y),
(b) for each “seminorm” p there exists a “seminorm” p such that p(X Y) <
pX)p(Y);
i. e, if it is a polymetric space whose multiplication is compatible with the
topology. Dealing with Laurent series in z, integration over the unit circle
becomes a formal process. It is nothing else but detecting the coefficient
of z0. On the other hand, for the multiplication of Laurent series, some
sort of convergence control is required. Primarily, we will be interested in
Laurent series with rapidly decreasing coefficients. A sequence is rapidly
decreasing if it is rapidly decreasing in each seminorm. Furthermore, we
consider only sequentially complete, Hausdorff polymetric rings. We also

assume that % € 2. Then (1) and (2) are meaningful.

Indeed, applied to elements with appropriate “spectral” properties, the
expressions sgn Q and /S will have good properties justifying the nota-
tion. This can be proved by an analysis of the coefficients. The algebraic
approach is particularly manageable in the case of (1), it is essentially shown
in KAROUBI [2], by a direct analysis of coefficients, that the expression sgn Q
yields an involution compatible with factorization of affine loops. Neverthe-
less, such computations are not necessarily very enlightening. The objective
of this paper is to prove our statements regarding the algebraic case and to
do this in a manner which brings the algebraic and analytic cases together, at
least formally. It turns out that the basic tool of the analytic case, the resolvent
identity, works generally. Another natural question is what happens in the

2011. februdr 15. -8:46 8



SPECTRAL CALCULATIONS IN RINGS 9

lack of % Then the sign and square root functions are not really appropriate.
Instead, we can generalize

P; |dz|
2€C:[z|=1} 1 =P+ Pz 2m

3) idem P = /
{

and

@ 77 | Wror

(z€C:|z|=1} 1+ (@ =242~ )T 27’

extending the functions idem P = % — % sgn (% — P) and YT = % — }‘ - T,

repectively.

1. Laurent series

1.1 If 2 is a polymetric ring, then we may consider formal Laurent
series a = Y, czapz". If p is a seminorm on 2 and a : Z — Ry is a
non-negative function, then we may define py(a) = ), <z a(n)p(ay). Then
we may consider the polymetric spaces

(a) Ql[z_l,z]f of essentially finite Laurent series,
(b) Az 1, 21°° of rapidly decreasing Laurent series,
(c) Ql[z_l,z]b of “summable” Laurent series,
(d) Q[[[z_l,z]]b of bounded Laurent series,
(e) Al[z ™1, z11°° of polynomially growing Laurent series,
® Ql[[z_l,z]]f of formal Laurent series, as the spaces which contain
series bounded for each p, such that
(a) a is unrestricted,
(b) a is polynomially growing,
(c) a is bounded,
(d) a is summable,
(e) a is rapidly decreasing,
(f) o is vanishing except at finitely many places, respectively.
We have continuous inclusions
Az Lz = AL = Az z2P = ALz —
— Az, 211° — Az~ 201

2011. februdr 15. -8:46 9



10 GYULA LAKOS

Of these spaces, Az~ 21f Az 71,21, Az ™1, 2]° will remain poly-
metric rings. Indeed, (;9\07) can be chosen as py, where

amn)=1v max lac(m))|.
—2|n|<m<2|n|

We have compatible continuous module actions 2[z Lz <Az L2110 —
— A[[z~',z]]°. Essentially the same applies to the spaces of power series
Alz1E, Alz1>°, Alz1P, Allz11P, Allz11°°, Al[z]11F, except here even A[[z]],
Q[[[z]]f are polymetric rings. Indeed, for them, (;9;) can be chosen as Py,

where a(n) = \/max,<p |a(m)|. An element like 1+Q + Qz may be

considered either as an element of Az 1, z]f, Az~ ,Z] , or Az~ 210,
etc. Practically, the difference is that the larger the ring is the easier is to find
a multiplicative inverse of the element given.

12 Ifa(z) =) ,czanz”™ € Allz =", 211, then we define formally

d
/()'Z'

The Hilbert kernel (“up to multiplication by i”) is defined as

1
[1”] Z(sgns)z ez~ 21,

1.3 Some further terminology is as follows. For a(z) = Y, czanz" €

e Alz~L, 1P we let
hm a(z) = Zan
nez

Naturally, this notation also applies to power series.

In what follows, we let Ql[z_l,z], %[[z‘l,z]] Alz], A[[z]] denote
Az =1, 21%°, Allz 1, 211°°, A[z]1°°, A[[z]1°°, respectively, but similar state-
ments hold for T and ?, too.

PROPOSITION 1.4. Fora(t,z) € Alt]1[[z~ %, z]] and b(z) € Az~ L, 7],

/(}i}l}aa,z))b(z)' —hm/(a(r z))b(z)' 4y

2011. februdr 15. -8:46 10



SPECTRAL CALCULATIONS IN RINGS 11

PROOF. This is just the generalized associativity of the rapidly decreasing
(hence absolute convergent) sum ), ez dn,sb—s- |

1.5. For the sake of brevity, we call the elements of 2([¢] [z~ z]] as
transformation kernels. Practically, the convenient thing is to consider those

elements of the ring Ql[[t]]f[z_l,z]b which can be thought to be transforma-
tion kernels. (This is advantageous from computational viewpoint, because

the product of a(¢,z) and b(z) € Az~ z] formally yields the same element
of A[[1Nf[[z~1, z1IP either we interpret a(z,z) € A1z, z1P or a(r,z) €
€ Alr] [[Z_I,Z]], but the first case is often easier to compute with.)

Such elements are the Poisson kernel

1—12
Pt,z2) = — =Y bl
(1 —t)d —1tz71) =

the Hilbert-Poisson kernel

l‘(z _Z_l) sls
(1 —tz)(1—tz7h B Z(sgns)t' & ’

SEZ

H(t,z) =

the %-shifted odd Poisson kernel

(1 _t)(l"'z) s_—S s_ s+l
;f = =
(t,2) I — 1) —1z-D) SEGNt Z +S§ENt T,

and the variant regularization kernel
- 1+t —z2)(1 —z 7!
Rty < (=2 =27
2(1 —tz)(1 —tz7 1)

Z‘SH _ 1S

254+t + Z ?ZS.

Z‘SH — 1S

This latter one has the property
lim R(r,z) =1
t /1

(here we think of %(t,z) as an element of A[z] [[z_l,z]]). The ordinary
regularization kernel

_t(l—)(1—z7h

R(t,2) = (1 —tz)1 =tz

2011. februar 15. -8:46 11



12 GYULA LAKOS

is just an element of Ql[[t]]f[z_l,z]b, hence it is not so convenient alge-
braically. On the other hand, the use of variant regularization makes the
variant Hilbert-Poisson kernel

- 1+t Utz —z7hH 142 p s
%(I,Z)—Tﬂf(t,z)—2(1_IZ)(1_IZ_1)—S€%(Sgns) 1l

useful.

It is not hard to see that the definitions and the proposition above can
be formulated in the case when we have many variables z,w, ... instead of
just z. For example, we may consider the Hilbert kernel

-1
z+w] _ [1+wz 1] :Z(sgns)wsz_s.

z—w 1—wz™
< SEZ

2. Spectral classes

2.1. In order to save some space we use the short-hand notation
A@) = 5(1 +a),
A(a,b)=5(1+a+b —ab),
Aa,b,c) = %(1+a+b+c —ab+ac — bc +abc),
A(a,b,c,d) = %(1+a+b+c+d —ab —bc —cd+ac+ad+bd
+abc —acd — abd + bed — abed),

etc., following the scheme
Aeryeayesyeoen)=27120 ST [T o | | T e
e€{0,1}" \1<j<n 1<k<n
such that the order of the symbols c; is preserved in the products.

2.2. Let C = C U {oc} denote the Riemann sphere. Some subsets are:
iR = iR U {00}, R~ = (—00,0] U {c0}, C~ = {s € C : Reas < 0} U {0},
[e]

D' = {z € C : |z] < 1}. We define the functions polJ = —isgnil,

2011. februr 15. -8:46 12



SPECTRAL CALCULATIONS IN RINGS 13

commutative diagram on certain subsets of the complex plane:

&)

Plg = % — ‘% — P‘r. We have the following

T —J?

T poly
JeEC\R" > T e {i,—i}

_Q»—»sgnO
QeC\iR~ ~Qe{l,-1}
0159 0 159
P 1-2pP P 1-2P
- - P — idem P
Te(C\(%— —)<—Pe(C\(%—(C—) PeC\(%—i@) > Peio1}

P— P —P)

Wi —Wa1 — w)~!

Sl
WebD

such that polJ, sgn Q, idem P, |J|;, |Q|r, |P|g yield idempotent operations
and they yield decompositions

J = |J]; pol J, Q=|QJrsgnQ, P=idem P+ |P|g — 2|P|g idem P.

DEFINITOIN 3.2. Suppose that 2 is a locally convex algebra and R is a

compact subset of C. We define Gpecg(R) as the set containing all elements
X € 2 such that the functions

fr:z € R\ {0} = (z—X)"" and gg:z € R\{0} —X(1-z"'1X)"!

are well-defined and continuous. The topology of Gpecp(2) is induced
from the compact-open topology of the continuous functions (fR)|D1 AR and

(gR)l \o . (If R is symmetric for conjugation then we may use the functions
R\D

fr(2)fr(Z) and gg(z)gr(Z) in order to get a formally real characterization.)

Classes of interest are like Gpec;z(2), etc., 1. e. the elements spectrally

avoiding iR, etc. Another way to specify spectral conditions is to ask for
skew-involutions, involutions, or idempotents. The main spectral classes
correspond to the sets in (5) for A = C.

2011. februdr 15. -8:46 13



14 GYULA LAKOS

DEFINITION 2.4. We define the corresponding formal spectral classes by
J € Gpecg@) & 1 ((%)2 " (%)212> is invertible in 2A{z,z 1],
J € Gtool() & J? = —1,
Q € Specs(@) & 132 + 1520 = Az, Q) is invertible in A[z,z '],
Q € Gpec—(A) & 152 + 1520 = Az, Q) is invertible in A[z],
Q € Tnvol() & Q% =1,
S € Gpec—(Q) & 1 ((%)2 - (%Z)%) = AG, S,z
is invertible in A[z,z 1]
P € Spec 1@ & (1= P+ Pz is invertible in Alz,z 71,
Pec éﬁc%_c—,@o & (1 — P) + Pz is invertible in [z],
Pc Joem®@) < P> =P,
Te éﬁc%_R—,@o & 1— (1 —2)(1 -z~ HT is invertible in Az, z 1],

W e 6’5&_\01(2() & 1 +2z W is invertible in [z].
C\D

2.5. If 2 is a locally convex algebra, then the formal spectral classes
and their ordinary counterparts are the same. Indeed, the continuity of the
resolvent terms implies smoothness by the resolvent identity, hence the exis-
tence of the appropriate Fourier series, and, conversely, the existence of the
expansions implies continuity.

OBJECTIVE 2.6. We want to establish the spectral correspondences and
decompositions as in point 2.2 for the formal spectral classes.

2011. februr 15. -8:46 14



SPECTRAL CALCULATIONS IN RINGS 15

3. Calculations with %

A. Sign and square root

DEFINITION 3.1. For Q € Gf;;ci@@l), we define

1— 1
sgnoz/TZ+%Q|dz|=/A(—z,Q)|dz|.
1%4.1%1@ 2 Az, Q) 2m

PROPOSITION 3.2. If Q € Gpec.(), then —Q, Q™" € Spec(?A). Q
commutes with sgn Q. sgn —Q = — sgn Q and sgn Q! = sgn Q. Moreover,

(sgn Q)% = 1.

PROOF. Substituting z = —1 we see that Q! exists. The first state-
ment follows from the identities A(z, —Q) = zA(z ™!, Q) and A(z,Q~ 1) =
= Q"' A(—z, Q). Furthermore, Q and sgn Q commute, because Q commutes
with the integrand in sgn Q. The identities

A=z,-Q) dz] _ A=z, Q) ldz™!)

A(Z s Q) 27[ A(Z -1 ) Q) 2'7[

and
A(=2,Q7Y) |dz] _ Az, Q) |d(~2)]
Az, QD) 2t A(—z,Q) 27
integrated prove the first and second equalities, respectively.

The critical one is the involution property. We give several proofs.
“Matrix algebraic” proof. Let H1/2 => 7 1(sgns)es s be the
NS +7

1 1
<Z + 5) X (Z + 5)
matrix of the odd Hilbert transform. Let
(0 1) - 5 i,y - 150

1
S€Z+7

be the Z x (Z + %) matrix of the action of multiplication by

1+Q 1-Q\ _ip
(110,152

2011. februér 15. -8:46 15



16 GYULA LAKOS

According to our assumption, this has a (Z + %) X Z inverse matrix repre-

-1
senting the action of multiplication by 712 (# + %z) . So, we can
consider the matrix

B (152: 12 4 150:1/2) -
=U(%Z_l/2+%ZI/Z)H 1/2 U( 124 12(2Z1/2>_1

Due to the special shape of the matrices involved, it is easy to see that
this is an involution which is the same as the even Hilbert transform H =
= > ccz(sgns)es s, except in the Oth column. This special shape implies that
the diagonal element in the Oth column is an involution. On the other hand,
it is easy to see that this diagonal element is exactly sgn Q.

“Resolvent algebraic” proof. As
2 A=z, QA(=w, Q) |dz] |dw|
© 1-omo’= ] (1 4G, Q) AW, Q) ) 2 2m

we should show that this integral is 0. This, however, follows from the key
identity

_A(—Z,Q)A(—W,Q):<z+w> -
Az, Q) AW, Q) 2 ) Az QAW, Q)

_1[z+w (2 —w)1-Q% _

22w AGQAW, Q)

- 1 z+w] @-DA-Q) w—1l-0Q%
“2lz-w Az, Q) Aw, Q) )”

which does make sense in m[[z_l,z]][[w_l,w]]. Indeed, (6) can be contin-
z +w] @ — D1 — Q) |dz| |dw|

ued as
- / / 2A, Q) 27 27

//[z+w] w — (1 — Q) |dz| |dw|
Z—w 2A(w, Q) 2 27w

Evaluating the integrals we find

o (e~ (1~ Q) |dz| o (b=l
= 2A(z,Q) 2n 2Aw,Q) 2w o

—Ww

2011. februdr 15. -8:46 16



SPECTRAL CALCULATIONS IN RINGS 17

This proof, like the previous one, relies heavily on the nature of Laurent
series. Nevertheless the argument can be modified so that formally it makes
sense in the analytical and the algebraic cases as well.

“Resolvent analytic” proof. According to the discussion about transfor-
mation kernels, (6) can be continued as follows:

_ 1 7 ~1 A=z, Q A=W, Q) |dz] |dw|
—}%//R(t,wz )<1 Az, Q) A(w,Q)) 2 27

By simple arithmetic in the integrand, this yields

= lim (/ Jet,w z = D = Q%) |dz||dw]|

t/1 2A(z, Q) 2n 2m

10w = (1 - Q?) |dz] |dw]|
/ Hat,w 2A(w,Q) 27w 27 )

Executing the integrals we find

i .<z—1><1—02>|dz|_/ _(w—1><1—02>|dw|>_ _
‘%(/O 1.0 22 )Y Aw 2 )70

yielding, ultimately, the identity. We remark that in the analytic case, it would
actually be simpler to use the kernel R(z,wz ). |

DEFINITION 3.3. If S € Gpec —(2l), then we define the inverse square

root operation as

dz| S |dz|
V5= v/ -
1_ _ 1_Z>25' 2r A(Z,S,Z_l) 2

2 2

PROPOSITION 3.4. Suppose that
S e 6pecRT(Ql).

Then S—! ¢ éﬁcR—_(Ql). The elements \/S and S commute with each other.
VS-1=.8§ _l. Furthermore,

(8) VS)* =
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18 GYULA LAKOS

PROOF. Substituting z = —1 into the resolvent term, we see that S~!
S

AG Sz T A=z, S, (-0
€ Gp QCRT(QI). Integrated, it yields SV S—1 = /S. If the square-root identity

shows that S~! €

exists. The identity

—1
(8) holds, then this implies V.S—! =+/S . So, it remains to prove (8). As

2_¢_ S S g ldzlldw]
©) 9 S_//(A(z,S,z_l)A(w,S,w_l) S) 2r 21’

we have to show that this integral is 0. This follows using the key identities
S S
(10) - S=
Az, S,z 1) Aw, S, w1
_gS—AGS L Lw, SwTh  (§— AR, S LwTh S w).
24, 8,27 HAw, S,wh 2A(z, S,z HAw, S,w=h

S — AR S,z Lw, S w™h
2A(z, 8,2~ H AW, S,w=1)

A=z,827)  AC=w,Swh )
Az, S8,z7 1) Aw,S,w=1h )7’

1lzw 141
11 ==
an 2 Lw_l—l

S— AR, S,z 1L,wlLS,w)
2A(z, S,z HAMW, S,w=l)

(A(—z,S,z_l) AW, S, —w—1)>

(12)

_1 zw+1
T2 lzw =1

Az, S,z7 1) Aw, S,w—1)

Indeed, after we decomposed the integrand in (9) according to (10-12), we
can show that both parts are 0 as we did in the previous proof. |

PROPOSITION 3.5. Q € éﬁc@(%) if and only if Q* € éﬁcR—_(Ql). In

this case
sgnQ=0Q '/ Q2.

PROOF. The first statement follows from the equality A(z, Qz,z_l) =
= A(z, Q)A(z L, Q). The identity statement follows from

sgnQ+sgnQ_
2 2

sgn Q =

2011. februdr 15. -8:46 18
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:1/A(—z,o)@+1/A<—z—1,0>|d(z—1>|:
2 Az, Q) 2m 2 Az7L Q) 2m

=/1 A2, A-z~L Q) Jdz| _
2\ 4.0 T AcLQ) ) 2

3 Q dz| _ 1./
_/A(z,oz,z—h A A

B. Finer analysis of the resolvent terms

DEFINITION 3.6. (a) We define |Q|; = v/ Q% = Qsgn Q.

(b) If F € 2 is an involution, then an element A € 2 can be written in
matrix form

1-F ,1—F 1—F 41+F

7 A5 AT

I+F A1-F 14F 4 14+F
2 A 2 2 A 2

Suppose that Q € éﬁci@@l). In the decomposition of 2 along the
involution sgn Q, the various components are denoted according to

SgnQ:[_l_sgno 1sgno]’ o= o] le=[ o]

PROPOSITION 3.7. QF € Gpec,z(lisgn ) sgn QF = ligeno. and
sgn|Qlr = 1.

PROOF. The decomposition of Q along sgn Q allows us to consider Q
separately in the direct sum components of 2. In particular, the sign inte-
gral splits, too, and it necessarily yields sgn QF = lsgn@ and sgn—Q~ =
= —lgen — - The statement follows from this immediately. |

PROPOSITION 3.8. If Q € éﬁci@@l), then
(a)
1 1

Lz 120 AR, Q)
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20 GYULA LAKOS

is given by

(b)
l—Z + 1+ZQ A( Z, Q)
1+Z +1520 7A@ Q)

is given by

+ 0 +_1\3 z3+...
"]

(¢) In particular,

- / 1 1+z |dz|
1+]Q ~ J 24, Q) 21
PROOF. (a) It is enough to consider the QF part of the decomposition,

because the other part follows from changing z to z —!. So, we can suppose
that Q = |Q| and sgn Q = 1.
We try to figure out the coefficients in the expansion

A(z Q) =2 and

nez
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The equality sgn Q = 1 means that
o-lowme 1 (1 _ A(—z,@) dz| _

2 2 Az, Q) ) 2n
1-Q =z |dz] 1-Q
13 = = _1-
(13 / 2 A, Q) 27 2 -1
_1+0 , 1-0Q n s;
The product of A(z, Q) = ~5< + <z and ), 7 anz" gives I, so
1-— 1
(14) . Qo+ 179, =501

From (13) and the case n = 0 in (14), we obtain that ay = % After

that, from (14), we find a,,; = %an, yielding the positive-numbered

coefficients. Then F(z) = ), cyanz” already inverts A(z, Q), hence, from
the uniqueness of the inverse, a(z) = F(z).

(b) and (c) follow from part (a) by simple algebra. ]
PROPOSITION 3.9. (a) If S € Gf;;cR—,(Ql), then
z _ 1
() - (s
2 2

yields the expansion

2
Vs hevs! <\/§_ 1) G+zH+vVS ] (ﬁ_ 1) Z+z27 ) +...

VS +1 VS+1

(b) In particular,

1 _/1 l+z |dz|
VS +1 2 Az, S,z Y 2
PROOF. (a) Take Q = +/S. Proposition 3.5 yields sgn Q = 1. Applying
1

Az, S,z7h Az, QAL Q)
that the coefficient of z+" (n > 0) in the expansion is

( 2 )22 (Q_l)n+2m_
Q+1 faperd Q+1

the identity

and Proposition 3.8, it follows
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() () (- (&)

N
which simplifies as above. The rapid decrease of (%:f) makes our compu-

tations legal.

(b) follows from part (a). ]
PROPOSITION 3.10. (a) Q € Gpec—(2) if and only if Q € Spec—(2)
andsgnQ =1.

(b) W e é&c_\o (@) if and only if W" is rapidly decreasing.
C\D

(0) If Q € Gpec—(), then 17§ € éﬁc_\ol(m). Conversely, if W €

€ é;\azc \ (Ql) then 1 oW +W € Gpec —(2l). This establishes a bijection.

PROOF. (a) follows from Proposition 3.8.a. (b) holds because in those
cases (1— Wz)~! = > ,eny W'z must hold. (c) follows from A (z, T +¥ ) =

and 1+ 179z = 2% I

C. On our objective

3.11. Now, it is easy to see that the propositions proven above are suf-
ficient to establish all the spectral correspondences asked in 2.6. We merely

define |/, = v/=J2 pols = J| = S, idemP = } — Lsgn (§ - P),
, and \/7“ 7 — \/ 7 — T. Hence our objective is

1 1
[Plg = 5 — ‘z -
established.

T

This is, however, not to say that everything is just like for locally convex
algebras:
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D. Comparison to the case of locally convex algebras

PROPOSITION 3.12. If A is a locally convex algebra, then the condition
that S € GpecR—_(Ql) is equivalent to the condition that the function

1+t 1-—¢
—+—S
2 2
has a continuous inverse on [—1, 1]. (This is the same thing as to say that the
segment connecting 1 and S is continuously invertible.) The square root can

be expressed as

S dt
VS = :
rel-1,1 3+ 1518 74/1 - 12
~1
PROOF. It follows by change of variables using ¢ = % |

3.13.1f S € Spec—(@), then L + 17LS ¢+ € [—1,1]) is clearly
~1
invertible. As a rapidly decreasing power series in ¢, using ¢ = % and con-

1\ N
sidering the coefficients of zK in (“ZT> , it follows that S € GpecR—_(Ql).
Hence the inclusion GpecCT(Ql) - GpecRT(Ql) is true. In the general context,

this cannot be done so, because the boundedness of the elements 2% (’,Z ) 1s not
always clear. Similar comment applies for 6pec1+(c—_(91) C Gpec, +R—_(Ql).
2 2

4. Formal homotopies

4.1. One expects certain natural behaviour from the operations above.
For example, one expects to have a homotopy from Q to sgn Q inside

Gf;;ci@(%). In general algebras, one cannot use continuous variables, but
one can come up with homotopies using formal variables. Let us remind that

an element Q € éﬁc@(m) can be decomposed to a commuting pair, sgn Q

and a perturbation of 1 which is |Q|;. But we may also consider this as a
decomposition to the commuting pair sgn Q and a perturbation of 0 which is

|Q|r—1=_/1%—%20 ldzlz_/mz,—o)@
|Q|r + 1 1%+1%ZQ 2 Az, Q) 2’

pert, Q =
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24 GYULA LAKOS

If we replace pert. Q by ¢ pert. Q in the decomposition, then we obtain a
homotopy, this appears as K(z, —1, Q) in what follows.

DEFINITION 4.2. We define
1+sgn Q A(tz,]Ql) | 1 —sgnQ Atz |Q|r)

K. Q= =="4¢ 10l 2 A0

145 Q AGIQE 1 -smQ _, A|Ql)
o= = Fow " 2 ° AL
L,z = 239 4 o+ 2329 A o,

2 2
1+sgnQ 1 1 —-sgnQ _,4 1

G(t,Z, Q)= 2 A(tZ,|Q|I‘)+ 2 ¢ A(IZ_1,|Q|1").

PROPOSITION 4.3. The expressions K(t,z,Q) and H(t,z, Q) are multi-
plicative inverses of each other.

A(z,sgn Q,1,|Qlr) ( A(-1,]Qlr) )

K = =A _ .
S VAL R AT
K(ta 1) Q) = 17 K(1,_17 Q) = Q’ K(O,_la Q) = SgnQ’ K(—l,—l,Q) =

At |QI0 Az, sgn Q,1,]Qlr)
A(tz,|QAGz L]0l
Similarly, the expressions L(t,z, Q) and G(t,z, Q) are inverses.

L(t,2,Q) = Az,5gn Q,1,|Ql) = At,sgn Q. 2, Q).

L(t,I,Q) = A(t,|Q|l‘)7 L(la_lyo) = 07 L(O,—LQ) = %(Q‘*‘SgnQ),
L(—1,-1,Q) =sgn Q.

H(t,z,Q) =

Az"Lsgn Q,1, Q|
Atz,|QnA(tz=1,|Qlp)

PROOF. The computation is easy if we notice that in the defining formulas

the coeflicients of 1+S§n Q and l_szgnQ live separate lives because sgn Q is

an involution. 1
AC=1,|Ql)
A(l‘,|0|r)
(t=1) tosgnQ (t = 0) inside Gpec,z(A). Here the meaning of “inside” is
that the whole expression satisfies the appropriate formal spectral condition.

G(t,z,0Q) =

The properties of K show that sgn Q is a homotopy from Q
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PROPOSITION 4.4.

B AGw, Q) |dz|
K. Q= [ 20050 EE
A(z Q) ldz|
H(t,w,Q)= /?(t Q) o
1 |de]
G@t,w,Q) = /:f(t Aew.0) o
PROOF. This follows from the series expansion in Proposition 3.8. |

REMARK 4.5. In locally convex algebras, the controllability of the powers

_1 . .
of £5— makes possible to consider

A(z, At,|Qlr)sgn Q) =
= 19 A0y [l + 2

2
whose inverse turns out to be

A~ AG, QI sgn Q)
A(A(Z,t), |Q| )A(A(Z_la t)) |Q|l")

This shows that A(z,|Q|r)sgn Q = 1” sgn Q +1 S =L (Q is also a formal homo-
topy between Q (¢t = —1) and sgn Q (t =1) inside Gf;;ci@@l).

ZAAGTL, 0,0,

4.6. Similarly, we can contract elements inside G/;JECR—_(Q[) to 1. For

S e G/ECR—_(Q[) consider

1+t§§1 ’ 1+t{§_11

_ 1 S+

c@t,9S)= 1_t\/§ " , VC(t,S)= 1_t\/§ — s
V5+1 VS+1

The substitution ¢ — —¢ inverts them multiplicatively. In fact, the corre-
sponding loops invert:

PROPOSITION 4.7. For S € éﬁcR—_(Ql), we have

1 _ /% : 1 |dz|
Aw,C(t,8$),w=1) ~ VC({,5) P AGw, S, @w) D) 21
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REMARK 4.8. In locally convex algebras, alternative contracting paths are
rather trivial to find. It is more interesting to see that the class of loops of type

() amt - (2) )

remains invariant with respect to the Poisson kernel. For ¢t = 0, they contract
to the geometric mean

VaB- | ! ldz]
1

() ()

5. Calculations without %

As we have seen, much can be generalized to the case % € 2. It is natural

to ask what happens in the lack of % Then only the lower portion of (5) can
be generalized. Again, the idempotent and the #-square-root identities are the
key properties.

DEFINITION 5.1. For P € 6pec1+i§(91), we define
2

. Pz |dz|
dem P = .
rdem /1—P+Pz 21

PROPOSITION 5.2. If P € Gpecy +iﬁ(m)’ then 1 — 2P is invertible, 1 — P,
2
=2 € Spec ), (). and idem (1 = P) = 1 — idem P, idem =5 =idem P.
Furthermore,
(idem P)? = idem P.

PROOF. The invertibility statement follows from the substitution z = —1.
The identities P+ (1 — P)z = (P+ (1 — P)z ")z and (1 — (=5p) + 1=0pZ =

=(1- 2P)_1(1 — P+ P(—z)) imply the spectral statements. The identities

Pz az| _ [, 1—=Pz= 1\ dz™h)
(1-P)+Pz 2nm P+(1—P)z! 2t
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=252 dz|  P(=z)  |d(~2)|

(- =F+ =5z 2t 1-P+P(-2) 27

integrated prove the first and second equalities, respectively. We can prove
the idempotent identity in several ways:

Matrix algebraic proof. We can proceed as before, but have to conjugate

not the Hilbert transform involution but the idempotent Zse—l\!— 1 €55
2

A direct algebraic proof. See KAROUBI [2], Lemma I11.1.23-24.
A resolvent algebraic proof. We should prove that

. ' Pz 1—P |dz||dw]|
15 dem P(1 —idem P) =
(15) idem P(1 — idem P) //1_p+p11—P+Pw27r 2n

is equal to 0. It is natural try the proof along the steps
Pz 1-P [z+w] P(1 - P) 3
l1-P+Pz1—P+Pw 2 1 (1 =P+P)1—-P+Pw)

_[lz+w] (@-DPA-P) (w-DP1-P)
(16) _[2z—w]( 1-P+Pz 1— P+ Pw ) 0

except it seems to be plagued by %’s as before. We have to demonstrate that
the use of division by 2 is of superficial nature in the proof. This can be done
as follows.

For a Laurent series a(z,w), we define : a(z,w) :; y by linear extension
from

AN W= Zmax(n,m)wmln(n,m)-

LEMMA 5.3. For any Laurent series a(z,w), we have

//a( W@M—//'a( w): @M
LWror m T PO W) w o om

For a symmetric Laurent series a(z,w), i. e. such that a(z,w) = a(w, 2),
we define formally

4w
: [ ]a(z,W) zw=2a(Z, W) iz w -
Suppose that a(z,w) is anti-symmetric in its variables, included that the

coefficient of z"w' is always 0. We define : [% Zzi—vv‘;] a(z,w) iz,w formally

to be as it should be according to our natural expectations. We have to check
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that the resulting expression is integral in terms of the coefficients. In the
present case, the definition yields by linear extension from

1 z4+w
. n,.m m_ ny. _
'[E—z—w "W —=z2"wW") =
n+m n+m
L) 2 : Zn—kwm+k_'_(5n+mEZZ 2w o2,

0<k<™5™
where n > m. Checking for elements of suitable bases it is easy to see the
following lemmas:
LEMMA 5.4. For any symmetric Laurent series a(z,w),

1 z+w
27—

. [Z+W

3 ] a(z,w) iz w=:

(z —wla(z,w) ;7w .

LEMMA 5.5 For any Laurent series a(z), we have

// [1 “W]< (2) — a(w)) ZW@M

Now it is easy to carry out the proof. From (15) we should pass to the
“normal ordered” form, after which the subsequent manipulations as in (16),
leading to 0, make sense. |

DEFINITION 5.6. For T € Gpec; RT(QL), we define
-

%:/ (1+2)T |a'z|-

1+(z-24+z"HT 2n

DEFINITION 5.7. Let 2(z)™ be the space of formal Laurent series a(z) =

k
=ag+ ) et 3
b(z) = by + Y 12 bk % +z75). Similarly, let 24(z)~ be the space of formal

, and let 2A[z]" be the space of formal Laurent series

—k
, and let 2A[z]™ be the space of formal

Laurent series b(z) = > po b_k(z — z7K). It is easy to see that 2(z) =

= A(z)* ® A(z)~ is a natural A[z]F = A[z]* ® Alz]"-module, in fact, this
action is Z,-graded. Multiplication of 1 € 2((z) yields a natural map from
Az]* into A(z):

1 (Zb—k(Zk —a T rbo+ Y b +Z_k)> =
k=1

k=1

K
Laurent series a(z) = > fo; d—k <
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o0
= ZZb_
k=1

In fact, this notation can be extended to b(z) € Alz,z '] in a compatible

oo
k__—k k, —k
Z +z
5 +b0+ E Zbk >
k=1

—1
way, by 1 -z = Z+22 + £=5—, etc. Integration can be defined for elements
of 2A(z) or A[z]*. Again, it singles out the Oth coefficient. We see that if
a(z) € A(z) and b(z) € A[z]* as above, then

dz
/a(z) b(z)| | =Y aby.

nezZ
z+z |dZ| - |dZ|
For example, [ (1+ - b(z)5; = bo + by. Furthermore, i b(z)5;
= [1-b()EL

We can extend this formalism to multiple variables. The spaces 20(z){w)
and A[z]E[w]T can be considered. In the case of 2A(z)(w), colloquial nota-
tion like

—1 —1

aw 4wz 4z w+w™l oz —z7lyw —wl

2 2 2 2 2

is allowed. However, an other space between 2(z)(w) and 2[z]F[w]* can
be considered. Indeed, let A{z,w} be the space of the formal combinations
of the basis elements

| PR L L ey VLIRS LRV PR
’ 2 2 ’ 2 ’ 2 ’
(Zn +Z—n)(wn +W—n) (Zn +Z—n)(wn _ W—I’l)
2 ’ 2
(Zn _ Z—n)(wn +w—n) (Zn o Z—n)(wn _ W—n)
2 ’ 2 ’
where n,m > 1. In this case, colloquial notation like
ol w12 & _Z_l)éw +wh @ +z_1)(2w —wh

is allowed. There are natural 2[z]*[w]=-module homomorphisms

AL W1 — Az, w} — Alz)(w)
respecting the grading.
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5.8. The advantage of the terminology above is that it allows us to rewrite
the definition of the #-square-root as the “manifestly real” expression

1+ZJrZ T
IT= [ T Jde]
1+(z —2+z_1)T 27

PROPOSITION 5.9. If T € Specy (), then =k is invertible and
1
{/ =L _ﬁ Furth
4T 1 ﬁ urtinermore,
(17) Yra-Yn-=r1

PROOF. Substituting z=— 1 into the resolvent term, we see that (1—4T)~!
exists. The identity

l+(z —2+z"H =(1-4T7) ' +(=2)=2+(=2)"HT)

1 —4T
shows that (=1 € Spec)_g=(20). If (17) holds, then (1 —2 UT? =1-4T,
YT

and it is sufficient to prove that = 4T 4%T This, however, follows

from the identity
N —y—1
= (+ S22 )T
(1+255) =T _ IH(2)—2+(—2)- DT
1+(z—2+z_1)—1_4T 14T

—-2T

integrated. So, what we have to show is the #-square-root identity (17). Now,
as

(18) Yra -V -1
_// (1+Z+Z )T 1_ (1+W+W )T _T@M
B l+(z —=2+z-OHT l+w —2+w—HT 2m 21’

we should show that this latter term is 0. It would be natural to proceed along
the steps

(1 + Z+Z )T (1 + W+W )T

_ —T=
1+(z—2+z—1)T 1+(w—2+w—1)T
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—1 —1 —1 —1 —1
(B - ST M T TSN T) T(1-4T)

I+ -2+z"HDA+w =2+w=1HT)

z+z_1 ww | — —
([Nfz] (1-2T)+ (1 + %) T) T(1 — 4T)
(19)

A+E@Z—-2+z"HDA+w —2+w—HT)

_ [lz +w] ((Z_Efl—w‘ﬁvfl) (1—2T)+(zw_1_z—1w)T) T(1—4T)

2z7—w I+G@Z2+z7"H)DU+w-2+w"1HT)
—1 -1
1 Z—Z w—-w
T 2 _ 2 T(1-4T) ~ 0,
2z-w 1+(Z-2+z"HT) 1+w-2+w—HT)

except we have to demonstrate that the use of % is superficial.

Another reordering operation can be defined according to

max(|nl,|m|) 4 Z—max(|n|,|m|) wmin(|n|,lm|) 4\, —min(|n|,/m)

2 2

<
eonomo,, —
ww W

This applies to our standard [z ]*[w]%-modules. In the context of 2(z)(w),
it leaves only the (++)-graded parts and reorders them.

LEMMA 5.10. (a) For any Laurent series a(z,w) € 20(z){w), we have

dz| |dw]| _ . . |dz| |dw]|
//a(z,w)zﬂ oy maz,w) iz w o 2

(b) If : aj(z,w) g w=t ax(z,w) iz w and b(z,w) € Alz]*[w]* is
symmetric, 1. e. b(z,w) = b(w,z), then

i a](Z,W)b(Z,W) ::Z,Wz:: aZ(Z’W)b(Zaw) ::Z,W .

For any symmetric Laurent series b(z,w) € A[z]*[w]*, i. e. such that
b(z,w) =b(w,z), we define formally

1

-1 _
2 2

b(z,w) iz w=:: b(z,w) iz w .
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Let us consider a Laurent series c(z,w) € (A{z,w})” such that it is

antisymmetric, i. e. c(z,w) = —c(w,z). Then c(z,w) is a formal linear
combination of the basis elements
g wh —w—n
Cho = —
11,0 2 2
and
(Zn _ Z—I’l)(wﬂ’l +W—m) (Wn _ W—n)(zn +Z—I’l)
Cnom = —
n,m ) ) »
where n,m > 1. For such c(z,w), we can formally define
1 z+w
N c(z,w)
|:2 7 — W:| ( s ) ,w

according to our natural expectations. Again, we have to check that the result
is integral in terms of coefficients of c(z,w). We just give some samples in
the table

o "% Zztvvv‘}“ cngm izw| m=0 m=1 m=2 m =3
1 1,40 1 2 1 2
n=1 d} d} +dl 2d} —d3 +d] +2d}
n=2 dd+dl | 24%+24) d3 +2d} +d) 2d7 +2d)
n=3 d3 +2d3|2d3 + d? + a} +2d3|2d5 + 24} + 24} |d3 + 242 + 24} +d)

where djj, =:: z"w™ 1, . In fact, at first sight, it looks more natural to choose
c(z,w) from the antisymmetric elements of (A(z)(w))™ = A{z)"(w)™ &
2A(z)~(w)*, but it turns out that the coefficients in :: [% ZZ_LVV"V] c(z,w) iz w
would fail to be integral.

LEMMA 5.11. For any symmetric Laurent series b(z,w) € U[z]T[w]T, we

have
1

1 _
Iz 4 wiw
5+

5 | b@w) iz =
1 z+w z—z7 b w—wl
= - b >
|:2 z —W:| 2 2 (Z,W) ,W>
and
aw lewz!l
l+f b(z,w) 1z w=
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. 1 z+w

- [E : _W] (zw_l —wz_l> b(z,w) iz -

LEMMA 5.12. For any Laurent series a(z) € 2{(z)~, we have

/I

Now, it is easy to carry out the proof. From (18), we should pass to the
“normal ordered” form, after which the subsequent manipulations leading to
0 make sense. 1

dz| |d
(a@) —aw)) iz w B—;'% =0

1 z+w
2z7—w

PROPOSITION 5.13. P € Gpec +i@(Ql) if and only if
2

P(1-P)e Gpecl_RT(Ql).
by

Furthermore,
{/P(1 — P)= P +idem P — 2Pidem P.
Consequently,
, IPa—P) —-P
idem P = [ —op .

PROOF. The decomposition
l+(z —2+z HPA—P)=(1 —= P+ Pz)(1 — P+ Pz 1)

implies the spectral statement. The equality follows from the identity

—1 B
<1+“ZT) P(1 - P) L Lp(1 = Py(1 - 2P) _
l+(z-2+z"HhPQ1—-P) 1+(z—-2+z"HP(1 - P)

Pz
—P+—-* (1-2p
T P+p )

integrated. |

Then we let |P|lg = {/P(1 — P). Further statements can be proven

parallel to the case with %, except the formulas are less customary. E. g.,
the analogue of Proposition 3.9 is
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PROPOSITION 5.14. For T € Gpec, R—_(Ql), we have
-

1
l+(z —2+z")T

2
1 -T _ -T -
RIS 1“(@) @D

and

1 _/ 1+ ldz|
- YT J 1+@—-2+z"DHT 27"’
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Abstract. The object of the present paper is to introduce a non-flat
Riemannian manifold called weakly generalized recurrent manifold and study
its various geometric properties along with the existence by a proper example.

1. Introduction

An n-dimensional Riemannian manifold M is said to be locally symmet-
ric according to E. CARTAN if its curvature tensor R satisfies VR = 0, where
V denotes the Levi-Civita connection. During the last five decades the notion
of locally symmetric manifolds has been weakened by many authors in several
ways to a different extent such as recurrent manifolds by A. G. WALKER [13],
2-recurrent manifolds by A. LICHNEROWICZ [7], Ricci recurrent manifolds by
E. M. PATTERSON [9], concircular recurrent manifolds by T. MIYAZAWA [8],
weakly symmetric manifolds by L. TAMASSY and T. Q. BINH [11], weakly
Ricci symmetric manifolds by L. TAMASSY and T. Q. BINH [12], conformally
recurrent manifolds [1], projectively recurrent manifolds [2], generalized re-
current manifolds ([3], [4]), generalized Ricci recurrent manifolds [5].

We denote by VT the covariant differential of the ith order, i > 1,
of a (0,k) tensor field T, k > 1, defined on a Riemannian manifold (M, g)
with Levi-Civita connection V. The tensor field T is said to be recurrent,
respectively, 2-recurrent [10], if the following condition holds on M

(1.1)
VD)X, X XDT(Y,..., V) = (VY. Y XOT(X, -, X)),

AMS Subject Classification (2001): 53B05, 53B50, 53C15, 53C25.
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36 ABSOS ALI SHAIKH, INDRANIL ROY

respectively,

(V2T)(X1, ... X X, Y)T(YY, ..., V) =
(1.2) = (VT)(Yi,..., Yis X, VT(X), .., Xp),
where X, Y, Xj, Y|, ..., Xk, Y € TM. From (1.1), (1.2) it follows that at
a point x € M if the tensor T is non-zero, then there exists a unique 1-form
¢, respectively, a (0, 2)-tensor ¥, defined on a neighborhood U of x, such
that

VI=T®¢, ¢=dlog|TI),
respectively,
VT=Toy,

T|? = (T, ).

Let (M, g) be a non-flat n-dimensional (n > 2) Riemannian manifold.
Then (M, g) is said to be recurrent [13] if its curvature tensor R of type (0, 4)
satisfies the condition VR = A ® R where A is a non-zero 1-form. Such an
n-dimensional manifold is denoted by K,,. Let Ugp = {x € M : VRZA®
R at x}. Then the manifold (M, g) is said to be generalized recurrent [4] if
on Ur C M, we have VR=A ® R+ B ® G, where B is an 1-form on Ug
and G is a tensor of type (0,4) given by

GX,Y,Z,U)=g(X,U)(Y,Z) - g(X,2)g(Y, U)

forall X, Y, Z, U € y(M), x(M) being the Lie algebra of smooth vector fields
on M. Such an n-dimensional manifold is denoted by GK,,. It is clear that
the 1-form B is non-zero at every point on Ug. From the above definition, it
follows that every K, is GK,, but not conversely.

holds on U, where || T|| denotes the norm of T,

The objecct of the present paper is to introduce a generalized class of
recurrent manifolds called weakly generalized recurrent manifolds. A non-
flat n-dimensional Riemannian manifold (M",g) (n > 2) [This condition
is assumed throughout the paper] is said to be weakly generalized recurrent
manifold if on Ur C M the condition

1
(1.3) VR=A®R+B®§(S/\S)

holds, where S is the Ricci tensor of type (0,2), A, B are 1-forms such that
A(.) = g(.,0) and B(.) = g(.,p), and the Kulkarni-Nomizu product E A F of
two (0, 2) tensors E and F is defined by

(E N F)(X), X5, X5, Xy) = E(Xq, X3) F(X3, X3) + E(Xo, X3)F(X7, X4)—
—E(X], X3)F(Xp, Xy) — E(Xp, X4)F(Xq, X3),
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ON WEAKLY GENERALIZED RECURRENT MANIFOLDS 37

X; € xy(M), i = 1,2,3,4. Such an n-dimensional manifold is denoted by
W GK,,. It is clear that in a W GK,, the 1-forms A, B are non-zero and are
called the associated 1-forms of the manifold.

Especially, if the manifold is Einstein with vanishing scalar curvature,
then a WGK,, reduces to a K;;. And if the manifold is Einstein with non-
vanishing scalar curvature, then manifold reduces to a GK;; ([3], [4]). Again,
if a WGK,, is non-Einstein, then the manifold is neither K, nor GK, and
the existence of such manifold is given by an example in section 3. Section
2 deals with some geometric properties of W GK,,.

A Riemannian manifold (M",g) (n > 2) is said to be Ricci recurrent
[9] if its Ricci tensor is not identically zero and satisfies VS = A ® S,
where A is a non-zero 1-form. Such an n-dimensional manifold is denoted
by RK,. Let Us = {x ¢ M : VS#A® S at x}. Then the manifold (M, g)
is said to be generalized Ricci recurrent [5] if on Ug C M, the condition
VS=A®S + B ® g holds where B is an 1-form on Ug. It is clear that the
I-form B is non-zero at every point of Ug. Such an n-dimensional manifold
is denoted by GRK,,. In section 2 it is shown that a non-Einstein W GK,,
satisfying the relation (2.2) is a GRK,,.

A projective transformation on a Riemannian manifold is a transforma-
tion under which geodesics transform into geodesics. The projective curvature
tensor P of type (0,4) on a Riemannian manifold (M, g) is defined by ([6],

[14])
1
(1.4) P=R-——D,
n—1
where D is a tensor of type (0,4) is given by
D(X,Y,Z, U)=g(X,U)S(Y,Z2) - g(Y,U)S(X, 2)

VX,Y,Z UecyxM).

Let Up={x € M : VP#A® P at x}. Then the Riemannian manifold
(M, g) is said to be weakly projectively recurrent (briefly, W PK},) if on
Up C M, the relation

1
(1.5) VP=A®P+B®§(S/\S)
holds, where B is an 1-form on Up. It is obvious that the 1-form B is

non-zero at every point of Up. In section 2 of the paper it is proved that
if a non-Einstein W GK,, is a W PK,,, then the relation (2.2) holds.
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A non-flat Riemannian manifold (M", g) (n > 3) is said to be generalized
2-recurrent [7] if its curvature tensor R satisfies

(1.6) (VVR)=a @ R+ @ G,
where «,f are tensors of type (0,2). Again M is said to be generalized

2-Ricci recurrent [5] if its Ricci tensor S is not idenically zero and satisfies
the following:

(1.7) (VVS)=a@S+pog,
where a, 8 are tensors of type (0, 2).

In section 2 it is shown that a non-Einstein W GK,, with non-zero con-
stant scalar curvature satisfying the relation(2.2) is a generalized 2-Ricci
recurent manifold.

2. Some geometric properties of W GK,,

THEOREM 2.1. In a Riemannian manifold (M",g) (n > 3) the following
results hold:

(i) In a W GK,, the relation
Q2.1)  (r? = s?)B(X)+rA(X) = 2[A(QX) + rB(QX) — g(QX, Qp)]

holds for all X, where r is the scalar curvature, s is the length of the Ricci
tensor and Q being the symmetric endomorphism corresponding to the Ricci
tensor S.

(i1) In a W GK,, with non-zero constant scalar curvature the associated 1I-
forms A and B are related by rA + (r2 — sz)B = 0, and the relation
B(Q?*X) = A(QX) + rB(QX) holds for all X.
(iii) In a non-Einstein W GK;,, with vanishing scalar curvature the relations
B(Q*X) = A(QX),
(VxS)(Z,p) = AX)B(QZ) — B(X)A(QZ),

A(R(Z,X)p)=0
and  A(X)B(QZ) — A(QZ2)B(X) = A(Z)B(QX) — A(QX)B(2).
hold forall X, Y, Z, V € x(M).

(iv) In a non-Einstein Ricci symmetric W GK,, with vanishing scalar curva-
ture, the relation

A(X)B(QZ) = A(QZ)B(X)
holdsV X, Z.
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(v) In a W GK,, with non-vanishing constant scalar curvature such that the
length of the Ricci tensor is not equal to the scalar curvature, the associated
1-forms A and B are closed if and only if p and o are codirectional.

(vi) Let (M, g) be a non-Einstein W GK,, such that the length of the Ricci
tensor is not equal to the scalar curvature. Then the following holds:

(a) If (M, g) is a W PK,,, then the relation
(2.2) QP +(r2 = sHI —r|Q| =0
holds,

(b) If (M, g) satisfies the relation (2.2), then it is a GRK,,.

(c) If (M, g) is of non-zero constant scalar curvature such that p and o
are codirectional and satisty the relation (2.2), then it is a generalized 2-Ricci
recurent manifold.

PROOF OF (1). After suitable contraction (1.3) yields
(2.3) (VxSZ,U)=A1(X)S(Z,U) - B(X)S(QU, 2),

where Aj is a 1-form given by A{(X) = A(X) + r B(X).
From (2.3) it follows that

(2.4) dr(X) =rAX) + (r? — sHB(X),
and
(2.5) dr(X) =2[A(QX) +rB(QX) — g(QX, Qp)].

From (2.4) and (2.5), it follows (2.1). This proves (i).

PROOF OF (1). If r is a non-zero constant, then (2.4) and (2.5) implies
that

(2.6) rA+(r? —sHB =0,
and
.7 B(Q*X) = A(QX) +rB(QX) VX.

which proves (ii).

PROOF OF (1m). If r = 0, then from (2.7) implies that

(2.8) B(Q*X) = A(QX).
By virtue of (2.3) and (2.8), it follows that
(2.9) (VxSHZ, U)=AX)S(Z, U) - B(X)S(QU, 2).
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Putting U =p in (2.9) we get
(2.10) (VxS (Z,p) = AX)B(QZ) — B(X)A(QZ)
By virtue of second Bianchi identity, (1.3) yields
AX)R(Y,Z, U, V)+ B(X)[S(Y, V)S(Z,U)— S(Y,U)S(Z, V)]+
+A(Y)R(Z, X, U, V)+ B(Y)[S(Z, V)S(X,U)— S(Z, U)S(X, V)]+
+A(Z)R(X, Y, U, V)+ B(2)[S(X, V)S(Y,U) — S(X,U)S(Y, V)] =
(2.11) =0.
Taking contraction over Y and V in (2.11), we obtain
AR Z, X)U)+[A(X)+rB(X)— B(QX)]S(Z, U)+
+[B(QZ) — A(Z) —rB(2)IS(X, U) + B(£)g(QX, QU)—
(2.12) —g(QZ,QU)B(X)=0.
If r is a non-zero constant, then we have (2.7). Setting U = p in (2.12) we
get
A(R(Z, X)p) + A(X)B(QZ) + rB(QZ)B(X) — B(QX)A(Z)—
(2.13) —rB(Z)B(QX)+ B(Z)g(QX, Qp) — ¢(QZ, Qp)B(X) = 0.
Using (2.6) and (2.7) in (2.13), we get
(2.14) A(R(Z,X)p)=0.
Using (2.7) and (2.14) in (2.13), we obtain
A(X)B(QZ) — A(QZ)B(X) = A(Z)B(QX) — A(QX)B(Z).
This proves (iii).
PROOF OF (1v). If the manifold is Ricci symmetric, then from (2.10) we
get
(2.15) A(X)B(QZ) = A(QZ)B(X),
which proves (iv).
PROOF OF (V). Differentiating (1.3) covariantly, and then using (2.3) we
obtain
(2.16)
(VyVxR)(Z, W, U, V) =[(VyA(X)+ AX)A(Y)IR(Z, W, U, V)+
+(VyB)(X)[S(Z, V)S(W,U) — S(Z, U)S(W, V)]+
+[S(Z, V)S(W,U) = S(Z, U)S(W, VI[AX)B(Y )+
+2B(X)A(Y)+2rB(X)B(Y)]+ B(X)B(Y)[S(W, V)S(QZ, U)+
+S8(Z, U)S(QW, V) = S(W,U)S(QZ, V) — S(Z, V)S(QW, U)].
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Interchanging X and Y and then subtracting the result, we obtain
2.17
((V Y)VXR)(Z, WU V)-(VxVyR)(Z W, U, V)=

= [(VyAX) - (VxAYIRZ, W, U, V)+

+[(VyB)(X) = (VxB)Y)IS(Z, V)S(W,U) - S(Z, U)S(W, V) |+

+[B(X)A(Y) — A(X)B(Y)I[S(Z, V)S(W,U) — S(Z, U)S(W, V).
We first suppose that o and p are codirectional.
Then B(X)A(Y) — A(X)B(Y) =0 for all X. Hence (2.17) reduces to
2.18
((V Y)VXR)(Z, WU, V)-(VxVyR(Z W, U, V)=

=[(VyAX) - (VxA(Y)IR(Z, W, U, V)+

+[(VyB)(X) — (VxB)Y)IIS(Z, V)S(W,U) - S(Z, U)S(W, V)].
From Walker’s lemma ([13], equation (26)) we have
(VxVyR)(Z, W,U, V) - (VyVxR)(Z, W, U, V)+
(2.19) +(VzVwRY(X,Y,U, V) —(VwVZzR)(X, Y, U, V)+
+(VyuVvR(Z, W, X,Y)—(VyVyR(Z, W, X,Y)=0.

By virtue of (2.18), (2.19) yields
(2.20)

M(X,Y)R(Z,W,U, V) + L(X, Y)%(S NSNZ, W, U, V)+

1
+M(Z, W)RX, Y,U, V)+ L(Z, W)E(S ANS)X,Y,U, V)+

1
+M(U, VIR(Z, W, X, Y) + L(U, V)= (S A SYZ, W, X, Y) =0,

where

M(X,Y)=(VxA(Y)—(VyA)(X)
and

L(X,Y)=(VxB)(Y)— (VyB)X).
If the scalar curvature is a non-zero constant, then we have the relation (2.6).
Using (2.6) in (2.20) we obtain

MX,YYHZ W, U, V)+ M(Z W)H(X, Y, U, V)+

(2.21) +M(U,VH(Z,W,X,Y)=0,

where H = R — 52)(5 A S), from which it follows that H is a symmetric

_r _
2(r2—
(0,4) tensor with respect to the first pair of two indices and the last pair of
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two indices. Consequently by virtue of Walker’s lemma ([13], equation (27)),
we obtain

MX,Y)=L(X,Y)=0,
for all X, Y. And hence
(VxA(Y) - (VyA(X) =0,
(VxB)(Y) — (VyB)X)=0.
Therefore dA(X, Y)=0,dB(X,Y)=0.
Conversely, we suppose that associated 1-forms A and B are closed.
Then from (2.17) we get
(2.22)
(VyVxR)(Z, W,U, V) - (VxVyR)(Z, W,U, V) =
= [B(X)A(Y) — A(X)B(VI[S(Z, V)S(W,U) = S(Z, U)S(W, V)].

By virtue of (2.22), (2.19) yields
(2.23)
[B(X)A(Y) — A(X)B(VIIS(Z, V)S(W,U) — S(Z, U)S(W, V)]+

+ [B(W)A(Z) — A(W)B(DIS(X, V)S(Y,U)— S(X, U)S(Y, V)]+

+[B(V)AU) — A(V)B(D)IIS(Z, Y)S(W, X) — S(Z, X)S(W, Y)] = 0.
After suitable contraction, it follows from (2.23) that

B(X)A(Y)— A(X)B(Y)=0 provided r#s.
This proves (v).
PROOF OF (VI). From (2.3), (1.3) and (1.4) we obtain
(VwP)R(X,Y,Z,U) =
=AW)P(X, Y,Z, U)+ BIW)[S(X,U)S(Y,Z2)— S(X,2)S(Y,U)]—

1
—njB(W)[r{g(X, U)S(Y,Z) — S(X,2)g(Y, U)}+

(2.24) +g(Y,U)S(QX,Z2)—g(X,U)S(QY,2)].
Suppose that the manifold under consideration is a W PK,,. Then (2.24) yields
rlg(X, U)S(Y,Z) — S(X,Z)g(Y, U)l+
(2.25) +g (Y, U)S(QX, 2) — g(X, U)S(QY, )] =0.
Taking contraction over Y, Z, we obtain (2.2).
Using (2.2) in (2.3) we obtain
(2.26) (VxS)NZ, U)= A(X)S(Z, U) + B(X)(r? — s?)g(Z, U),
which proves (b) of (vi).
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Suppose that the manifold is of non-zero constant scalar curvature and
the length of the Ricci tensor is not equal to the scalar curvature. Then from
(2.3) it follows that
2.27)

(VyVxS)(Z, W) =SZ WI(VyA(X)+r(VyB)(X)+

+A(Y)A(X) + rB(X)A(Y) + rA(X)B(Y) + r’B(X)B(Y)]—
— [B(Y)A(X) +rB(Y)B(X)1S(QZ, W)—
— [(VyB)X)S(QZ, W) + B(X)(VySNQZ, W)].
Interchanging X, Y and subtracting the result, we obtain
(VxVySZ W)= (VyVxS(Z W) =[MX,Y)+
+rL(X, Y)IS(Z, W) — L(X, Y)S(QZ, W)+
+5(QZ, W)[B(Y)A(X) — B(X)A(Y)]+
+[B(X)(VySHQZ, W) — B(Y)(VxS)N(QZ, W)].
If A(X)B(Y)— A(Y)B(X) =0, then
B(X)(VySNQZ, W) — B(Y)(VxS)QZ, W) =0.
Using above relations in (2.28) we obtain
(VxVySNZ, W)= (VyVxS)N(Z W)=
=[MX,Y)+r(X, Y)|S(Z, W) - L(X, Y)S(QZ, W).
In view of (2.2), (2.3) and (2.29) we obtain
(230)  (R(X,Y).5)Z, W)= K(X,Y)g(Z, W)+ N(X, Y)S(Z W),
where K(X,Y) = (r2 —s)[XB(Y) — YB(X) — 2B([X, Y]] and
N(X,Y)=XA(Y)—- YAX) - 2A([X, Y).

The relation (2.30) implies that the manifold is a generalized 2-Ricci recur-
rent. This proves (c) of (vi).

(2.28)

(2.29)

3. An Example of WGKy

In this section the existence of W GKj is ensured by a proper example.

EXAMPLE 3.1. We consider a Riemannian manifold R* equipped with the
metric given by

ds? = g;;dx'dx’ = (1+2p)[(dx")? + (dx?)? + (dx?)*] + (dx ™2,
(3.1) (,j=12,...,4),
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1
X .
where p = —foz and p is a non-zero constant; xl,...,x4 are the standard

coordinates of R*.

The only non-vanishing components of the Christoffel symbols of second
kind, the curvature tensor and their covariant derivatives are

Fl =F1 =—L Fl =F2 :F3 =L'
22 33 1+2p7 11 12 13 1+2p
2
)4 p
R =R = — R =
. 121 = RB1 =7 5 S8R 50
R P4 2p(1—p)
12211 = K331 =" 9 R3320 S T

the other components can be obtained from these by the symmetry property
of R. Using the above relations, we can find the non-vanishing components
of Ricci tensor as follows:

I B 1 PR 2
= 7 22 — 2 33 = 2"
(1+2p) (1+2p) (1+2p)

Also it can be easily shown that the scalar curvature of the manifold is non-
vanishing and non-constant. We shall now show that M is a WGKy, i.e., it
satisfies the defining condition (1.3). In terms of local coordinates we consider
the components of the associated 1-forms as follows:

(3.3) S11

Tp—1 =
Ai(x) = { Topp-n fori=1
0 otherwise,
(1+2p)° -
Bl'(X)Z{_ p2—1 forl—l
0 otherwise,

at any point x € M. In terms of local coordinates the defining equation (1.3)
of WGK,, can be written as

(3.5 Rnijk,1 = A1 Rpijr + Bi[Snk Sij — Snj Sik1-
By virtue of (3.2)—(3.4), it follows that (3.5) holds for all i, j, h,k,l = 1,2,3,4.

Thus we can state the following:

THEOREM 3.1. Let (R*, g) be a Riemannain manifold equipped with the

metric given by (3.1). Then (R4,g) is a WGKy with non-vanishing and
non-constant scalar curvature which is neither K, nor GKy.
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RAMSEY AND TURAN-TYPE PROBLEMS FOR NON-CROSSING
SUBGRAPHS OF BIPARTITE GEOMETRIC GRAPHS

By
ANDRAS GYARFAS

(Received February 15, 2010)

Abstract. Geometric versions of Ramsey-type and Turan-type problems
are studied in a special but natural representation of bipartite graphs and
similar questions are asked for general representations. A bipartite geometric
graph G(m,n) = [A, B] is simple if the vertex classes A, B of G(m,n) are
represented in R? as

A={(1,0),(2,0),...,(m,00}, B={(1,1),2,D),...,(n, D}

and the edge ab is the line segment joining a € A and b € B in R2. This
and similar representations (two-layer representations) are studied earlier, and
from the point of view of edge crossings, this representation is equivalent to
others already in the literature, for example to cyclic bipartite graphs or to
ordered bipartite graphs and certainly almost all textbook figures represent
bipartite graphs this way.

Subgraphs — paths, trees, double stars, matchings — are called non-
crossing if they do not contain edges with common interior point. The
choice of these subgraphs are explained by the fact that connected compo-
nents of non-crossing subgraphs of simple bipartite geometric graphs must
be special trees (caterpillars). We concentrate on balanced bipartite graphs,
where m =n.

The maximum number of edges is determined in a simple bipartite geo-
metric graph G(n,n) that does not contain

e non-crossing matchings with k + 1 edges
e matchings with k + 1 pairwise crossing edges

e non-crossing trees with k + 1 vertices
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and in the last case it is shown that any graph with more edges than the
extremal value contains a non-crossing double star with k + 1 vertices. The
Ramsey number of non-crossing double stars is also determined: in every
2-coloring of a geometric K, ,, there is a non-crossing monochromatic double

star with at least 4?” vertices and this is best possible in asymptotic sense.

Finding the Turdn number of non-crossing paths and the Ramsey number
of non-crossing subtrees and paths remain open together with many similar
problems where the position of the vertex set of the bipartite graph is less
restricted, either in convex or in general position.

1. Introduction

This paper expands a short abstract [10]. Following [22], a geometric
graph is a graph whose vertices are in the plane in general position and whose
edges are straight-line segments joining the vertices. A geometric graph is
convex, if its vertices form a convex polygon. A subgraph of a geometric
graph is non-crossing if no two edges have a common interior point.

Analogues of Turdn and Ramsey theories have been considered for geo-
metric graphs and for convex geometric graphs, see [22], [3], [1], [16], [14],
[15] and its references.

To describe a specific example, an old remark of Erdés and Rado says
that in any 2-coloring of the edges of K, there is a monochromatic spanning
tree. It was proved by BIALOSTOCKI, DIERKER and VOXMAN in [2] that there
is a monochromatic non-crossing spanning tree in every 2-coloring of the
convex geometric graph K,. They conjectured that this remains true for
geometric complete graphs in general and their conjecture was proved by
KAROLYI, PACH and TOTH in [14]. There are several Ramsey-type and Turan-
type results for geometric graphs, see [22] chapter 14, [14], [15]. These results
show that Ramsey numbers change significantly for paths, cycles by imposing
the non-crossing condition. However, an unpublished result of PERLES (a
proof is in [15]) states that the maximum number of edges in a graph of n
vertices that does not contain a path of length k (determined by ERDGS and
GALLAI [7]) remains the same for non-crossing paths in convex geometric
graphs.

In this note we consider geometric versions of Ramsey-type and Turan-
type problems for geometric balanced bipartite graphs, G(n,n), defined as a
geometric graph, whose 2n vertices are in two disjoint n-element sets A, B,
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and its edges are some segments ab with a € A,b € B. The concept is
studied earlier, for example in the form of considering A, B as red and blue
sets and investigating the properties of red-blue segments, a survey is [18].

As convex geometric graphs form a natural subclass of geometric graphs,
the following representation, apparently studied first in [6], seems to be a
most natural subclass of balanced geometric bipartite graphs G(n,n) (in fact

a standard way of drawing bipartite graphs). The partite sets of G in R? are
A = {a; = (1,0),ap = (2,0),...,a, = (n,0)} and B = {b; = (1,1),by =
=(2,1),...,by = (n, 1)} and the edge a;b; is the line segment joining a; € A
and b; € B. This representation is equivalent (from the point of view of
crossings) to cyclic bipartite graphs (BRASS, KAROLYI, VALTR [3]), i. e.
convex geometric graphs with 2n vertices whose partite classes A, B form
two ‘intervals’. It is also equivalent to ordered bipartite graphs where each
element of A precedes each elements of B (FUREDI and HAINAL [8], PACH
and TARDOS [23]). For easier reference we call this representation a simple
G(n,n) in this paper.

Notice the following characterization of non-crossing subgraphs of sim-
ple G(n,n)-s, sometimes referred as biplanar graphs, apparently first discov-
ered by HARARY and SCHWENK, [13]. A caterpillar is a special tree in which
the vertices of degree larger than one form a path.

PROPOSITION 1. ([13], [5]) Every connected component of a non-crossing
subgraph of simple G(n,n) is a caterpillar.

Simple geometric graphs are very similar to the ‘cyclic bipartite’ graphs
considered by BRASS, KAROLYT and VALTR in [3] and the ‘ordered bipartite’
graphs considered by FUREDI and HAJNAL [8], and by PACH and TARDOS
[23]. However, here we investigate only non-crossing subgraphs and do not
go into finer details of ordered subgraphs.

It follows from counting arguments of MUBAYI [21] and LU, MORRIS,
PRINCE [20] that in every 2-coloring of the edges of the complete bipartite
graph Kj, , there is a monochromatic double star with at least n vertices and
this is a sharp result. (A double star is a tree obtained by joining the centers
of two disjoint stars by an edge, the base edge of the double star). Here we
prove that in the geometric version the situation is different.

THEOREM 1. In every 2-coloring of the simple Ky, there is a non-

crossing monochromatic double star with at least 45l vertices. This bound

is asymptotically best possible.

2011. februdr 15. -8:50 49



50 ANDRAS GYARFAS

THEOREM 2. Suppose that 2n > k and a simple bipartite graph G =

= G(n,n) does not contain non-crossing double stars with k +1 vertices. Then

2
|E(G)| < n(k —1)— L@J This bound is sharp for each pair of integers
satistying 2n > k.

It is worth noting that in Theorem 2 the maximum number of edges is

2
approximately - when k is approximately (2 — v/2)n. Thus Theorem 1 does
not follow from Theorem 2. The construction, showing that Theorem 2 is
sharp, does not contain any non-crossing subgraph with k + 1 vertices.

Turdn and Ramsey problems are also studied for matchings in geometric
graphs. KUPITZ ([16], see also Theorem 14.4 in [22]) determined the maximal
number of edges in a convex geometric graph with n vertices that does not
contain non-crossing matchings with k + 1 edges. Similar result is proved for
matchings with pairwise crossing edges ([4], see also Theorem 14.14 in [22]).

These results have a unified form for simple bipartite graphs.

THEOREM 3. Assume that G = G(n,n) is a simple bipartite graph that
does not contain a non-crossing (crossing) matching with k + 1 edges. Then
|E(G)| < 2kn — k? and this bound is sharp for both cases.

For the Ramsey problem, it is known ([14]) that in any 2-coloring of the
edges of a geometric complete graph with n vertices there is a monochromatic
non-crossing matching with L”THJ edges and this is sharp. The bipartite ver-
sion here follows immediately from the well-known result that every geomet-
ric K; ,, contains a perfect matching [19] so the proof of the next proposition

is left to the reader.

PROPOSITION 2. In every r-coloring of the edges of a geometric graph
Ky, there is a monochromatic non-crossing matching with at least [ -] edges.
This bound is best possible.
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2. Open problems
2.1. Problems for simple geometric bipartite graphs.

The 2-color Ramsey problem for paths in balanced bipartite graphs have
been solved independently in [11] and in [9]. Concerning the geometric
version we ask

PROBLEM 1. What is the length of the largest monochromatic non-
crossing path that exists in every 2-coloring of a simple geometric Ky, , ? The

bounds % and % follow from the cited result of Perles and from using the
graph H(n,p) defined below with suitable p .

The Turdn number of paths in bipartite graphs have been determined in
[12]. Concerning the geometric version the straightforward question is

PROBLEM 2. What is the maximum number of edges in a simple geomet-
ric graph G(n,n) that does not contain a non-crossing path of length k ? The
upper bound is n(k — 1) from the cited result of Perles and the lower bound

2
isnk — 1) — {(k _41) J, according to the construction given in the proof of
Theorem 2.

Presently we can not separate the Ramsey number of non-crossing trees
(caterpillars) from the Ramsey number of non-crossing double stars.

PROBLEM 3. What is the order of the largest monochromatic non-crossing

subtree (caterpillar) that exists in every 2-coloring of the edges of a simple

geometric K, ,, 7 The bounds are % andn orn + 1 (depending of the parity

of n). Note that the largest monochromatic non-crossing subforest F has at
least n + 1 vertices because a simple geometric Ky, , has non-crossing span-
ning trees (this remark is valid for any geometric K ).

2.2. Problems for general geometric bipartite graphs.

It looks as the ‘really geometric’ problems arise when the vertex set of
G(n,n) is allowed to be in general position or in convex position (with no
restriction on the sets A, B). Of course, Proposition 1 limits the non-crossing
subgraphs to caterpillars. There are some results in the literature, for example
it is known that every geometric K} ,, contains a perfect matching [19] and a
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spanning tree of maximum degree three [17]. It seems that from the following
(twelve) problems only one can be answered easily (Proposition 2).

PROBLEM 4. What is the maximum number of edges in a geometric (con-
vex geometric) G(n,n) that does not contain a non-crossing matching (path,
caterpillar) with k edges?

PROBLEM 5. What is the maximum number of edges in a non-crossing
monochromatic matching (path, caterpillar) contained in every 2-coloring of
the edges of a geometric (convex geometric) K, ,, ?

3. A construction

We shall often use a simple balanced geometric graph H = H(n,p) defined
as follows. Fix 1 < p < n, and the vertices of H are a; = (i,0),b; = (i, 1) for
i=1,2,...,n. The edge set of H is {a;b; :p+2 <i+j <2n—p}.

LEMMA 1. Suppose that F is a non-crossing subgraph of H without iso-
lated vertices. Then |V (F)| < 2(n — p).

PROOF. Let g be the smallest integer such that a; € V(F) and let r be
the smallest integer for which agb, € E(F). Similarly, s is the largest integer
such that ag € V(F) and ¢ is the largest integer for which agb; € E(F). Since
F has no isolates, ¢, s,t,r are well defined. Set

X={a;:1<i<qlulbj:1<j<r},

Y={a;:s<i<njuU{bj:t<j<n}.
We claim that at least p vertices of X and at least p vertices of Y are not in
V(F). This is obvious for ¢ > p and for s <n — p + 1. Suppose g < p, now
g — 1 vertices of AN X are not in V(F) from the definition of ¢g. From the
definition of H, azb; ¢ E(H) forj = 1,2,...,p —q + 1, thus any edge of F
incident to bj would cross the edge ayb,. Therefore none of the bj -S are in
V(F)forj=1,2,...,p —qg+1. Thus we have atleastg — 1+p —g+1=p
vertices not in V(F). A symmetric argument shows that at least p vertices of
Y are not in V(F). This proves the claim and the lemma follows from it. 1

In Ramsey problems we may consider H and its (bipartite) complement
as a 2-colored simple geometrical graph K, ,. In H the order of largest

non-crossing tree, path, double star is the same. This is not the case for H. For
example, it is easy to see that for 2p > n, H always contains a non-crossing
tree with n + 1 vertices. This is not true for double stars as the following
lemma shows(we need that to show that Theorem 1 is asymptotically sharp).
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LEMMA 2. Assume thatn = S5k +2,p = 3k + 1. Then the largest non-
crossing double star of both H and H has 4k + 2 vertices.

PROOF. Any non-crossing subgraph of H without isolated vertices has
at most 2(n — p) = 4k + 2 vertices from Lemma 1. On the other hand, the
complete geometric subgraph of H spanned by {aj,...,an—p,bp41,---,bn}
clearly has a spanning double star. Thus the statement of the lemma follows
for H. To prove it for H, we need to look at three cases only, according
to the indices of the base edge e = a;b; of a double star T. If i,j are both
at most n — p then T has at most p + 1 = 3k +2 < 4k + 2 vertices. If
1<i<n—-—p,n—p+1<jthenj <p+1—i follows from the definition
of H. There are two non-crossing maximal double stars with base e. One is
taking the j ‘left’ neighbors of a; and the 2p —n+2 —i +j ‘right’ neighbors
of b;. Now

2p—n+2—i+j<2p—n+2—-1+p+1—-i<3p—n+1l=
=3Ck+1)—GCk+2)+1 =4k +2
proving what we want. The other maximal non-crossing double star on e has
p — J + 2 vertices since there are p — j — i + 2 ‘right’ neighbors of i and
i ‘left’ neighbors of j. Clearly, p —j + 2 < 4k + 2 thus this double star is
small. Finally, ifn —p+1 <j <p+1l—-i,n—p+1<i<p+1—j,then
the two maximal non-crossing double stars on e have 2p —n+2 — i +j and

2p —n+2 —j +i vertices. Assume by symmetry that the first is the maximum,
then

2p—n+2—i+j<2p—n+2—i+p+1—-i<3p-—-n+2=4k+2.1

4. Proof of Theorems 1,2,3

PROOF OF THEOREM 1. Consider an arbitrary red-blue coloring of the
edges of a balanced geometric bipartite graph G = [A, B]. Let Gg, G denote
the red and blue subgraphs of G. Set

D = maX{dG’R(al), dGR(bn), dGB (al), dGB (bn)}

Assume first that D > (1/2 + 1/10)n, without loss of generality the
maximum is attained at b, in the red color. Let i denote the smallest index
for which a; b, is red. If a; has at least (1/4 — 1/20)n red neighbors in B, we
have a red non-crossing double star on a;b,, spanning at least (1/4+ 1/2 +

+1/20)n = 4% vertices. Otherwise a; has at least (3/4 + 1/20)n = 4—5” blue
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neighbors in B giving a red star (a special non-crossing double star) that is
as large as required.

In the case when D < (1/2+1/10)n, assume (w.l.0.g.) that edge a;by, is
red. Now - from the definition of D - both dGR(al) and dGR(bn) are at least

(1/2—1/10)n therefore we have a non-crossing red double star on a;b, with
at least 2(1/2 — 1/10)n = 45i vertices.
It follows from Lemma 2 that the bound is asymptotically sharp. |

PROOF OF THEOREM 2. We claim first that a geometric G(n,n) that con-
tains no non-crossing double star with k + 1 vertices, has at most the claimed
number of edges. The proof is by induction n, keeping k fixed. The cases
2n = k and 2n — 1 = k are obvious. For the induction step, assume that
there is no non-crossing double star with k + 1 vertices in a geometric graph
G = G(n,n) for 2n > k + 2. Select an edge e = a;b; € E(G) with
li —j| is as large as possible. From the choice of e, the edges of G inci-
dent to e form a non-crossing double star, thus, from the assumption on G,
we have dg(a;) +dg(bj) < k. Deleting the vertices a;, b; with its incident
edges we delete at most k — 1 edges and get a balanced geometric graph
F =G(n — 1,n — 1). By the inductive hypothesis

(k - 1)1 )

IE(G)ISk—1+|E(F)|Sk—1+(n—1)(k—1)—{ -

(k — 1)1

=nk —1)—
n( ) { )
proving the claim.

To see that the maximum can be attained, we use the graph H(n,p) for
even k. Setp =n — %, from Lemma 1, the largest non-crossing double star
in H has at most 2(n — p) = k vertices. On the other hand, H(n,p) has

2
n?— 2(17;1) =ntk —1)— L(k_TI)J vertices.

For odd k we modify H(n,p) to H'(n,p) so that its edge set is {a,-bj :
p+2<i+j<2n—-p-—1}.Setp=n— k%l now the largest non-crossing
double star of H'(n,p) has at most 2(n — p) + 1 = k vertices and H'(n,p) has

n2— (PN = () =nk —1)- @ edges. i

PROOF OF THEOREM 3. To prepare the proof, we define matchings
in the geometric K, , having pairwise non-crossing (pairwise crossing)
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edges. For i = 0,1,2,...,n — k — 1 let M; denote the matching
with edge set {a,bi4;,a0bay;...,a,_;by} and let N; denote the edge set
{an,by_i,an_1bp_1_;...,a;41b1}. Since Ny = My, we have 2(n —k — 1)+1
edge-disjoint non-crossing matchings. Assume that G = G(n,n) is a geo-
metric graph containing no non-crossing matching with k& + 1 edges. Then at
most k edges of G can be selected from each of the matchings above, thus
|E(G)| < k(2n — 2k — 1) + m where m is the number of edges of K, , not

covered by the union of the matchings M;, N;. Since m = 2(1‘;1) we get that

|E(G)| < k(2n — 2k — 1)+ (k + Dk = 2kn — k>

as desired. This proves the extremal result for non-crossing matchings. The
proof for the crossing matching is similar, since one can replace the non-
crossing matchings M;, N; by matchings containing pairwise crossing edges.
To see that both results are sharp, consider k-element sets X C A, Y C B
and define the graph whose edges are incident to X U Y. This graph has

2kn — k?* edges and for X = {aj,...,ar},Y = {by,...,b;} it does not

contain a non-crossing matching with k + 1 edges; for X = {ay,...,ar}, Y =
=1{b,_k+1>---,bn} it does not contain a matching with k+1 pairwise crossing
edges. |
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Dedicated to our late friend, Andrds Gdcs

Abstract. Let G denote a finite Abelian group, and F a field whose
multiplicative group F* contains an element whose order equals the exponent
of G. For any pair A = {ay,...,ar}, B ={by,...,b} of k-element subsets
of G there exist homomorphisms 1, ...,x; : G — F* such that neither of the
two matrices (x;(a;)) and (y;(b;)) is singular. This confirms a conjecture of
Feng, Sun, and Xiang. We also give a shortened proof of Snevily’s conjecture.

1. Introduction

Let G denote a finite Abelian group of order m and exponent n. We
say that G is fully representable over a field IF if the multiplicative group F*
contains an element of order n. This happens if and only if the characteristic
of the field F does not divide n, and T itself contains the splitting field of the
polynomial x” —1 over its prime field. In this case I’ contains a unique cyclic
subgroup H of order n that may be identified for every such field of the same
characteristic, and every homomorphism from G to F* maps into H. Such
group characters with respect to pointwise multiplication form the character

group G ¥ G. It follows from the orthogonality relations

G| ify =
le(g)xz_l(g)={|0| Ta =

2€G otherwise

* Supported by European Community Grant ERG 239277 and OTKA Grants K 72731 and
PD 75126.
t Supported by Bolyai Research Fellowship and OTKA Grants K 67676 and NK 67867.
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that the m X m matrix (X(g))ge Gyed 1S nonsingular. Thus, the characters are

linearly independent over [ and form a basis in the vector space of all G — F
functions over F.

REMARK. The independence of the columns of the character table can be
interpreted as follows: For any subset A = {ay,...,a;} of G, those sets of
characters x for which the vectors y(A) = x(a;)1<i<k are independent over

IF, form a rank k matroid 4 4 over the ground set G. Here we prove that for
any two sets A, B C G of the same cardinality, the matroids 4 4 and Mg
have a common basis.

THEOREM 1. Assume that the finite Abelian group G is fully representable
over the field F. For any two subsets A = {ay,...,a;} and B = {by,...,b;}

of G there exist characters y1,...,Xx € G such that both Det(xi(aj )) and
Det(y;(b;)) are different from zero.

This confirms a conjecture of FENG, SUN, and XIANG [4]. Applying

the natural isomorphism between G and G, one obtains the following dual
version.

THEOREM 2. Under the conditions of the previous theorem, let X =

= {x1,-- >k} and ¥ = {yq,..., 9} be two subsets of G. Then there
exist elements ay,...,a; € G such that both Det(xi(aj )) and Det(lpi(aj )) are
different from zero.

Using the exterior algebra method, FENG, SUN, and XTANG [4] pointed
out that a weaker form of Theorem 1 would imply Snevily’s conjecture [6],
which after a series of partially successful attempts [1,3,5], see also [7,8], was
recently proved by ARSOVSKI [2]. Thus, one obtains the following affirmative
answer for Snevily’s problem.

THEOREM 3. Let G be an Abelian group of odd order. For any two sub-
sets A = {ay,...,ar} and B = {by,...,b;} of G there exists a permutation
7 € Sy such that the elements ay +by 1), - . ., ag +by ) are pairwise different.

The proof of Theorem 1, at least for finite fields I of characteristic 2, is
implicit in Arsovski’s paper. Here we present a variant of his argument with
considerable simplifications, which completely settles the conjecture of Feng,
Sun, and Xiang.
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2. The Proofs

Assume that, for a given finite Abelian group G, the statement of Theo-
rem 1 fails for a certain field F of characteristic c, then it also fails for every
field of characteristic ¢ over which G is fully representable. In particular, it
fails for the purely transcendental extension ' = F(¢{,..., ). Accordingly,
let A={ay,...,a;} and B = {by,...,b;} be two subsets of G such that

Det(y;(a;)) Det(y;(b;)) =0

holds for every k-tuple of characters 1, ...,xx € G. Write G = A1s--sxm}-
Let ¢ denote an arbitrary function from G to I'; it can be uniquely expressed
as ¢ = E';fz | Auxu with Fourier-coefficients A, € . Consider the k x m
matrices M = (m;,) and N = (n;,,) withm;, = A,xu(a;), resp. nj, = xu(b;). In
view of the Cauchy—Binet formula and the multilinearity of the determinant,
for the k x k matrix L with (i,j) entry ¢ (a; + bj) we obtain

Det L = Det (Z Augula; + b,-)) = Det (Z Auu (ai)Xu(bj)> =

u=1 u=1
=Det(tMN") = > Det(m;,;,) Det(n;,,;) =

1<up<.<up<m

= Y (e Ay) Det(ry(aj)) Det(yy, (b)) =

I1<ui<.<up<m

=0.
Enumerate the elements of G as g1, ..., gm, and apply the above formula
for the function ¢ that maps each g; to the corresponding #;. Then Det L is the
alternating sum of k! monomial terms in ¢, ..., #;, each of degree k. Because

of the algebraic independence of the elements ¢;, Det L can only vanish if each
monomial term cancels out, either because it appears with both + and — signs,
or because it appears at least ¢ times with the same sign. Anyway, for any
permutation & € S there exists a permutation 0 # w € S such that the
elements aj + by (1), - - - » Ak +bg (), in some order, coincide with the elements
aj + by(1y,-- -,k + by). According to the following simple combinatorial
lemma inherent in [2], this is impossible.

LEMMA 4. Let A = {ay,...,a;} and B = {by,...,by} be subsets of an
arbitrary Abelian group G. There exists a permutation w € S), such that for

2011. februdr 15. -8:46 59



60 G. HARCOS, GY. KAROLYI, G. KOS

any permutation o # w € Sy, the multisets {ay + by (1y,...,a; + byk)} and
{ai +bg(1), - - ->ax + by} are different.
PROOF. Fix the positive integer k, and assume that the lemma has already

been verified for smaller values of k. Write a; + b; = g, and consider the set
I of all indices i for which there exists an index j with a; + b; = g. We may

assume that I = {1,..., ¢}. In the case ¢ = k there is a unique permutation 7
with aj + by 1)y =... = ag +bgyy=g. If 1 < ¢ <k, then fix the first ¢ values
of w by ay +by1y=...=ap+by =g, and apply the induction hypothesis
for the subsets A’ = {apq,...,ar}, B'=1{b; | i #7(l),...,7(£)} to extend
it to a permutation 7 € S. |

This contradiction proves Theorem 1. Theorem 3 follows by the so-
phisticated argument of [4] or by the elegant reasoning of ARSOVSKI [2]. In
retrospect, the proof only relies on the identity (valid in characteristic 2)

Det(p(a; +b;)) = > > Det(huxu; (@i + b (i)

1<ui<.<uyp<m mweES,

m

and the existence of ¢ = > 7" 1 A,xu : G — F, guaranteed by Lemma 4,
for which the left hand side is nonzero. Indeed, if Theorem 3 fails then each
determinant on the right hand side is zero because the underlying matrix has
two equal rows. The identity can be proved directly using the multilinearity
of the determinant and the multiplicativity of the characters y,,:

Det(p(a; +b;) = > Detlhuyu;(a; +b))) =
1<ug, o, <m

(]

Det(hu,u; (a; +bj) =

1<uy st <m
distinct

k
Z Z H(/luiXui(ai +by(i)) =

1<up, ety <m TESE i=1
distinct

Z Z Det(u; xu; (@i + b (i)))-

1<uj<.<up<m mweSy

It would be very interesting to find a purely combinatorial proof.

ACKNOWLEDGEMENT. We are grateful to Andrds Bir6, Andrds Frank,
Péter Pal Palfy and Csaba Szabé for discussions over this topic.
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Abstract. EKICI [4] introduced the notion of upper/lower nearly con-
tinuous multifunctions between topological spaces. In this paper, we obtain
the unified form of several generalizations of upper/lower nearly continuous
multifunctions between bitopological spaces.

1. Introduction

The notion of N-closed sets in a topological space is introduced in [3]
and is studied in [12], [13] and other papers. Recently, EKICI [4] introduced
and studied upper/lower nearly continuous multifunctions.

The present authors [17], [18] introduced the notions of minimal struc-
tures, m-spaces and m-continuous functions. The notion of upper/lower
m-continuous multifunctions are introduced in [19]. As a generaliztion of
upper/lower m-continuous multifunctions and upper/lower nearly continuous
multifunctions, the present authors [16] introduced and studied the notion of
upper/lower nearly m-continuous multifunctions as multifunctions from a set
satisfying some minimal condition into a topological space. Quite recently,
the present authors [15] investigated a new viewpoint in the study of conti-
nuity forms in bitopological spaces.

In this paper, analogously to [15], we introduce and study the notion of
upper/lower nearly m-continuous multifunctions as multifunctions from a set
satisfying some minimal conditions into a bitopological space. Then it turns
out that we obtain the unified form of several generalizations of upper/lower
nearly continuous multifunctions between bitopological spaces. Furthermore,

AMS Subject Classification (2000): 54C08, 54C60, 54E55
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similarly to the method in [14], we characterize the set of all such points at
which a multifunction is not upper/lower nearly m-continuous.

2. Preliminaries

Throughout the present paper, (X,71,7;) (resp. (X, 7)) is a bitopological
(resp. topological) space. Let (X,7) be a topological space and A a subset of
X. The closure of A and the interior of A are denoted by CI(A) and Int(A),
respectively. Let (X, 7;,7) be a bitopological space and A a subset of X. The
closure of A and the interior of A with respect to 7; for i = 1, 2 are denoted
by iCI(A) and iInt(A), respectively. A subset A of (X, 1) is said to be regular
open (resp. regular closed) if Int(CI(A)) = A (resp. Cl(Int(A)) = A).

DEFINITION 2.1. A subset A of a topological space (X,7) is said to be

N-closed relative to X (briefly N-closed) [3] if every cover of A by regular
open sets of X has a finite subcover.

DEFINITION 2.2. A subset A of a bitopological space (X,1,75) is said

to be

(1) (i,j)-semi-open [2] if A C jCI(iInt(A)), where i #j,i,j =1, 2,

(2) (i,j)-preopen [5] if A C iInt(jCI(A)), where i=j,i,j =1, 2,

(3) (i,j)-a-open [6] if A C iInt(jCl(iInt(A))), where i=j,i,j =1, 2,

(4) (i,j)-semi-preopen [8] if there exists an (i,j)-preopen set U such that
UCACjCI(U), where i#j,i,j=1,2,

(5) (i,j)-regular open [1] if A =iInt(jCI(A)), where i=j,i,j =1, 2.

The family of (i,j)-semi-open (resp. (i,j)-preopen, (i,j)-a-open, (i,j)-
semi-preopen) sets of (X, 71,7y) is denoted by (i, )SO(X) (resp. (i,j )PO(X),
(i,))a(X), (i,j)SPO(X)).

DEFINITION 2.3. The complement of an (i,j)-semi-open (resp. (i,j)-
preopen, (i,j)-c-open, (i,j)-semi-preopen) set is said to be (i,j)-semi-closed
(resp. (i,j)-preclosed, (i,j)-a-closed, (i,j)-semi-preclosed).

DEFINITION 2.4. The intersection of all (i,j)-semi-closed (resp. (i,j)-
preclosed, (i,j)-a-closed, (i,j)-semi-preclosed) sets of X containing A is
called the (i,j)-semi-closure [9] (resp. (i,j)-preclosure [8], (i,j)-a-closure
[11], (i,j)-semi-preclosure [8]) of A and is denoted by (i,j)sCI(A) (resp.
(i,J)pCI(A), (i,))aCI(A), (i,])spCL(A)).

2011. februdr 15. -8:51 64



NEAR m-CONTINUITY FOR MULTIFUNCTIONS IN BITOPOLOGICAL SPACES 65

DEFINITION 2.5. The union of all (i,j)-semi-open (resp. (i,j)-preopen,
(i,j)-a-open, (i,j)-semi-preopen) sets of X contained in A is called the (i,j)-
semi-interior (resp. (i,j)-preinterior, (i,j)-c-interior, (i,])-semi-preinterior)
of A and is denoted by

(i,j)sInt(A) (resp. (i,j)pInt(A), (i,j)aInt(A), (i,j)spInt(A)).

DEFINITION 2.6. A subset A of a bitopological space (X, 7;,75) is said to
be (i,j)-N-closed [20] if every cover of A by (i,j)-regular open sets of X
has a finite subcover.

For a multifunction F: X — Y, we shall denote the upper and lower
inverse of a subset B of a space Y by F*(B) and F~(B), respectively, that
is

F'(By={x e X:Fx)CB} and F (B)={x€ X:Fx)NB#0}.

DEFINITION 2.7. A multifunction F: (X, t) — (Y,0) is said to be

(1) upper nearly continuous at a point x € X [4] if for each open set V
containing F(x) and having N-closed complement, there exists an open
set U of X containing x such that F(U) C V,

(2) lower nearly continuous at a point x € X [4] if for each open set V
meeting F(x) and having N-closed complement, there exists an open set
U of X containing x such that F(u) NV # () for each u € U,

(3) upper/lower nearly continuous on X if it has this property at each point
of X.

3. Minimal structures and bitopological spaces

DEFINITION 3.1. A subfamily mx of the power set P(X) of a nonempty
set X is called a minimal structure (briefly m-structure) [17], [18] on X if
) emyx and X € my.

By (X, myx) (briefly (X, m)), we denote a nonempty set X with a minimal
structure mx on X and call it an m-space. Each member of m x is said to be
mx-open (briefly m-open) and the complement of an m x-open set is said to
be mx-closed (briefly m-closed).

DEFINITION 3.2. Let (X,mx) be an m-space. For a subset A of X, the
mx-closure of A and the mx -interior of A are defined in [10] as follows:
(1) mCl(A)=nN{F:ACF,X — Fecmy},

(2) mInt(A)=U{U : U C A,U € mx}.
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REMARK 3.1. Let (X,7,77) be a bitopological space and A a subset
of X.

(1) The families (i,j)SO(X), (i,j)PO(X), (i,j)a(X), and (i,j)SPO(X) are
all m-structures on X.

2) If myx = (i,j)SO(X) (resp. (i,j)PO(X), (i,j)a(X), (i,j)SPO(X)), then
we have

(@) mCI(A) = (i,j)sCI(A) (resp. (i,j)pCI(A), (i,j)aCl(A), (i,j)spCl(A)),

(b) mInt(A) = (i,j)sInt(A) (resp. (i,j)pInt(A), (i,j)aInt(A), (i,j)spInt(A)).
LEMMA 3.1. (MAKIET AL. [10]). Let (X, mx) be an m-space. For subsets

A and B of X, the following properties hold:

(1) mCI(X — A) = X — mInt(A) and mInt(X — A) = X — mCI(A),

2) If (X — A) € mx, then mCl(A) = A and if A € mx, then mInt(A) = A,

(3) mC1(0) = 0, mCl(X) = X, mInt()) = 0 and mInt(X) = X,

4) If A C B, then mCI(A) C mCI(B) and mInt(A) C mInt(B),

(5) A ¢ mCI(A) and mInt(A) C A,

(6) mClI(mCI1(A)) = mCI(A) and mInt(mInt(A)) = mInt(A).

DEFINITION 3.3. An m-structure mx on a nonempty set X is said to have

property B [10] if the union of any family of subsets belonging to m x belongs
tomy.

REMARK 3.2. Let (X,71,77) be a bitopological space. Then the family
(i,j)SO(X) (resp. (i,j)PO(X), (i,j)x(X), (i,j)SPO(X)) is an m-structure
on X having property B by Theorem 2 of [9] (resp. Theorem 4.2 of [7] or
Theorem 3.2 of [8], Theorem 1.5 of [11], Theorem 3.2 of [8]).

LEMMA 3.2. (POPA and NOIRI [17]). For an m-structure mx on a non-
empty set X, the following properties are equivalent:

(1) mx has property B;
(2) If mInt(A) = A, then A € mx;
(3) If mCI(A) = A, then A is mx -closed.

DEFINITION 3.4. Let (X,my) be an m-space and (Y,0) a topological
space. A multifunction F: (X,mx) — (Y,0) is said to be

(1) upper m-continuous [19] at a point x € X if for each open set V

containing F(x), there exists an mx-open set U containing x such that
FU)CV,
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(2) lower m-continuous [19] at a point x € X if for each open set V meeting
F(x), there exists an m x-open set U containing x such that F(u)N'V #
for each u € U,

(3) upper/lower m-continuous on X 1if it has this property at every point
of X.

DEFINITION 3.5. Let (X,my) be an m-space and (Y,0) a topological

space. A multifunction F: (X,mx) — (Y,0) is said to be

(1) upper nearly m-continuous [16] at a point x € X if for each open set
V containing F(x) and having N-closed complement, there exists an
mx-open set U containing x such that F(U) C V,

(2) lower nearly m-continuous [16] at a point x € X if for each open set V
meeting F(x) and having N-closed complement, there exists an m x-open
set U containing x such that F(u) NV # () for each u € U,

(3) upper/lower nearly m-continuous on X if it has this property at every
point of X.

REMARK 3.3. Every upper/lower m-continuous multifunction is upper/
lower nearly m-continuous. The converse is not true by Example 4 of [4].

4. (i,j)-upper/lower near m-continuity

DEFINITION 4.1. Let (X, mx) be an m-space and (Y,0;,07) a bitopolog-
ical space. A multifunction F: (X,myx) — (Y,0},07) is said to be

(1) (i,j)-upper nearly m-continuous at a point x € X if for each o;-open set
V containing F(x) and having (i,j)-N-closed complement, there exists
an mx-open set U containing x such that F(U) C V,

(2) (i,j)-lower nearly m-continuous at a point x € X if for each o;-open set
V meeting F(x) and having (i,j)-N-closed complement, there exists an
mx-open set U containing x such that F(u) NV # () for each u € U,

(3) (i,j)-upper/(i,j)-lower nearly m-continuous on X if it has this property
at every point of X.

THEOREM 4.1. For a multifunction F: (X,mx) — (Y,01,07), the follow-
ing properties are equivalent:

(1) F is (i,j)-upper nearly m-continuous atx € X;

(2) x € mInt(F*(V)) for every o;-open set V of Y containing F(x) and
having (i,j)-N -closed complement;
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(3) x € F(iCI(B)) for every subset B of Y having (i,j)-N -closed o; -
closure such that x € mCI(F~(B));

(4) x € mInt(F*(B)) for every subset B of Y such thatx € F*(iInt(B)) and
Y —iInt(B) is (i,j)-N -closed.

PROOF. (1) = (2): Let V be any o;-open set of Y containing F(x)
and having (i,j)-N-closed complement. There exists an mx-open set U
containing x such that F(U) C V. Thus x € U C F"(V). Since U is
mx-open, we have x € mInt(F+(V)).

(2) = (3): Suppose that B is any subset of Y having (i,j)-N-closed
o;-closure. Then iCI(B) is o;-closed and Y — iCI(B) is a 0;-open set
having (i,j)-N-closed complement. Let x ¢ F—(iCl(B)), then x € X —
— F~(iCI(B)) = F*(Y — iCI(B)). This implies that F(x) C Y — iCI(B).
Since Y — iCI(B) is a 0;-open set having (i,j)-N-closed complement, by
(2) we have x € mInt(F*(Y — iCI(B))) = mInt(X — F(iCl(B))) = X —
— mCIl(F~(iCl(B))) C X — mCI(F~(B)). Hence x ¢ mCI(F~(B)).

(3) = (4): Let B be any subset of Y such that x ¢ mInt(F*(B)) and
Y — iInt(B) is (i,j)-N-closed. Then we have x € X — mInt(F*(B)) =
=mCIl(X — F"(B)) = mCI(F~ (Y — B)). By (3) we have x € F~(iCI(Y —
— B))=F (Y — ilnt(B)) = X — F*(iInt(B)). Hence x ¢ F*(iInt(B)).

(4) = (1): Let V be any o0;-open set of Y containing F(x) and having
(i,j)-N-closed complement. We have x € FY(V) = F*(iInt(V)). Then,
by (4) x € mInt(F"(V)). Therefore, there exists U € mx such that x €
€ U C F*(V). Thus F(U) C V. This shows that F is (i,j)-upper nearly
m-continuous at x € X. ]

THEOREM 4.2. For a multifunction F: (X, mx) — (Y,01,0,), the follow-
ing properties are equivalent:

(1) F is (i,j)-lower nearly m-continuous at x € X;

(2) x € mInt(F~(V)) for every o;-open set V of Y having (i,j)-N -
closed complement such that F(x) 'V #0;

(3) x € F*(iCI(B)) for every subset B of Y having (i,j)-N -closed
o; -closure such that x € mCI(F*(B));

(4) x € mInt(F~(B)) for every subset B of Y such thatx € F~ (iInt(B))
and Y — iInt(B) is (i,j)-N -closed.

PROOF. The proof is similar to that of Theorem 4.1. |

THEOREM 4.3. For a multifunction F: (X,mx) — (Y,01,07), the follow-
ing properties are equivalent:
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(1) F is(i,j)-upper nearly m-continuous;

(2) F*(V) = mInt(F*(V)) for each o;-open set V of Y having (i,j)-N -
closed complement;

3) F(K)=mCI(F~(K)) for every (i,j)-N -closed and o; -closed set K of
Y,'

(4) mCI(F~(B)) C F~(iCl(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

(5) F*(iInt(B)) C mlInt(F*(B)) for every subset B of Y such that
Y —iInt(B) is (i,j)-N -closed.

PROOF. (1) = (2): Let V be any o;-open set of Y having (i,j)-N-closed
complement and x € F"(V). Then F(x) C V and there exists U € my
containing x such that F(U) C V. Therefore, x € U C F"(V) and hence
x € mInt(F*(V)). This shows that F(V) C mInt(F*(V)). Therefore, by
Lemma 3.1 we obtain F*(V) = mInt(F*(V)).

(2) = (3): Let K be any (i,j)-N-closed and o;-closed set of Y.
Then, by (2) and Lemma 3.1 we have X — F (K) = FY(Y —K) =
= mInt(F*(Y — K)) = mInt(X — F~(K)) = X — mCI(F~(K)). Therefore,
we obtain F~(K) = mCI(F~ (K)).

(3) = (4): Let B be any subset of Y having (i,j)-N-closed o;-closure.
By (3) and Lemma 3.1, we have F~(B) C F~ (iCl(B)) = mCI(F~ (iCI(B))).
Hence mCI(F~(B)) C mCI(F~ (iCI(B))) = F~ (iCI(B)).

(4) = (5): Let B be a subset of Y such that Y — iInt(B) is (i,j)-N-
closed. Then by (4) and Lemma 3.1 we have

X — mInt(F"(B)) =mCI(X — F(B)) =mCI(F (Y — B)) C
C F(iCY — B))= F~(Y — ilnt(B)) = X — F*(ilnt(B)).
Therefore, we obtain F*(iInt(B)) C mInt(F*(B)).

(5) = (1): Letx € X and V be any g;-open set of Y containing F(x) and
having (i, j)-N-closed complement. Then by (5) x € F*(V) = F*(ilnt(V)) C
C mInt(F*(V)). There exists U € mx containing x such that U C F*(V);
hence F(U) C V. This shows that F is (i,j)-upper nearly m-continuous. |

THEOREM 4.4. For a multifunction F: (X,mx) — (Y,01,07), the follow-
ing properties are equivalent:

(1) F is (i,j)-lower nearly m-continuous;

(2) F~(V) = mInt(F~ V)) for each o;-open set V of Y having (i,j)-N -
closed complement;
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(3) F*(K) = mCI(F*(K)) for every (i,j)-N -closed and o; -closed set K of
Y;

(4) mCI(F*(B)) C F*(iCl(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

(5) F~ (iInt(B)) C mInt(F~(B)) for every subset B of Y such that Y —
— iInt(B) is (i,j)-N -closed.

PROOF. The proof is similar to that of Theorem 4.3. |

COROLLARY 4.1. Let (X,mx) be an m-space and mx have property 3.
For a multifunction F: (X,mx) — (Y,01,07), the following properties are
equivalent:

(1) F is (i,j)-upper nearly m-continuous (resp. (i,j)-lower nearly m-con-
tinuous);
(2) F*(V) (resp. F~(V)) is mx -open for each o;-open set V of Y having

(i,j)-N -closed complement;

(3) F~(K) (resp. F*(K)) is mx -closed for every (i,j)-N -closed and o; -

closed set K of Y.

PROOF. This is an immediate consequence of Theorems 4.3 and 4.4 and
Lemma 3.2. |

COROLLARY 4.2. A multifunction F:(X,myx) — (Y,01,07) is (i,j)-
upper nearly m-continuous (resp. (i,j)-lower nearly m-continuous) if
F~(K) = mCI(F~(K)) (resp. F*(K) = mCI(F*(K))) for every (i,j)-N -
closed set K of Y.

PROOF. Let G be any o;-open set of Y having (i,j)-N-closed comple-
ment. Then Y — G is (i,j)-N-closed. By the hypothesis, X — F"(G) =
=F (Y —G)=mClI(F (Y — G)) =mCl(X — F"(G)) = X — mInt(F"(G))
and hence, FY(G) = mInt(F"(G)). It follows from Theorem 4.3 that F is
(i,j)-upper nearly m-continuous. The proof of (i,j)-lower near m-continuity
is entirely similar. |

DEFINITION 4.2. A function f: (X,mx) — (Y,01,0,) is said to be (i,j)
nearly m-continuous if for each point x € X and each o;-open set V con-
taining f (x) and having (i, j )-IN-closed complement, there exists an m x-open
set U containing x such that f(U) C V.

COROLLARY 4.3. For a functionf:(X,mx) — (Y,07,07), the following
properties are equivalent:
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(1) f is (i,j) nearly m-continuous;
) f_l(V) = mInt(f_l(V)) for each o;-open set V of Y having (i,j)-N -
closed complement;

3) f_l(K) = mCl(f_l(K)) for every (i,j)-N -closed and o; -closed set K of
Y;

(4) mCl(f ~Y(B)) c f~1(iCI(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

5 f_l(iInt(B)) - mInt(f_l(B)) for every subset B of Y such that Y —
— iInt(B) is (i,j)-N -closed.

COROLLARY 4.4. For a functionf: (X, myx) — (Y,07,0,), where mx has
property B, the following properties are equivalent:

(1) f is (i,j) nearly m-continuous;

2 f “Lvyism x -open for each o;-open set V of Y having (i,j)-N -closed
complement;

3 f _1(K ) is mx -closed for every (i,j)-N -closed and o;-closed set K of
Y.
For a multifunction F:(X,myx) — (Y,01,0,), we define D*,,,(F) and
D™ (F) as follows:
D*,m(F)={x € X : Fisnot (i,j)-upper m-continuous at x },

D™ m(F)={x € X : Fisnot (i,j)-lower m-continuous at x }.

THEOREM 4.5. For a multifunction F: (X, mx) — (Y, 01,0,), the follow-
ing properties hold:

DYy = |J {FH(G) - mInt(F*(G))} =

GEG,-NC

= |J {F'(ilnB)) — mInt(F*(B))} =
BeiNC

= |J {mCUF~(B)) - F(iCI(B))} =

BeNC
= |J {mCUF~(H)) - F~(H)},
He%

where 0; N C is the family of all o;-open sets of Y having (i,j)-N -closed
complement,
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iNC is the family of all subsets B of Y such that Y — ilnt(B) is (i,j)-
N -closed,

N C is the family of all subsets of Y having (i,j)-N -closed o; -closure,

F is the family of all subsets H of Y which are (i,j)-N-closed and
o, -closed.

PROOF. We shall show only the first equality and the last since the proofs
of other are similar to the first.

Let x € D%,,,(F). By Theorem 4.1, there exists a 0;-open set V
of Y having (i,j)-N-closed complement such that x € F*(V) and x ¢
mInt(F*(V)). Therefore, we have

x € FF(V)—mIn(F (V) C | {F'(G) - mInt(F*(G))}.
Geo;NC

Conversely, let x € UGeai Nc{F'(G) — mInt(F*(G))}. There exists

a g;-open set V of Y having (i,j)-N-closed complement such that x €
€ F*(V) — mInt(F*(V)). By Theorem 4.1, we obtain x € D*,,,(F).

We prove the last equality.
| {mCIF~(H)) — F(H)} C
HeF

c |J {mCUF(B)) - F(iCI(B))} = D*yn(F).
BENC

Conversely, by Lemma 3.1 we have
D* (P = ) {mCI(F~(B))— F(iCI(B))} C
BeENC
c |J {mCuF~#H)) - F(H)}.
HeF

THEOREM 4.6. For a multifunction F: (X, mx) — (Y,01,0,), the follow-
ing properties hold:

D um(F)= |J {F (G)—mInt(F (G))} =
Geo;NC

= |J {F (ilnu(B)) — mIn((F~(B))} =
BeiNC
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= |J {mCIF*(B)) - F*(iCI(B))} =

BeNC
= |J (mQUF (H)) - Fr(H)}.
HeF
PROOF. The proof is similar to that of Theorem 4.5. |

5. (i,j) near m-continuity in bitopological spaces

DEFINITION 5.1. Let (X,71,73) be a bitopological space and m;; =
= m(1q,7p) an m-structure on X determined by 7| and 7. A multifunc-
tion F:(X,711,13) — (Y,01,07) is said to be (i,j)-upper/(i,j)-lower nearly
m-continuous at x € X (resp. on X) if F:(X,m;;) — (Y,01,02) is (i,))-
upper/(i,j)-lower nearly m-continuous at x € X (resp. on X). Hence
(1) A multifunction F:(X,11,7p) — (Y,01,07) is (i,j)-upper nearly m-

continuous at a point x € X if for each o;-open set V containing F(x)

and having (i, )-N-closed complement, there exists U € m;; containing

x such that F(U) C V,

(2) A multifunction F:(X,1,75) — (Y,01,07) is (i,j)-lower nearly m-
continuous at a point x € X if for each o;-open set V meeting F(x)
and having (i,j)-N-closed complement, there exists U € m;; containing
x such that F(u) NV #( for each u € U,

(3) (i,))-upper/i,j)-lower nearly m-continuous on X if F:(X,m;;) —
— (Y,01,07) has this property at every point of X.

REMARK 5.1. Let (X,71,77) be a bitopological space and m;; = m(zy,72)
an m-structure on X determined by 71 and 7. If m;; = (i,j)SO(X) (resp.
i,/ )PO(X), (i,j)a(X), (i,j)SPO(X)) and F:(X,11,72) — (Y,01,07) is
(i,j)-upper/(i,j)-lower nearly m-continuous, then F is (i,j)-upper/(i,j)-lower
nearly semi-continuous (resp. (i,j)-upper/(i,j)-lower nearly precontinuous,
(i,j)-upper/(i,j)-lower nearly «-continuous, (i,j)-upper/(i,j)-lower nearly
semi-precontinuous).

By Definition 5.1 and Theorems 4.3 and 4.4, we have the following two
theorems.

THEOREM 5.1. Let (X,71,72) be a bitopological space and m;; =
=m(t1,Ty) an m-structure on X determined by t| andt,. For a multifunction
F:(X,11,72) — (Y,0],07), the following properties are equivalent:
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(1) F is (i,j)-upper nearly m-continuous;

(2) F*(V) = mj;Int(F*(V)) for each o;-open set V of Y having (i,j)-N -
closed complement;

(3) F7(K) = mjjCI(F~ (K)) for every (i,])-N -closed and o;-closed set K
of Y;

(4) m;jCl(F~(B)) C F~(iCI(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

(5) F*(iInt(B)) C m,-jInt(FJr (B)) for every subset B of Y such that Y —
— iInt(B) is (i,j)-N -closed.

THEOREM 5.2. Let (X,71,73) be a bitopological space and m;j =
=m(t,Ty) an m-structure on X determined by 1| andt,. For a multifunction
F:(X,11,13) — (Y,07,07), the following properties are equivalent:

(1) F is (i,j)-lower nearly m-continuous;

(2) F~(V) =m;Int(F~ (V) for each o;-open set V of Y having (i,j)-N -
closed complement;

(3) Ff(K) = m;j CI(F(K)) for every (i,j)-N -closed and o; -closed set K of

Y:

(4) m;;CI(F*(B)) C F*(iCI(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

(5) F~(iInt(B)) C m;;jInt(F~(B)) for every subset B of Y such that Y —
— iInt(B) is (i,j)-N -closed.

COROLLARY 5.1. Let (X,71,72) be a bitopological space and m;; =
= m(t,77) an m-structure on X determined by t1 and T, having property

B. For a multifunction F: (X,71,12) — (Y,01,07), the following properties
are equivalent:

(1) F is (i,j)-upper nearly m-continuous (resp. (i,j)-lower nearly m-
continuous);

(2) F*(V) (resp. F~(V)) is m; j-open for each o;-open set V of Y having
(i,j)-N -closed complement;

(3) F(K) (resp. F*(K)) is my; -closed for every (i,j)-N -closed and o; -
closed set K of Y.

REMARK 5.2. If, for example, m;; = (i,j)SO(X), then by Theorems 5.1
and 5.2 and Corollary 5.1 we obtain Theorems 5.3 and 5.4 and Corollary 5.2
(below), respectively.
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THEOREM 5.3. Let (X,71,72) be a bitopological space and m;j =
= (i,j)SO(X). Then, for a multifunction F:(X,t1,77) — (Y,01,0,), the
following properties are equivalent:

(1) F is (i,j)-upper nearly semi-continuous;
(2) F*(V)=(i,j)sInt(F*(V)) for each o;-open set V of Y having (i,j)-N -
closed complement;

3) F(K) = (i,j)sCI(F~(K)) for every (i,j)-N -closed and o; -closed set K
of Y;

4) (i,j)sCI(F~(B)) C F(iCl(B)) for every subset B of Y having (i,])-
N -closed o; -closure;

(5) F*(iInt(B)) C (i,j)sInt(F*(B)) for every subset B of Y such that Y —
— iInt(B) is (i,j)-N -closed.

THEOREM 5.4. Let (X,71,72) be a bitopological space and m;; =
= (i,j)SO(X). Then, for a multifunction F:(X,1{,15) — (Y,01,07), the
following properties are equivalent:

(1) F is(i,j)-lower nearly semi-continuous;
2) F(V)={(i,j)sInt(F~ V)) for eacho;-open set V of Y having (i,j)-N -
closed complement;

(3) F*(K) = (i,j)sCI(F*(K)) is for every (i,j)-N -closed and o; -closed set
K of Y;

4) (i,j)sCI(F*(B)) C F*(iCl(B)) for every subset B of Y having (i,j)-N -
closed o; -closure;

(5) F~(ilnt(B)) C (i,j)sInt(F~(B)) for every subset B of Y such that' Y —
— iInt(B) is (i,j)-N -closed.

COROLLARY 5.2. Let (X,71,72) be a bitopological space and m;j =
= (i,j)SO(X). Then, for a multifunction F:(X,t1,77) — (Y,01,0,), the
following properties are equivalent:

(1) F is (i,j)-upper nearly semi-continuous (resp. (i,j)-lower nearly semi-
continuous);

(2) F*(V) (resp. F~(V)) is (i,])-semi-open for each o;-open set V of Y
having (i,j)-N -closed complement;

(3) F~(K) (resp. F*(K)) is (i,j)-semi-closed for every (i,])-N -closed and
o;-closed set K of Y.
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Let F:(X,71,72) — (Y,01,07) be a multifunction and m;; = m(r1,72)
an m-structure on X determined by 7; and 7,. Then we define D+nml.j (F)
and D_nml.j (F) as follows:
D+”mij (F)={x € X : Fis not (i,j)-upper nearly m-continuous at x },

D_nm,-,- (F)={x € X : Fis not (i,j)-lower nearly m-continuous at x }.
By Theorems 4.5 and 4.6, we obtain the following two theorems.
THEOREM 5.5. Let (X,71,73) be a bitopological space and m;j =

=m(ty,T,) an m-structure on X determined by v andt,. For a multifunction
F:(X,11,12) — (Y,01,07), the following equalities hold:

Dt (F)= | {FY(G) —mjIn(F*(G))} =

GEUiNC

= |J {F"(In(B)) — m;;Int(F*(B))} =

BeiNC

= |J {m;CF~(B) ~ F~(iC(B))} =
BeNC

= |J {mijCuF () - F~ (D)},
HeF

THEOREM 5.6. For a multifunction F: (X,mx) — (Y,01,07), the follow-
ing equalities hold:

D7y ()= | {F (G)—myIn(F(G))} =
Geo;NC

= |J {F (iIntB)) — m;;Int(F~(B))} =

BeiNC

= |J {myCUF*(B) — F*(iCI(B))} =
BeENC

= |J {m; CUF*(H)) - F*(H)}.
HeF

REMARK 5.3. If, for example, m; i = (i,j)SO(X), then by Theorems 5.5
and 5.6 we obtain Corollaries 5.3 and 5.4 (below), respectively.
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COROLLARY 5.3. Let (X,71,72) be a bitopological space and m;j =
= (i,j)SO(X). Then, for a multifunction F:(X,1{,15) — (Y,0,07), the
following equalities hold:

D'umy;(B) = |J {F'(G) - (,))sIn(F"(G)} =
Geo;NC

= |J {F(IB)) — (i,j)sInt(F(B))} =
BeINC

= |J {G./)sCUF~(B) — F(iCI(B))} =
BENC

= |J {(.j)sCUF~(H)) — F~(H)}.
HeF

COROLLARY 5.4. Let (X,71,72) be a bitopological space and m;j =
= (i,j)SO(X). Then, for a multifunction F:(X,1{,75) — (Y,0,07), the
following equalities hold:

D™ pmy; (F) = U {F(G) = (i,j)sInt(F~(G))} =
Geo;NC

= |J {F (InB)) - (i,j)sIn(F~(B)} =
BEINC
= |J {G./)sCUF*(B)) — F(iCI(B))} =
BeNC
= |J {G.j)sCUF* (H)) — F*(H)}.
He%
References

[11 G. K. BANERJEE: On pairwise almost strongly 6-continuous mappings, Bull.
Calcutta Math. Soc., 79 (1987), 314-320.

[21 S. BOSE: Semi-open sets, semi-continuity and semi-open mappings in bitopo-
logical spaces, Bull. Calcutta Math. Soc., 73 (1981), 237-246.

[3] D. CARNAHAN: Locally nearly compact spaces, Boll. Un. Mat. Ital. (4), 6
(1972), 143-153.

[4] E. EKICL: Nearly continuous multifunctions, Acta Math. Univ. Comenianae, 72
(2003), 229-235.

[51 M. JELIC: A decomposition of pairwise continuity, J. Inst. Math. Comput. Sci.
Math. Ser., 3 (1990), 25-29.

2011. februér 15. -8:51 77



78 TAKASHI NOIRI, VALERIU POPA

[6] M. JELIC: Feebly p-continuous mappings, Suppl. Rend. Circ. Mat. Palermo (2),
24 (1990), 387-395.

[71 A.KAR and P. BHATTACHARYYA: Bitopological preopen sets, precontinuity and
preopen mappings, Indian J. Math., 34 (1992), 295-309.

[81 F. H. KHEDR, S. M. AL-AREEFI and T. NOIRI: Precontinuity and semi-
precontinuity in bitopological spaces, Indian J. Pure Appl. Math., 23
(1992), 625-633.

[91 S. N. MAHESHWARI and R. PRASAD: Semiopen sets and semi continuous func-
tions in bitopological spaces, Math. Notae, 26 (1977/78), 29-37.

[101 H. MAKI, K. C. RAO and A. NAGOOR GANI: On generalizing semi-open and
preopen sets, Pure Appl. Math. Sci., 49 (1999), 17-29.

[111 A. A. NASEF and T. NOIRI: Feebly open sets and feeble continuity in bitopolog-
ical spaces, An. Univ. Timisoara Ser. Mat.-Inform., 36 (1998), 79-88.

[12]1 T. NoOIRL: N-closed sets and some separation axioms, Ann. Soc. Sci. Bruxelles,
88 (1974), 195-199.

[13]1 T.Noir1and N. ERGUN: Notes on N-continuous functions, Res. Rep. Yatsushiro
Coll. Tech., 11 (1989), 65-68.

[14] T. NOIRT and V. POPA: A unified theory on the points of discontinuity for
multifunctions, Bull. Math. Soc. Sci. Math. Roumanie, 45(93) (2002),
97-107.

[15]1 T.NoIRI and V. POPA: A new viewpoint in the study of continuous functions in
bitopological spaces, Kochi J. Math., 2 (2007), 95-106.

[16] T. NoIRrI and V. POPA: A generalization of nearly continuous multifunctions,
Annal. Univ. Sci. Budapest., 50 (2007), 59-74.

[171 V. PopPA and T. NOIRI: On M -continuous functions, Anal. Univ. “Dunarea de
Jos” Galati, Ser. Mat. Fiz. Mec. Teor., 18(23) (2000), 31-41.

[18] V. PoPA and T. NOIRI: On the definitions of some generalized forms of conti-
nuity under minimal conditions, Mem. Fac. Sci. Kochi Univ. Ser. A Math.,
22 (2001), 9-18.

[19] V. PorA and T. NOIRI: On m-continuous multifunctions, Bul. Stiint. Univ.
Politeh. Timis., Ser. Mat.-Fiz., 46(50) (2001), 1-12.

[201 A. RICHLEWICZ: On almost nearly continuity with reference to multifunctions
in bitopological spaces, Novi Sad J. Math., 38 (2008), 5-14.

Takashi Noiri Valeriu Popa

2949-1 Shiokita-Cho, Hinagu, Univ. Vasile Alecsandri
Yatsushiro-Shi, Kumamoto-Ken, Department of Mathematics
869-5142 Japan University of Bacau
t.noiri@nifty.com 600 115 Bacau, Romania

vpopa@ub.ro

2011. februdr 15. -8:51 78



ANNALES UNIV. SCI. BUDAPEST., 54 (2011), 79-96

A UNIFIED THEORY FOR
GENERALIZATIONS OF COMPACT SPACES

By
TAKASHI NOIRI

(Received October 25, 2010)

Abstract. We introduce certain operations on an m-structure with prop-
erty B (the generalized topology in the sense of LUGOJAN [20]). This op-
eration enables us to unify several modifications of ¢-compactness due to
KASAHARA [17].

1. Introduction

Let (X,7) be a topological space and P(X) the power set of X. In
1979, KASAHARA [17] initiated the study of operations on the topology 7. An
operation ¢ on 7 is a function ¢ : 7 — P(X) such that U C a(U) = U* for
each U € t. By using the operation, he obtained the unified characterizations
of some generalizations of compact spaces. In 1991, OGATA [30] used the
term operation y instead of the operation o due to KASAHARA. OGATA
introduced the notion of y-open sets and investigated the associated topology
7y and weak separation axioms y-T; (i =0, 1 /2, 1,2). Recently, KRISHNAN ET
AL. [18] (resp. AN ET AL. [3]) have defined an operation y : SO(X) — P(X)
(resp. yp : PO(X) — P(X)) and the notion of semi-y-open (resp. pre yp-
open) sets and investigated weak separation axioms analogous to y-T; due to
OGATA [30]. On the other hand, CSASZAR [9] introduced the notion of y-open
sets which are different from y-open sets due to OGATA. Moreover, in [10],
y-compact spaces are defined as the unified definition of some modifications
of compact spaces.In this paper, we define an operation on an m-structure
with property B (the generalized topology in the sense of LUGOJAN [20]). The
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operation is defined as a function my : mxy — P(X) such that U C my(U) =
= U™ for each U € mx and is called an operation my on mx. Then, it tern
out that the operation is a unified form of several operations defined on the
family of generalized open sets. Moreover, we can obtain a unified theory for
generalizations of compact spaces. In § 5, we obtain some characterizations
of my-compactness. In § 6, we show several examples for my-compactness
which are analogous to some results established by CSASZAR [10]. In the last
section, we suggest some generalizations of compact spaces by using recent
modifications of open sets in a topological space.

2. Generalized open sets

Let (X,7) be a topological space and A a subset of X. The closure of
A and the interior of A are denoted by CI(A) and Int(A), respectively. We
recall some generalizations of open sets in topological spaces.

DEFINITION 2.1. Let (X,7) be a topological space. A subset A of X
is said to be(l) a-open [28] if A C Int(Cl(Int(A))),(2) semi-open [19]
if A C Cl(Int(A)),(3) preopen [23] it A C Int(Cl(A)),(4) b-open [5] if
A C Int(Cl(A)) U Cl(Int(A)),(5) semi-preopen [4] or f-open [2] if A C
C Cl(Int(CI(A))).

The family of all a-open (resp. semi-open, preopen, b-open, semi-
preopen) sets in (X, 1) is denoted by a(X) (resp. SO(X), PO(X), BO(X),
SPO(X)).

For generalizations of open sets defined above, the following relation-
ships are known:

open = «@-open = preopen

4 U

semi-open = b-open = semi-preopen

DEFINITION 2.2. Let (X,7) be a topological space. A subset A of X
is said to be a-closed [26] (resp. semi-closed [8], preclosed [23], semi-
preclosed [4], b-closed [5]) if the complement of A is a-open (resp. semi-
open, preopen, semi-preopen, b-open).

DEFINITION 2.3. Let (X, 1) be a topological space and A a subset of X.
The intersection of all a-closed (resp. semi-closed, preclosed, semi-preclosed,
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b-closed) sets of X containing A is called the a-closure [26] (resp. semi-
closure [8], preclosure [15], semi-preclosure [4], b-closure [5]) of A and is
denoted by aCI(A) (resp. sCI(A), pCI(A), spCI(A), bCI(A)).

3. Minimal structures

DEFINITION 3.1. Let X be a nonempty set and P(X) the power set of X.
A subfamily mx of P(X) is called a minimal structure (briefly m-structure)
on X if my satisfies the following conditions:(1) ) € mx and X € mx,(2)
The union of any family of subsets belonging to m x belongs to mx.

A set X with an m-structure is called an m-space and is denoted by
(X,mx). Each member of myx is said to be mx-open (briefly m-open) and
the complement of an m x-open set is said to be m x -closed (briefly m-closed).

REMARK 3.1. (1) In [33], mx is called an m-structure if it satisfies the
condition (1). The condition (2) is called property B in [22].(2) The m-
structure myx in Definition 3.1 coincides with generalized topology in the
sense of Lugojan [20].

(3) CSASzAR [9], [11] calls the subfamily myx generalized topology if
mx satisfies (1) ) € mx and (2) the union of any family of subsets belonging
to mx belongs to mx.

(4) MASHHOUR ET AL. [25] call mx supratopology if mx satisfies (1)
X € myx and (2) the union of any family of subsets belonging to mx belongs
tomy.

(5) Let (X, 1) be a topological space. Then the family (X)) is a topology
for X. The families SO(X), PO(X), SPO(X) and BO(X) are all m-structures.

DEFINITION 3.2. Let X be a nonempty set and mx an m-structure on X.
For a subset A of X, the mx-closure of A is defined in [22] as follows:

mCl(A)=n{F: ACF,X —Fecmx}.
REMARK 3.2. Let (X,7) be a topological space and A a subset of X. If
myx =1 (resp. SO(X), PO(X), a(X), SPO(X), BO(X)), then we have
mCl(A) = CI(A) (resp. sCl(A), pCl(A), a CI(A), spCI(A), bCI(A)).
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LEMMA 3.1. (MAKI ET AL. [22]). Let X be a nonempty set and mx an
m-structure on X . For the mx -closure, the following properties hold, where
A and B are subsets of X :

(1) A Cc mCI(A),

(2) mCI(0) = 0, mCI(X) = X,

(3) If A C B, then mCI(A) C mCI(B),

(4) mCl(mCl(A)) = mCI(A).

LEMMA 3.2. (PoPA and NOIRI [33]). Let (X,mx) be an m-space and A

a subset of X. Then x € mCI(A) if and only if UN A # 0 for every U € myx
containing x.

LEMMA 3.3. (PoPA and NOIRI [34]). Let (X,mx) be an m-space and A
a subset of X. Then, the following properties hold:

(1) A is mx -closed if and only if mCI(A) = A,

(2) mCI(A) is mx -closed.

REMARK 3.3. Lemmas 3.1 and 3.2 hold without the condition (2) (prop-
erty B) in Definition 3.1.

4. my-open sets

DEFINITION 4.1. Let (X, mx) be an m-space. Let my : mx — P(X) be
a function from mx into P(X) such that U C my(U) for each U € my. The
function my is called an operation on mx and the image my(U) is denoted
by Umny.

DEFINITION 4.2. Let (X,mx) be an m-space and my an operation on
my. A subset A of X is said to be my-open if for each x € A there exists
U € mx such that x € U C U™ C A. The family of all my-open sets of
(X, myx) is denoted by my(X).

REMARK 4.1. We assume that the empty set () is an my-open set, that is,
0 e my(X).

THEOREM 4.1. Let (X,mx) be an m-space. For my(X), the following
properties hold:

(D0, X € my(X),

(2) If Aq € my(X) foreacha € A, then Uy c pAq € my(X),

B) my(X) C mx.
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PROOF. (1) We assumed that () € my(X). Next, for each x € X, there
exists X € myx such that x € X C X" and hence x €¢ X C X™ C X.
Therefore, we have X € my(X).

(2) For each x € UyepAq, there exists an ¢y € A such that x € Ag,,.
Since Ag,, is my-open, there exists U € mx such thatx € U C U™ C Agy,
and hence x € U C U™ C Uy pAq. This shows that U, c f Ay € my(X).

(3) Let A € my(X). For each x € A, there exists Uy € mx such that

x € Uc C U™ C A. Hence, we have A = Uyea Ux and hence A € my.
Therefore, we obtain that my(X) C mx. 1

REMARK 4.2. (1) By (1) and (2) of Theorem 4.1, it turns out that my(X)
is an m-structure. However, in general, my(X) is not closed under a finite
intersection. It is shown in Example 2.8 of [30] that the intersection of two
y-open sets is not always y-open.

(2) Let (X, 1) be a topological space. If mx =1 (resp. SO(X), PO(X)),
then an my-open set is said to be y-open [30] (resp. semi-y-open [18],
pre-yp-open [3]). Moreover, by Theorem 4.1 we obtain the results established
in Proposition 2.3 of [30] (resp. Theorem 2.13 of [18], Theorem 3.3 of [3]).

DEFINITION 4.3. An m-space (X,my) is said to be my-regular if for
each x € X and each U € mx containing x, there exists V € mx such that
xeVcCcvm™cuU.

THEOREM 4.2. For an m-space (X,my), the following properties are
equivalent:

(1) mx =my(X);
(2) (X,mx) is my -regular;

(3) For each x € X and each U € mx containing x, there exists W €
€ my(X) such thatx € W C W™’ C U.

PROOF. (1) < (2): This follows immediately from Definition 4.3.

(2) = (3): For each x € X and each U € mx containing x, by (2) there
exists W € mx such that x € W C¢ W™ C U. By (1), mx = my(X) and
hence W € my(X)and x € W C W™ C U.(3) = (1): By Theorem 4.1,
we have my(X) C my and we show that mxy C my(X). Let U € my.
For any x € U, by (3) there exists Wy € my(X) such that x €¢ W, C U.
Therefore, by Theorem 4.1 we have U = U,y Wy € my(X). |
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REMARK 4.3. Let (X,7) be a topological space. If mx =1 (resp. SO(X),
PO(X)), then (X,7) is said to be y-regular [30] (resp. semi-y-regular [18],
pre-yp-regular [3]). Moreover, by Theorem 4.2 we obtain the results estab-
lished in Proposition 2.4 of [30] (resp. Theorem 2.16 of [18], Theorem 3.6(i)
of [3]).

DEFINITION 4.4. Let (X, mx) be an m-space. An operation my 1is said to
be m-regular if for each x € X and each U, V € mx containing x, there
exists W € mx such that x €¢ W C W™ C U™ n V"7,

THEOREM 4.3. Let (X,myx) be an m-space. Then my(X) is a topology
for X if the operation my is m-regular.

PROOF. By Theorem 4.1, my(X) is an m-structure and we show that
my(X) is closed under a finite intersection. Let A,B € my(X) and x €
€ AN B. Then there exist U, V € mx such thatx € U C U™ C A and
x € V.C V™ C B. Since my is m-regular, there exists W € mx such that
x €W C W™ cU™nV™ C AN B. This shows that AN B € my(X). 1

REMARK 4.4. Let (X,7) be a topological space. If mx =1 (resp. SO(X),
PO(X)), then by Theorem 4.3 we obtain the results established in Proposition
2.9 of [30] (resp. Theorem 2.20 of [18], Theorem 3.8(iv) of [3]).

DEFINITION 4.5. Let (X,mx) be an m-space. A subset A of X is said
to be my-closed if the complement of A is my-open. The my-closure of A,
my CI(A), is defined as follows:

my Cl(A)=N{F: AC F,X — F € my(X)}.

THEOREM 4.4. Let (X, mx) be an m-structure on X . For the my -closure,
the following properties hold, where A and B are subsets of X:(1) A C
C my CI(A),(2) my CI(0) = 0, my CI(X) = X,(3) IfA C B, then my CI(A) C
C my CI(B),(4) my Cl(my CI(A)) = my CI(A),(5) A is my -closed if and only
it my CI(A) = A,(6) my CI(A) is my-closed(7) x € my Cl(A) if and only if
U N A0 for every my-open set U containing x .

PROOF. By Theorem 4.1, my(X) is an m-structure and Theorem 4.4 is
an immediate consequence of Lemmas 3.1, 3.2 and 3.3. 1

REMARK 4.5. Let (X, 1) be a topological space and A a subset of X. If

mx =t (resp. SO(X), PO(X)), then my CI(A) is denoted by 7, -CI(A) [30]
(resp. SO(X),-CI(A) [18], PO(X )yp-Cl(A) [3]). Moreover, by Theorem 4.4
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we obtain the results established in Proposition 3.3 of [30] (resp. Theorem
2.25 of [18], Theorem 3.11 and 3.13 of [3]).

REMARK 4.6. If we put mx = a(X) (resp. BO(X), SPO(X)), then we
can obtain the corresponding operation my and my-open set and the results
in Section 4 are valid for such operations and sets.

5. my-compact spaces

First, we recall some generalizations of compact spaces used in the se-
quel.

DEFINITION 5.1. A topological space (X, ) is said to be

(1) a-compact [21] (resp. semi-compact [7], strongly compact [24], b-
compact [14], B-compact [1]) if every cover of X by a-open (resp. semi-
open, preopen, b-open, 3-open) sets of X admits a finite subcover,

(2) quasi H-closed [35] (resp. s-closed [12], p-closed [13], b-closed [31],
B -closed) if for every cover of { V,, : @ € A} of X by open (resp. semi-open,
preopen, b-open, 3-open) sets of X, there exists a finite subset Ay of A such
that Uaeny Cl(Va) = X (resp. Ugeq, sCl(Vy) = X, Uaeny PCI(Va) = X,
Uaeay bCI(Va) = X, Ugeq, spCl(Vy) = X).

DEFINITION 5.2. An m-space (X, my) is said to be m-compact [34] (resp.
m-closed [34]) if for each cover {U, : @ € A} of X by m-open sets
of X, there exists a finite subset Ag of A such that Uy ey Uz = X (resp.

Une g MCI(Ug) = X).

DEFINITION 5.3. Let (X,myx) be an m-space and my an operation on
mx. Then (X, my) is said to be my-compact if for each cover {Uy : a € A}
of X by m-open sets of X, there exists a finite subset Ag of A such that

U ca € Ay} = X.

REMARK 5.1. Let (X,mx) be an m-space and my an operation on myx.
If my is the identity (resp. mx-closure) operation, then an my-compactness
coincides with m-compactness (resp. m-closedness).

REMARK 5.2. Let (X,7) be a topological space and mxy = 7 (resp.
SO(X), PO(X), BO(X), SPO(X)).

(1) If my 1is the identity operation, then “my-compact” coincides with
compact (resp. semi-compact, strongly compact, b-compact, f-compact),
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(2) If my is the mx-closure operation, then “my-compact” coincides with
quasi H-closed (resp. s-closed, p-closed, b-closed, -closed).

THEOREM 5.1. For an my -regular m-space (X, my), the following prop-
erties are equivalent. The implications (1) = (2) = (3) = (4) hold without
the assumption “my -regular” on (X, my).

(1) (X, myx) is m-compact;

(2) (X, myx) is my -compact;

3) (X, my(X)) is m-compact;

4) (X, my(X)) is my -compact.

PROOF. (1) = (2): Let (X, mx) be m-compact. For any cover {U, : a €
€ A} of X by m-open sets of X, there exists a finite subset Ay of A such
that X = U{U, : a € Ay} C U{UY" : a € Ag}. Therefore, (X, my) is
my-compact.

(2) = (3): Let (X,mx) be my-compact and {U, : @ € A} a cover
of X by my-open sets of X. For each x € X, there exists a(x) € A such
that x € Ug(y). Since U (y) is my-open, there exists V() € mx such that
x € Vyi) C VO'ZX) C Ug(x)- The family { V) : x € X} is an m-open
cover of X and (X, my) is my-compact, there exist a finite number of points,
say, X{,X2,...,xX, € X such that U?_, VOIZZ,-) = X; hence UL, Up(y;) = X.
This shows that (X, my(X)) is m-compact.

(3) = (4): By Theorem 4.1, my(X) is an m-structure and it follows from
the same argument as (1) = (2) that (X, my(X)) is my-compact.

(4) = (1): Suppose that (X,myx) is my-regular. Let (X,my(X)) be
my-compact. By Theorem 4.2, mx = my(X) and (X,my) is my-compact.
Let {Uy : @ € A} be any m-open cover of X. For each x € X, there exists
a(x) € A such that x € Upy(y). Since (X,mx) is my-regular, there exists
Va(xy € mx such that x € Vi) C VO'ZK) C Uy (x)- Since { V)1 x € X}
is an m-open cover of X and (X,myx) is my-compact, there exist a finite
number of points, say, xi,x2,...,X, € X such that U}, VC'ZZ.) = X; hence

l

Ul_1 Ua(x;) = X. This shows that (X, mx) is m-compact. |
DEFINITION 5.4. Let (X, mx ) be an m-space and my an operation on myx.

A filterbase # on X is said to be(1) my-converge to a point xy € X if for
each m-open set U containing x, there exists F € & such that F C U™ (2)
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my-accumulate at xg € X if FN U™ # () for every F € ¥ and every m-open
set U containing x.

LEMMA 5.1. If a maximal filterbase & my -accumulates at xy € X, then
F my -converges to x.

PROOF. Let ¥ be a maximal filterbase which my-accumulates at xq. If
F does not my-converge to xq, then there exists Uy € myx containing x

such that F N Ugw Z0and FN (X — U(;"y) # () for every F € #. Then

FU{FN U(')"y : F € #} is a filterbase on X which strictly contains #. This
is contrary that & is a maximal filterbase. |

THEOREM 5.2. Let (X, mx) be an m-space and my an operation on my.
Then the following properties are equivalent:

(1) (X,my) is my -compact;

(2) Every maximal filterbase my -converges to some point of X ;

(3) Every filterbase my -accumulates at some point of X .

PROOF. (1) = (2): Let (X,mx) be my-compact and ¥, a maximal
filterbase on X. Suppose that %, does not my-converge to any point of X. By
Lemma 5.1, % does not my-accumulate at any point of X. For each x € X,
there exists Fx € %y and Uy € mx containing x such that F, N U;ny = 0.
The family {Uy : x € X} is a cover of X by m-open sets of X. By (1),
there exists a finite number of points, says, xi,xp,...,Xx; € X such that

X =Ul U)ZW. Since % is a filterbase on X, there exists Fy € % such
that Fy C ", F,. Then, we have Fy = i N(UL, Uy") = UL, (Fpn Uy ") C

C UL (F; N U)Z.W) = (). This is contrary that Fy € %. Therefore, %

my-converges to some point of X.

(2) = (3): Let & a filterbase on X. There exists a maximal filterbase
Fq such that ¥ C . By (2) ¥y my-converges to some point xg € X. For
any U € mx containing x(, there exists Fy € % such that F, C U™ .
Forany F € ¥, F € $yand ) # FN Ky C FnN U™ . This shows that &
my-accumulates at xg € X.

(3) = (1): Suppose that (3) holds and (X, mx) is not my-compact. Then
there exists a cover {U, : a € A} of X by m-open sets of X such that
X # U{UJ"” : a € T} for every finite subset I’ of A. Now, by I'(A) we
denote the family of all finite subsets of A and let

F ={X = Ugen, Us" Ay €T(A)}.
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Then & is a filterbase on X and by (3) & my-accumulates at some point
xg € X. Since {Uy : @ € A} is a cover X by m-open sets of X, there

exists a(xg) € A such that xo € Ug(yy)- Then, we have X — UO'ZXO) € ¥ and

(X — UOI!"();O)) N UO'Z?;O) = (). This contradicts that # my-accumulates at xg.

Therefore, (X, myx) is my-compact. |

REMARK 5.3. (1) Let (X,mx) be an m-space and my an operation on
my . If my is the identity (resp. m x-closure) operation, then as a corollary of
Theorem 5.2, we obtain the results established in Theorem 3.1 (resp. Theorem
5.2) of [27].

(2) Let (X, 1) be a topological space, mx =t and my be an operation
a due to Kasahara. As a corollary of Theorem 5.2, we obtain the results
established in Theorem 8 of [17].

6. Examples

Let (X,7) be a topological space, mx = 7, a(X), SO(X), PO(X), BO(X),
or SPO(X) and my = Cl, a Cl, sCl, pCl, bCl, or spCl. For each mx, we take
an my-operation and investigate the space which correspondes to the my-
compact space. If my =t (resp. a(X), SO(X), PO(X), BO(X), SPO(X))
and my 1is the identity operation, then the corrsponding space is compact (resp.
a-compact, semi-compact, strongly compact, b-compact, 3-compact), as we
pointed out in Remark 5.2.

A subset A of a topological space (X, 1) is said to be regular open (resp.
regular closed) if Int(CI(A)) = A (resp. Cl(Int(A)) = A).

DEFINITION 6.1. A topological space (X, 1) is said to be(1) S-closed [38]
if for every semi-open cover { Vy, : a € A} of X, there exists a finite subset
Ag of A such that U{CI(Vy) : @ € Ag} = X, equivalently if every regular
closed cover of X admits a finite subcover,(2) nearly-compact [37] if for
every open cover { Vg : a@ € A} of X, there exists a finite subset Ay of A
such that U{Int(C1(Vy,)) : @ € Ay} = X, equivalently if every regular open
cover of X admts a finite subcover.

LEMMA 6.1. (ANDRUEVIC [5]). Let A be a subset of a topological space
(X,7). Then the following properties hold:

(1) a CI(A) = A U Cl(Int(CI(A))),
(2) sCI(A) = AU Int(CI(A)),
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(3) spCI(A) = A U Int(Cl(Int(A))),
(4) pCI(A) = A U CI(Int(A)),(5) bCI(A) = sCI(A) N pCl(A).

LEMMA 6.2. For a subset A of a topological space (X,1), the following
properties hold:

CI(A) D a Cl(A) D sCI(A)
U U
pCI(A) D bCl(A) D spCI(A)

PROOF. This follows from the relations among 7, a(X), SO(X), PO(X),
BO(X), and SPO(X). ]

EXAMPLE 6.1. Let (X, 1) be a topological space and myx =7.(1) If my =
=Cl, a Cl or pCl, then (X, 1) is quasi H-closed.(2) If my = sCl, bCl or spCl,
then (X, 1) is nearly-compact.

PROOF. (1) By Lemma 6.1, we have pCI(U) = U U Cl(Int(U)) = CI(U)
for every open set U of X. Moreover, by Lemma 6.2, we have CI(U) D
D a Cl(U) D pCIl(U) and hence CI(U) = a CI(U) = pCI(U) forevery U € 1.
Therefore, (X,7) is quasi H-closed.

(2) By Lemma 6.1, sCI(U) = U U Int(ClI(U)) = Int(Cl(U)) = U U
UInt(Cl(Int(U))) = spCI(U) for every open set U of X. Therefore, by Lemma
6.2 sCI(U) = bCI(U) = spCl(U) = Int(CI(U)) for every U € t. Therefore,
(X, 1) is nearly-compact. |

EXAMPLE 6.2. Let (X,7) be a topological space and my = a(X).
(1) If my =Cl, a Cl or pCl, then (X,7) is quasi H-closed.
(2) If my = sCl, bCl or spCl, then (X, 1) is nearly-compact.

PROOF. (1) First, for each U € a(X), U C Int(Cl(Int(U))) and CI(U) C
C Cl(Int(U)) and hence CI(U) = Cl(Int(U)). For each U € a(X), a CI(U) =
= UUCI(Int(CI(U))) = UUCI(Int(U)) = pCI(U) and UUCI(Int(U)) = CI(U).
Therefore, o CI(U) = pCI(U) = CI(U) = Cl(Int(U)) for every U € a(X).
Suppose that (X,mx) is my-compact, where my = a(X) and my = Cl,
aClor pCl. Let {V, : @ € A} be an open cover of X. Since v C a(X),
{Va : @ € A} is an a-open cover of X and there exists a finite subset A
of A such that U{CI(Vy) : @ € Ay} = X. Hence (X,7) is quasi H-closed.
Conversely, suppose that (X,7) is quasi H-closed. Let {U; : & € A} be
an a-open cover of X. Then {Int(Cl(Int(Uy))) : @ € A} is an open cover
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of X and there exists a finite subset Ay of A such that U{Cl(Int(Uy)) : a €
€ Ag} = X. This shows that (X, my) is my-compact, where my = Cl, a Cl
or pCL

(2) First, for each U € «a(X), CI(U) = Cl(Int(U)) and hence
Int(CI(U)) = Int(Cl(Int(U))). For each U € a(X), by Lemma 6.1 sCI(U) =
U U Int(CI(U)) = Int(CI(U)) = Int(Cl(Int(U))) = U U Int(Cl(Int(U))) =
spCl(U). By Lemma 6.2, we have sCI(U) = bCI(U) = spCl(U) =
Int(CI(U)) for every U € a(X). Suppose that (X,mx) is my-compact,
where myx = a(X) and my = sCl, bCl or spCl. Let { V,, : @ € A} be an open
cover of X. Since 7 C a(X), {Vy : @ € A} is an a-open cover of X and
there exists a finite subset Ay of A such that U{sCl(Vy) : a € Ag} = X;
hence U{Int(Cl(Vy)) : @ € Ag} = X. Hence (X,7) is nearly-compact.
Conversely, suppose that (X,7) is nearly-compact. Let {Uy, : @ € A} be
an ¢-open cover of X. Since U, C Int(Cl(Int(Uy))) C Int(CI(Uy)) for each
a € A, {Int(Cl(Uy)) : @ € A} is a regular open cover of X and there exists
a finite subset Ay of A such that U{Int(Cl(Uy)) : @ € Ay} = X. This shows
that (X, my) is my-compact, where my = sCl, bCl or spCl. |

EXAMPLE 6.3. Let (X,7) be a topological space and mx = PO(X).
(1) If my =Cl or a Cl, then (X, 1) is quasi H-closed.

(2) If my =pCl, then (X, 1) is p-closed.

(3) If my =sCl, then (X, 1) is nearly-compact.

PROOF. (1) For every U € PO(X), U C Int(CI(U)) and CI(U)
= Cl(Int(C1(U))). By Lemma 6.1, we have a CI(U) = U U Cl(Int(CI(U)))
= CI(U). Suppose that (X,mx) is my-compact, where mx = PO(X) and
my = Clor aCl. Let {V, : a € A} be an open cover of X. Since
T C PO(X), {Vq : @ € A} is a preopen cover of X and there exists a
finite subset Ay of A such that U{CI(V) : @ € Ay} = X. Hence (X,7)
is quasi H-closed. Conversely, suppose that (X,7) is quasi H-closed. Let
{Uy : @ € A} be a preopen cover of X. Then {Int(Cl(Uy)) : a € A}
is an open cover of X and there exists a finite subset Ay of A such that
U{Cl(Uy) : @ € Ay} = X. This shows that (X, mx) is my-compact, where
my =Cl or a Cl.

(2) This is obvious by the definition.

(3) For every U € PO(X), by Lemma 6.1, we have sCI(U) = U U
U Int(CI(U)) = Int(CI(U)). Suppose that (X,mx) is my-compact, where
myx = PO(X) and my = sCl. Let {V, : @ € A} be an open cover of X.
Since T C PO(X), {Vq : @ € A} is a preopen cover of X and there
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exists a finite subset Ay of A such that U{sCl(Vy) : @ € Ay} = X; hence
U{Int(C1(Vy)) : @ € Ag} = X. Hence (X,7) is nearly-compact. Conversely,
suppose that (X, 7) is nearly-compact. Let { Uy : @ € A} be a preopen cover
of X. Since U, C Int(Cl(Uy)) for each a € A, {Int(Cl(Uy)) : ¢ € A} is
a regular open cover of X and there exists a finite subset Ay of A such that
U{Int(Cl(Uy)) : a € Ag} = X; hence U{sCl(Uy) : & € Ay} = X. This
shows that (X, my) is my-compact, where my = sCl. |

EXAMPLE 6.4. Let (X,7) be a topological space and mx = SO(X).
(1) If my =Cla Cl or pCl, then (X,7) is S-closed.
(2) If my =sCl, bCl or spCl, then (X,7) is s-closed.

PROOF. (1) For every U € SO(X), U C Cl(Int(U)) and CI(U) =
Cl(Int(U)). By Lemma 6.1, pCI(U) = U UCI(Int(U)) = Cl(Int(U)) = CI(U).
By Lemma 6.2, we have CI(U) = a CI(U) = pCI(U) = Cl(Int(U)) for every
U € SO(X). Suppose that (X, mx) is my-compact, where mx = SO(X) and
my =Cl, a Cl or pCl. Let {V, : @ € A} be a semi-open cover of X. There
exists a finite subset A(y of A such that U{Cl(Vy) : a@ € Ay} = X. This shows
that (X,7) is S-closed. The converse is obvious.

(2) For every U € SO(X), CI(U) = Cl(Int(U)) and hence by Lemma 6.1
sCI(U) = U UInt(CI(U)) = U U Int(Cl(Int(U))) = spCl(U). By Lemma 6.2,
we have sCI(U) = bCI(U) = spCl(U) for every U € SO(X). Therefore,
if my = sCl, bCl or spCl, then (X,7) is s-closed. Conversely, if (X,7) is
s-closed, then (X,myx) is my-compact with respect to my = sCl, bCl or
spCl. |

EXAMPLE 6.5. Let (X,7) be a topological space and my = BO(X).
(1) If my =Cl or o Cl, then (X,7) is S-closed.
(2) If my =bCl, then (X, 1) is b-closed.

PrROOF. (1) For every U € BO(X), U C Int(CI(U)) U Cl(Int(U)) C
C CI(U) and CI(U) C Cl(Int(CI(U))uCl(Int(U))) = Cl(Int(CI(U))) C CI(U).
By Lemma 6.1, we have CI(U) = CI(Int(CI(U))) = Cl(Int(Cl(U))) U U =
= a CI(U) for every U € BO(X). Suppose that (X,mx) is my-compact,
where mx = BO(X) and my = Clor a Cl. Let { V; : @ € A} be a semi-open
cover of X. Since SO(X) C BO(X), {V, : a € A} is a b-open cover of X
and there exists a finite subset Ag of A such that U{CI(V,) : a € Ay} = X.
Hence (X,7) is S-closed. Conversely, suppose that (X,7) is S-closed. Let
{Uy : a € A} be a b-open cover of X. Since U, C Cl(Int(CI(Uy))) for each
a € A, {Cl(Int(CI(Uy))) : @ € A} is a regular closed cover of X and there
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exists a finite subset Ay of A such that U{Cl(Int(CI(Uy))) : @ € Ag} = U
U{Cl(Uy) : ¢ € Ap} = X. This shows that (X, mx) is my-compact, where
my =Cl or a Cl.

(2) This follows from the definition. ]

EXAMPLE 6.6. Let (X,7) be a topological space and my = SPO(X).
(1) If my =Cl or ¢ CI, then (X,7) is S-closed.
(2) If my = spCl, then (X,7) is -closed.

PROOF. (1) For every U € SPO(X), U C Cl(Int(Cl(U))) and CI(U) =
= Cl(Int(CI(U)) = U U Cl(Int(CI(U))) = a CI(U). Suppose that (X,my) is
my-compact, where my = SPO(X) and my=Cl or aCl. Let {V, : a € A}
be a semi-open cover of X. Since SO(X) C SPO(X), {Vy :a € A}l isa
semi-preopen cover of X and there exists a finite subset Ay of A such that
U{CI(Vy) : @ € Ag} = X. Hence (X,7) is S-closed. Conversely, suppose
that (X,7) is S-closed. Let {U, : @ € A} be a semi-preopen cover of X.
Since U, C Cl(Int(Cl(Uy))) for each a € A, {Cl(Int(Cl(Uy))) : a € A} is a
regular closed cover of X and there exists a finite subset Ay of A such that
U{Cl(Int(Cl(Uy))) : @ € Ag} = U{CI(Uy) : @ € Ay} = X. This shows that
(X, myx) is my-compact, where my = Cl or ¢ CL

(2) This follows from the definition. ]

QUESTIONS. Whether my-compact spaces corresponding to the following
cases are identical (or equivalent) to certain known spaces or not?

(1) In Example 6.3, mx = PO(X) and my = bCl and spCl.
(2) In Example 6.5, mx = BO(X) and my = pCl, sCl and spCL
(3) In Example 6.6, mx = SPO(X) and my = pCl, sCl and bCl.

7. New forms of my-compactness

Let (X,7) be a topological space and A a subset of X. A point x € X
is called a O-cluster (resp. O-cluster) point of A if CI(V) N A # () (resp.
Int(CI(V))N A # 0) for every open set V containing x. The set of all f-cluster
(resp. O -cluster) points of A is called the 0 -closure (resp. O -closure) of A and
is denoted by Clg(A) (resp. Cly(A)) [39]. A subset A is said to be 0-closed
(resp. O-closed) if Clg(A) = A (resp. Cls(A) = A). The complement of
a O-closed (resp. O-closed) set is said to be O-open (resp. O-open). The
union of all 6-open (resp. d-open) sets contained in the subset A is called the
f-interior (resp. d-interior) of A and is denoted by Inty(A) (resp. Ints(A)).
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DEFINITION 7.1. A subset A of a topological space (X, ) is said to be(1)
0-semiopen [32] (resp. 0-semiopen [6]) if A C Cl(Ints(A)) (resp. A C
C Cl(Inty (A))),(2) 0-preopen [36] (resp. 0 -preopen [29]) if A C Int(Cls(A))
(resp. A C Int(Cly(A))),(3) O-sp-open [16] (resp. O-sp-open [29]) if A C
C Cl(Int(Cl5 (A))) (resp. A C Cl(Int(Cly (A)))).

By 0 SO(X) (resp. 6 PO(X), 6 SPO(X), 6 SO(X), 6 PO(X), 6 SPO(X)),
we denote the collection of all d-semiopen (resp. O-preopen, d-sp-open,
0 -semiopen, 0 -preopen, O-sp-open) sets of a topological space (X,7). These
six collections are all m-structures (with property J). Actually, in [29] and
[6], the following relationships are known:

f-open = OJ-open = open = preopen=-0-preopen=-60-preopen

4 4 4 4 4 4

0 -semiopen=-¢ -semiopen=-semi-open=-sp-open=-0 -s p-open=-0-sp-open

DEFINITION 7.2. Let (X,7) be a topological space. A subset A of X
is said to be d-semiclosed [32] (resp. O-preclosed [36], O-sp-closed [16],
0 -semiclosed [6], O-preclosed [29], O-sp-closed [29]) if the complement of
A is d-semiopen (resp. 0 -preopen, 0-sp-open, O -semiopen, 6 -preopen, 0 -sp-
open).

DEFINITION 7.3. Let (X,7) be a topological space and A a subset of X.
The intersection of all d-semiclosed (resp. O-preclosed, d-sp-closed, 6-
semiclosed, 6-preclosed, 6-sp-closed) sets of (X,7) containing A is called
the d-semiclosure [32] (resp. & -preclosure [36], & -sp-closure, 6 -semiclosure,
0 -preclosure, 0-sp-closure) of A and is denoted by sCls(A) (resp. pCls(A),
spCly (A), sCly(A), pCly(A), spCly(A).

For subsets of a topological space (X,7), we can define many new varia-
tions of my-compactness. For example, in case mx = 6 SO(X), 0 PO(X),
0 SPO(X), 0 SO(X), 6 PO(X) or 6 SPO(X) we can define new types of
operations on each family of mx as follows: sCly, pCls, spCls, sCly, pCly
or spCly. Then, we can define new types of my-compactness.

REMARK 7.1. Let (X,7) be a topological space.

(1) We can define a new form of my-compactness if we choose a family
and an operation from the following mx and my:

myx =0 SO(X), d PO(X), 6 SPO(X), 0 SO(X), 0 PO(X), 6 SPO(X),
my =sCls, pCls, spCls, sCly, pCly, spCly .
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(2) Furthermore, by adding 7, a(X), SO(X), PO(X), BO(X) and
SPO(X) to the above myx and Cl, a Cl, sCl, pCl, bCl, spCl to the above
operations, we can define the further new forms of my-compactness.

CONCLUSION. We can apply the results established in Sections 4 and 5
to all my-compactness suggested in Section 7.
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A RANDOM WALK ON THE PLANE
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1. Introduction and the main result

Consider the well-known symmetric random walk. That is a particle
moves on the vertical axis starting from the origin. It moves at times 1,2, ...
one unit step upward with probability 1/2, one unit step downward with
probability 1/2. The steps are independent. Let S, denote the position of
the particle at time n (let Sy = 0).

Another popular description of Sj,S,... is given by the coin tossing
experiment. Consider independent tossings of a fair coin. Let X; = 1 if the
result of the kth trial is head and X; = —1 otherwise. We have P(X} = 1) =
=P(X; = —1) = 1/2. Then S, = Xj +...+ X, is the cumulative excess
of heads over tails. (S, can be interpreted as the gamblers accumulated net
gain.)

Both of the above approaches have two-dimensional extensions. The
extension of the first approach is the well-known symmetric random walk
on the plane. It means that a particle starts at the origin and moves one unit
in one of the four directions parallel to the x- and y-axes. Each direction has
probability 1/4. In this case the time is n = 0,1,2,... but the phase space is
two-dimensional.

On the other hand, a possible two-dimensional extension of the second
approach leads to a multiindex process (a random field) with one-dimensional
phase space. That is let X(; j),i,j = 1,2,..., be independent random variables
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with P(X(l,]) =1)= P(X(l,]) =—1)= 1/2 Let

m n

Semay =D D Xitg)

i=1 j=1
be the usual partial sum. Consider the trajectory of this random field, i.e. the
points

{(m,n, S(m_n) m,n=1,2,.. }

in the three-dimensional space. Let I(x) =1, if x > 0 and I(x) =0, if x <O.
Then

m n
PIPIUUCTHN
i=1 j=1
is the number of points of the trajectory being not below the horizontal
coordinate plane.

For the one-dimensional random walk the asymptotic behaviour of the
time that the particle spends on the positive side is known. Now we can
study similar problems for the above defined quantity. More generally, we
can deal with the d-dimensional case. The following question is due to PAUL
REVESZ [3].

Let d be a given positive integer. Let X, n € N¢, be independent
identically distributed random variables taking values +1 and —1 with prob-

abilities 1/2 — 1/2. Let Sp = > xcp Xk» M € N¢. The question is the
following. What is the value of liminf,, . % MaXpy: m|=n Zkgm 1(SK)? Here
|m| = mym, ...my is the number of the integer lattice points in the rectangle
(ke N :1<k<m} where 1=(1,1,...,1) e N4, m = (my,my,...,my) €
€ N?. The relation k < m is defined coordinatewise.

THEOREM 1.1.

1
liminf — max I(Sx) =0
n—00 N m:|m|=n k<m

with probability 1.

The proof is based on elementary properties of the one-dimensional sym-
metric random walk. The details will be given for d = 2 in Section 3. In
Section 2 we list certain facts about the one-dimensional random walk and
mention a surprising property of a modified random walk (Proposition 2.1).
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2. On the probability of long leads

Let Sy, Si, S, ... denote the one-dimensional symmetric random walk,
ie. Sp = X| +...+ X,,. We say that the particle spends the time from k — 1
to k on the positive side if either S, > 0 or S, = 0 but S,_; > 0 (it means
that the kth side of the path lies above the x-axis). Let &, denote the time
that the particle spends on the positive side from the time interval [0,n]. Let
P2k 2n = Py, = 2k). By the famous discrete arc sine law (see [2], I1I/5),

P2k2n = Wokkon—2k, k=0,1,...,n,

where u,, = (2’1")/22”, n=0,1,2,....

Now substitute constant 1 for Xj. That is let the first step be always +1.
In this way we obtain a modified random walk. Denote by 7, the time that
the modified random walk spends on the positive side from the time interval
[0,n]. Let poy 2, = P(2, = 2k), k=0,1,...,n be its distribution. We shall
prove that we obtain the value of py, 5, from the original discrete arc sine
law by moving the probability of the shortest lead to the probability of the
longest lead. The other values of pyy >, remain unaltered.

PROPOSITION 2.1. poo, = 0,  Pogon = Pokon ik = 1,2,...,n — 1,
13211,211 = 2p2n,2n'

PROOF. It is obvious that pp,, = 0. Let Ay, denote the set of paths

lying on the positive side. Then py, 2, = #(Az,)/ 22n=1 Here # denotes the
cardinality of a set. Furthermore, we have for the usual random walk that

#(AZn)

22’1 = P(Sl Z 0, ey S2n Z 0) = Upp

(see [2], I11/4). The above facts imply that o, 2, = 2u, = 2p2, 20 = Po2n +
+DP2non-
Now, let 0 < k < n. Assume that the particle returns first to the origin at
time 2r, r = 1,..., k. Therefore
k
Pokon = ZerPZk—Zr,Zn—Zr-

r=1

Here f5, is the probability that the modified random walk returns first to the
origin at time 2r. However, it is easy to see that f5, is equal to the probability
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that the usual random walk returns first to the origin at time 2r. Moreover,
by the discrete arc sine law, pog 2,2, 2y = Uk 2, U2y —2k- SO

k
Pak,on = (Zf2r“2k—2r> Ugp—2k = UDkUdn—2k = P2k,2n-

r=1
Here we applied that uy;, = P(Sy; = 0) is equal to er(:lfzruzk _op- |
By the famous arc sine law (see [2], III/5), we have
: Ty 2 .
2.1 lim P(— <x> = Zarcsinyx, 0<x <1.
n—oo n JT

Now we have the same arc sine law for the modified random walk. That is
the limiting distribution remains unaltered if the first step of the random walk
is the constant 1.

PROPOSITION 2.2.

lim P(ﬂ—" <x> =;arcsin\/§, 0<x<1.

n—oo n

PROOF. By the Stirling formula, pg 2, = uy, = 1/y/wn — 0, as n — oc.
So the limiting distribution of 77,, /(2n) is the same as that of 75, /(2n). As
Fon < Aope1 < A, + 1, the limiting distribution of 75,,1/(2n + 1) is the
same as that of 7,,/(2n). 1

Finally, we turn to the role of zeros in the sequence Sy, S, 57, - - ..

REMARK 2.1. By Theorem 2’ of [1], #,/n — 0 almost surely where 9,
is the time spending in the origin by the usual one-dimensional symmetric
random walk Sy, S1, .52, ..., 5.

Therefore, if we redefine 7, as 7,5 = > 7_; I(Sy), the limiting distribu-
tion (2.1) remains unaltered. That is

: Ty 2
Iim P — <x =;arcsm\/)?, 0<x<1.

n—oo n

7,y is the time that the particle spends on the positive side or in the origin.
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3. Proof of Theorem 1.1

Consider the sequence of the prime numbers (as a subsequence of the
positive integers). For a prime p, relation |m| = m;my = p is valid only for
m = (p, 1) and m = (1, p). Therefore, introduce the following notation

1 2
= 3 1S, 7= > 1S,
k<(1,p) k<(p,1)
Then 751(,1*) is the time spending on the positive side or in the ori-

gin by the usual one-dimensional symmetric random walk determined by

X(1,1), X(1,2)5 - - -» X(1,p)- On the other hand, n,?*) is the time spending on

the positive side or in the origin by the usual random walk determined by
X(1,1)> X2,1)> --+» X(p,1)- The pth element of the sequence in question is

1
(3.1) — max I(Sy) = max {n,gl*)/p,ﬂlgz*)/p} .
P m:m|=p k<m

First consider Jrlgl*). We have already seen that the time that the particle

spends on the positive side is defined in a slightly different way. Denote

by n,&“ the usual time spending on the positive side by the one-dimensional

symmetric random walk determined by X1 1), X(1,2), - - -, X(1,p)- Actually, by

the definition of n,S“ , that part of the time that the particle spends in the origin

but immediately before it the particle was on the positive side is considered as

time being on the positive side. Instead of 75151*) we shall use 75151). Similarly

for 75,52*). By Remark 2.1,

. (1%) (2%) }:' : {(1) (2 }
lénlgéfmax{np /pmy p I;nlgéfmax ny’ [p, 7y [p

with probability 1.

Now substitute constant 1 for X(j 1). Then, instead of n,S“ we obtain ftl(,l)

which is greater than or equal to 751(,1). We obtain ﬁ,?) from 751(,2)

way. Therefore

1 2 ~ (1 ~(2
max {n,g )/p,fr,g )/p} < max {ﬂlg )/Pﬂf;g )/P}-

in a similar
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Here ﬁ,&“

we have

~(1) ~(2) ~ (1) ~(2)
T, 7 7 7
P | max L,L <e| =P <e|P| L <e|—
4 14 4 4
) 2
(3.2) — (; arcsin \/8_) ,

as p — oo. To obtain (3.2) we applied Proposition 2.2.
Now let

)

and ai,? are independent. Therefore, for an arbitrary 0 < ¢ < 1,

.. ~(1 ~(2
A = {lgggéfmax {n,S )/p,yr]g )/p} < e}.

Ag is invariant under finite permutations of the indices in the sequence

X1, X(13)
Xon )\ X3 )

By the Hewitt-Savage zero-one law, the probability of A; can be 0 or 1.
However, by (3.2), 0 is not possible.

Finally, P(A¢) = 1 implies that

1
liminf— max Y I(Sx)=0

n—oo 1 m-lml=
m:|m|=n k<m

with probability 1.
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Abstract. By using open (resp. semi-open, 3-open, 7-open, 0 -open) sets
in a topological space, the notions of g-closed (resp. w-closed or g-closed,
Bg*-closed, mg-closed, gd-closed) sets are introduced and investigated by
different mathematicians. In this paper we introduce the notion of u g*-closed
sets and obtain a unified theory for above collection of subsets between closed
sets and gu-closed sets.

1. Introduction

In 1970, Levine introduced the concept of generalized closed (g-closed)
set. Recently, many versions of g-closed sets are introduced and investigated
by different mathematicians. As an application of these sets, many low sep-
aration axioms are introduced. On the other hand, the notions of generalized
open sets, was introduced by A. Csédszar. Especially, the author defined some
basic operators on generalized topological spaces. It is observed that a large
number of papers are devoted to the study of generalized open sets like open
sets of a topological space, containing the class of open sets and possessing
properties more or less similar to those of open sets.

We recall some notions defined in [2]. Let X be a non-empty set and
exp X denote the power set of X. We call a class u C exp X a generalized
topology [2], (briefly, GT) if () € 4 and union of elements of u belongs to u.
A set X with a GT u on it is called a generalized topological space (briefly,
GTS) and is denoted by (X,u). A subset A of a topological space (X,7)

* The author acknowledges the financial support from UGC, New Delhi.
AMS Subject Classification Code (2000): 54A10, 54C08
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is said to be preopen [9] (resp. semi-open [7], az-open [11], f-open [1]) if
A Cint(cl(A)) (resp. A C cl(int(A)), A C int(cl(int(A))), A C cl(int(cl(A)))).
A subset A is called regular open if A = intcl A. The finite union of regular
open sets is said to be ;r-open [6]. The complement of a 7-open set is said to
m-closed. The J-interior [15] of a subset A of X is the union of all regular
open sets of X contained in A and is denoted by ints(A). A subset A is
0-open if and only if A = int5(A). For any topological space (X,7), the
collection of all open (resp. preopen, semi-open, d-open, ¢-open, 3-open, 7 -
open) sets is denoted by 7 (resp. PO(X), SO(X), 0 O(X), a O(X), f O(X),
7 O(X)). Each of these collections is a generalized topology on (X, 7).

For a GTS (X,u), the elements of u are called u-open sets and the
complement of u-open sets are called u-closed sets. For A C X, we denote
by ¢, (A) the intersection of all u-closed sets containing A, i.e., the smallest
u-closed set containing A; and by i, (A) the union of all u-open sets contained
in A, i.e., the largest u-open set contained in A (see [2, 3]).

It is easy to observe that i, and ¢, are idempotent and monotonic, where
y: exp X — exp X is said to be idempotent if A C X implies y(y(A))=y(A)
and monotonic if A C B C X implies y(A) C y(B). It is also well known
from [3, 4] that if 4 is a GT on X, x € X and A C X, then x € ¢, (A) iff
xeEMeu=MnA#Pand ¢, (X \ A) = X \ iy (A).

We recall the following definitions to be used in sequel.

DEFINITION 1.1. Let (X,7) be a topological space. A subset A is said
to be g-closed [7] (resp. w-closed [13] or g-closed [14], Bg*-closed [10],
mg-closed [6], gd-closed [5]) if clA C U and U is open (resp. semi-open,
B-open, m-open, d-open) in (X, 7).

DEFINITION 1.2. [12] Let u be a GT on a topological space (X, 7). Then
A C X is called generalized u-closed set (or simply gu-closed set) if
cu(A) € U whenever A C U € t. The complement of a gu-closed set
is called a generalized u-open (or simply gu-open) set.

2. ug*-closed sets

DEFINITION 2.1. Let 4 be a GT on a topological space (X,r). Then
A C X is called ug*-closed set if c1 A C U whenever A C U and U € u.
The complement of a u g*-closed set is called a ug*-open set.

REMARK 2.2. Let u be a GT on a topological space (X,7). Then every
ug*-closed set reduces to g-closed [8] (resp. g-closed or w-closed [14, 13],
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Pg*-closed [10], wg-closed [6], gd-closed [5]) set if one takes u to be T
(resp. SO(X), BO(X), T O(X), 6 O(X)).

REMARK 2.3. Let # be a GT on a topological space (X,7) such that
7 C u. Then the following implications hold:
closed set = ug*-closed set = gu-closed set.
In fact, it follows from Definition 2.1 that every closed is ug*-closed set.
Suppose that A is a ug*-closed set. Let A C U and U € 7. Since 7 C u,
cl A C U and hence A is gu-closed.

EXAMPLE 2.4. (a) Let X = {a,b,c} and u = {0,{a},{a,b}} and T =
= {0,X,{a},{a,c}}. Then u is a GT on the topological space (X,7). We
note that {b} is a gu-closed set but not a ug*-closed set.

(b) Consider the topological space (X,7) where X = {a,b,c} and 7 =
={0,X,{a},{c},{a,c},{a,b}}. Letu = {0, X,{a,b},{b,c}} be a GT on
X. Then it is easy to verify that {a} is ug*-closed set but not a closed set.

PROPOSITION 2.5. Letu be a GT on a topological space (X,t). If {Aq :
a € A} is a locally finite family of sets in (X,t) and Ay is ug*-closed for
eacha € A then U{Ay : a € A} isug*-closed.

PROOF. Let U{Ay : @ € A} C U and U € u. Then A, C U for each
a € A. Since each A, is ug*-closed for each @ € A, we have clA;, C U
and hence cl(U,_,Aq) = U, clAq C U. Therefore U{Aq : a € A} is

ug*-closed. |

COROLLARY 2.6. Letu be a GT on a topological space (X,t). The union
of two ug* -closed set is again a u g™ -closed set.

EXAMPLE 2.7. Consider X = {a,b,c}, v = {0, X,{a},{b},{a,b}} and
u = 1{0,X,{a},{a,c},{b,c}}. Then u is a GT on the topological space
(X, 7). It is easy to verify that A = {a,b} and B = {a,c} are two ug*-closed
set but AN B = {a} is not a ug*-closed set.

PROPOSITION 2.8. Let u be a GT on a topological space (X,t). If A
(C X) isug*-closed and u -open then A is closed.

PROOE. Trivial. 1

PROPOSITION 2.9. Letu be a GT on a topological space (X,t) such that
u C t. Then every gu -closed set is u g™ -closed set.

PROOF. Let A be a gu-closed setand A C U where U € u. Sinceu C 7,
cl A C U. Therefore, A is ug*-closed. 1
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PROPOSITION 2.10. Letu be a GT on a topological space (X,t). If A C
C B CclA and A isug*-closed then B is ug*-closed.

PROOF. Let U be a u-open set such that B C U. Then A C U and
hence by ug*-closedness of A, clA C U. ThusclB=clA C U. So B isa
ug*-closed set. |

PROPOSITION 2.11. Letu be a GT on a topological space (X,t). A subset
A of X is ug*-open if and only if F C int A whenever F C A and F is
u-closed.

PROOF. Let A be a ug*-open set and F C A, where F is u-closed.
Then X \ A is a ug*-closed set contained in the u-open set X \ F. Hence
cl(X\ A)C X \F,ie, X \intAC X\ F. So F C int A.

Conversely, suppose that F C int A for any u-closed set F whenever
FCA. Let X\ AC U, where U is u-open. Then X\ U C A and X \ U is
u-closed. By assumption, X'\ U C int A and hence cl(X'\A) = X \intA C U.
Hence X \ A is ug*-closed and hence A is ug*-open. |

THEOREM 2.12. Let u be a GT on a topological space (X,t). Then a
subset A of X isug*-closed if and only if 1 ANF = () whenever FN A =10
and F is u -closed.

PROOF. Suppose that A is ug*-closed. Let AN F = and F is u-closed.
Then AC X \ Feu and cl1 A C X \ F. Therefore, we have clAN F = 0.

Conversely, let A C U and U € u. Then AN(X\ U)=0and X \ U
is u-closed. Thus by hypothesis, clA N (X \ U) = () and hence clA C U.
Therefore, A is u g*-closed. 1

THEOREM 2.13. Let u be a GT on a topological space (X,t) such that
7 C u. Then a subset A isug*-closed if and only if c1 A\ A does not contain
any non-empty u -closed set.

PROOF. Suppose that A is ug*-closed set. Let F C clA\ A and F be
u-closed. Then A C X \ F € u and hence cl A C X \ F. Therefore, we have
F C X\ cl A. On the other hand F C cl A and hence F C cl AN(X \cl A) = 0.

Conversely, suppose that A is not ug*-closed. Then ()= clA \ U for
some U € u containing A. Since 7 C u, clA\ U is u-closed such that
clA\ U CclA\ A. |
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THEOREM 2.14. Let u be a GT on a topological space (X,t) such that
T C u. Then a subset A of X isug*-closed if and only ifcl A\ A isug*-open.

PROOF. Suppose that A is ug*-closed set. Let F C clA\ A and F is
u-closed. Then by Theorem 2.13, we have F = () and F C int(cl A\ A). Thus
by Proposition 2.11, cl A\ A is ug*-open.

Conversely, let A C U and U € u. Then clAN(X\U) CclA\ A
and cl A\ A is ug*-open. Since 7 C u, clAN (X \ U) is u-closed and by
Proposition 2.11 we have cl AN (X \ U) C int(cl A\ A). Now, int(cl A\ A) C
C cl Anint(X \ A) = cl AN(X \cl A) = 0. Therefore, we have cl AN(X\U) = ()
and hence cl A C U. This shows that A is ug*-closed. 1

THEOREM 2.15. Let u be a GT on a topological space (X,t). A subset
A of X isug*-closed if and only if ¢, ({x}) N A= for each x € cl A.

PROOF. Suppose A is i g *-closed and ¢, ({x})N A = ) for some x € cl A.
Then A C X \ ¢, ({x}) € u. Since A is ug*-closed, clA C X \ ¢, ({x}) C
C X\ {x}. This is a contradiction to the fact that x € cl A.

Conversely, suppose that A is not u g *-closed. Then () cl A\ U for some
U € u containing A. Letx € clA\ U. Then ¢, ({x})) N U =0 (as x ¢ U).
Hence ¢, ({x}) N A C ¢, ({x}) N U = 0. This shows that ¢, ({x}) N A =0 for
some x € cl A. |

3. Preservation theorems

DEFINITION 3.1. Let (X,u) and (Y,A) be two GTS. A mapping
f:(X,u) — (Y,A) is said to be

(i) (u,A)-continuous [2] if f ~1(U) € u for each U € A.

(ii) (u,A)-closed if f (F) is A-closed in Y for each u -closed subset F of X.

LEMMA 3.2. Let (X,u) and (Y,A) be two GTS with the topologiest and
o on X and Y respectively. A mapping f:(X,t) — (Y,0) is (u,A)-closed
iff for each subset B of Y and each u -open set U in X containing f ~'(B),
there exists a A-open set V in Y such that BC V,f~ (V) C U.

PROOF. Let f be (u,A)-closed and B C Y be such that f_l(B) cCuU
where U € u. Let V. = Y \ f(X \ U). Then V is a A-open set such that

BC Vandf Y (V)CU.
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Conversely, let F be any u-closed subset of X. Set f(F) = B, then
FCf~YB)and f~l(Y \ B) C (X \ F) € u. Thus by the hypothesis, there
exists a A-open set V such that Y\ B C V andf_l(V) C X \ F. Therefore,
we obtain Y\ V C B=f(F) C Y\ V and hence f(F) = Y \ V and hence
f(F) is A-closed. This shows that f is («,4)-closed. |

THEOREM 3.3. Let (X,t) and (Y,0) be two topological spaces with the
GTS u and A on X and Y respectively. If f:(X,t) — (Y,0) is closed and
f:(X,u) — (Y,4) is (u,A)-continuous, then for each ug*-closed set A of X,
f(A) isAg*-closedin Y .

PROOF. Let A be any ug*-closed set in X and f(A) C V € A. Then
A gf—l(V) € u. Since A is ug*-closed, clA C f~1(V) and so f(cl A) C
C V. Since f is closed, cl(f(A)) C f(clA) C V. This shows that f(A) is
Ag*-closed in Y. 1

THEOREM 3.4. Let (X,t) and (Y,0) be two topological spaces with the
GTS u and A on X and Y respectively. If f:(X,t) — (Y,0) is continuous

and f:(X,u) — (Y,A) is (u,A)-closed, f ~Y(B) is ug*-closed in X, for each
Ag*-closed set B of Y.

PROOF. Let B be any Ag*-closed subset of Y and f~1(B) C U € u.
Since f is (u,A)-closed, by Lemma 3.2 there exists V € A such that B C V

andf_l(V) C U. Since B is Ag*-closed, cI B C V and hence cl(f_l(B)) -
- f_l(cl(B)) - f_l(V) C U because f is continuous. This shows that
f~YB) is ug*-closed in X. |

CONCLUSION: The definition of many other similar types of generalized
closed sets may be introduced on a topological space (X,7) from the defini-
tion of ug*-closed sets by replacing u with the help of different GT on X.
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1. Preliminaries

The dissertation deals with some aspects of the statistical analysis of ran-
dom permutations. Random permutations most frequently appear as orderings
of the elements of a finite set. In sociological studies, individuals may be
asked to rank a number of choices according to importance or preference. In
other cases, voters, judges, or exam boards rank candidates, tenders, or appli-
cants, and make decisions based on these orderings. Moreover, a permutation
can describe the pairing of the elements of two sets: one can pair jobs with
employees or students with tutors. Finally, any real dataset may be analysed
based on only the ranks.

My aim was to give an overview of the various parametric models appli-
cable to permutation data, to study estimation of the parameters and assess of
fit, and to develop new models. Part of my motivation for this research was
the experience that we — my supervisor and I — could not find a well-fitting
simple model for the 1980 election data of the American Psychological As-
sociation. This dataset is one of the most well-studied in the literature, see
for example [1, 3, 10, 11, 13]. We could formulate a simple model, which
did not provide a satisfactory fit for these data, but performed significantly
better than the other models. This new model led me to consider conditional
independence models and factorizing models for random permutations. In
the dissertation, borrowing terminology from the theory of contingency table
analysis, I call these models hierarchical models.

The book by MARDEN [10] gives a thorough overview of the existing
models for random rankings. The author was partly inspired by the con-
ference entitled “Probability Models and Statistical Analyses for Ranking
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Data,” held in Ambherst in 1990, the proceedings of which was edited by
FLIGNER and VERDUCCI [5]. The paper by CRITCHLOW, FLIGNER and VER-
DUCCI [2] also deserves mentioning, which, while shorter, contains important
results about the properties of the models (reversibility, label-invariance, L-
decomposability, unimodality, complete consensus).

2. Methods

One of the tools I used is algebraic statistics. As the name suggests,
this field is concerned with the application of algebraic tools in statistics.
These tools are especially suited for studying closures of exponential families,
which is of both theoretical and practical importance. The following specific
results, used in the dissertation, can be found in the papers by DIACONIS and
STURMFELS [4], GEIGER, MEEK and STURMFELS [6], and RAPALLO [12].

Let X' = {xi,...,%s} denote a finite set, and let M = (m;;) be a t x s
matrix with nonnegative integer entries. The probability distribution p =
= (p(x1),...,p(xs)) is said to belong to the so-called toric model F(M), if
there exist nonnegative parameters 41,...,4;, with which

! m;;
p(x;) = c(/l)Hij”, 1<i<s.
J=1
The set T is called M -feasible, if for each i ¢ T, we have Supp(m;) € U
UjeT Supp(m;), where m; denotes the ith column vector of M, and Supp(-)

denotes the support of the vector in the argument. The nonnegative toric
variety associated with M is the set

Xpy={xeRy,: x" —x"=0 Vu,v € N’ such that Mu = Mv},

where x* = []; xl.“i . The toric ideal generated by the polynomials x* — xV

above is denoted by I;.

THEOREM 2.1. (GEIGER ET AL. [6]) cl(F(M)) = X, where cl(-) stands
for closure. Moreover, for p € Xpy, we have p € F(M) if and only if the
support of p is M -feasible.

THEOREM 2.2. (RAPALLO [12]) For every M, there exists a maximal
representation Mu,x, for which cl(F(M)) = F(Mmax).

The functions fi,...,fr : X — Z are said to be a Markov basis for the
model F(M), if for every u, the steps f; generate a strongly connected graph
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on the frequency vectors g : X' — N satisfying Mg = u (where the step f;
takes g to g+f;). Markov bases can be used to run Monte Carlo procedures for
assessing goodness of fit in the case of small datasets, where the asymptotics

of the x?2 test is not applicable.

THEOREM 2.3. (DIACONIS and STURMFELS [4]) The functions f,...,fr.

constitute a Markov basis if and only if the polynomials xfi+ —xli are a

generating set of the ideal Iy;, where fl.+ (f; ) is the positive (negative) part
of f;.

I also used the theory of hierarchical and log-linear models, or more
generally the theory of discrete exponential families. The relevant results
can be found in the book by LAURITZEN [8]. Keeping the previous setting,
let A € . be partitions of the set X', and let the rows of the matrix My
be the indicator vectors of the classes of these partitions (so for a partition
with k classes, we have k rows in M). Then in the model cl(F(My)), the
maximum likelihood estimate exists uniquely, and it can be found by e.g.
iterative proportional scaling (IPS). For any x € X, let x(A) be the class
of partition A containing x, and for any probability distribution p on X, let
p(x(A)) = Zye Tiy(A)=x(A) p(y) be the p-probability of this class. Suppose we
have a sample with empirical distribution r, and we want to find the element

of cl(F(My)), which maximizes the likelihood of the sample. Let p(O) be
an arbitrary strictly positive element of the model F(My) (e.g. the uniform
distribution). Then the (¢ + 1)st iteration step of the IPS algorithm updates

p") as

r(x(A))
p(x(A))
where A runs cyclically over the set ..

p* D) = pPx), xel,

3. Results
3.1. The inversions model of McCullagh

The following model was introduced by PETER MCCULLAGH [11]. Let
C C [n] be a k-element subset. A permutation o of the elements of C is
called a (k — 1)st order inversion, if none of its coordinates is in its own
place with respect to the monotone increasing order (where [n] = {1,...,n}).
We say that the permutation 7z € S, contains the inversion o¢ (in notation
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oc C m), if the elements of C appear in 7 in the order 0. Then the model
defined by the inversions aél yenn ,O’a consists of distributions satisfying

(1) logpp(@) =Y 6;, 6=(0,....0,) € R

i:agl_ Cn
In the dissertation, I prove McCullagh’s following conjecture.
THEOREM 3.1. In the model (1), if 0 #7, then pg # pr.

The theorem is equivalent to the following combinatorical reformulation.
Define a graph Gy on the vertex set Sy, as follows. From the permutation 7,
there is a directed edge to all permutations obtained from sz by moving one
element to its proper position (other elements are shifted, if necessary). As an
example, for n = 5, from (24351) there are directed edges to the permutations
(12435), (42351), (23541), (24315).

THEOREM 3.2. There are no directed cycles in the graph Gy.

3.2. EM algorithms for Plackett-Luce-type models

Take n players, the overall ability of the ith one is expressed by the
parameter A;. According to the Plackett-Luce model, if the players I C [n]
take part in a competition, then the probability of the ordering 7 is

||

A
@) ) =[] =
k=1 2=k A (i)

where 7 (1) is the overall winner, 77 (|1]) is the overall loser. LUCE [9] derived
this model from the ranking postulate and the choice axiom. It is easy to
check that if Z; (i = 1,...,n) are independent random variables, exponen-
tially distributed with parameters 4;, then the righthandside of (2) is just the
probability P(Z;(1) < ... < Zn(| I|))- This observation leads to the following
EM algorithm, which iteratively finds the maximum likelihood estimate of the
parameters A;. Suppose we have m observations, the rth of which consists of
the ordering 7, of the players in I.. For all i € I, let (i) be the rank of i
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in the ordering st,-. Finally, let m; denote the number of observed orderings
containing player i. With these notations, one EM-step is given by

ar(i) -1

=m; ZZ (t) 1<i<n.

Z,(t+1)
i IL
ri€ly k=1 E: ﬂrO)

HUNTER [7] derived MM algorithms for this model and its generalizations.
He also gave conditions under which the algorithms converge to the unique
maximum likelihood estimate. I showed that EM algorithms are also a natural
choice for this estimation problem, although, according to my simulation stud-
ies, their convergence is slower than the convergence of the MM algorithms.

3.3. L-decomposability

For a permutation 7 = (7 (1),...,7(n)), let w{i.j} = {w(@),...,7()}
and w(i.j) = (w(i),...,n(j)). The random permutation Il (and its distribu-
tion) is L-decomposable, if the sets T1{1..k}, k = 1,...,n form a Markov
chain. “L” stands for Luce, since these are exactly the distributions satisfying
Luce’s ranking postulate. Denote by (r,p) the concatenation of two partial
permutations, and for a subset C C [n], let S consist of all permutations of
the elements of C.

THEOREM 3.3. The L-decomposable distributions form a closed toric
model. The toric ideal corresponding to the model is generated by all poly-
nomials of form Xz, p\)X(t5.p) — X(ryp)X(myp1): Where my,my € Sc and
P1,P2 € S[n]\C for some C.

THEREOM 3.4, Forn = 4 and n = 5, the L-decomposable model has a
unique minimal Markov basis, which is equal to the one described in the
previous theorem. For n > 6, the basis of the previous theorem is not
minimal, and the minimal basis is not unique.

The following theorem is about the properties of the maximum likelihood
(ML) estimate.

THEOREM 3.5. In the L-decomposable model, the ML estimate always
exists uniquely, it has an explicite form, and its exact distribution can be
calculated. Moreover, the following hyper Markov property holds: for all k,

the random distributions {P(H(l..k) = u)}, and {f’(H(k +1.n) = v}
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are conditionally independent, given the random distribution { P(IT{1..k} =
= C)} . where P denotes the ML estimate.

3.4. Bi-L-decomposability

The following property was not studied in the literature before. Let us call
the random permutation IT (and its distribution) bi-L-decomposable, if both I1
and IT~! are L-decomposable. I introduced hierarchical models for random
permutations to study bi-L-decomposability. Let 2 (resp. R) be partitions of
[n] with d (resp. r) classes. The coarsening of m on the product partition
P =D xR is the d x r matrix

|.7[(.7))|=(tij), tl'j=|{1SSSI’IZSEDi,T[(S)ERjH.

DEFINITION 3.6. Let Py, ..., P be product partitions of [n] X [n]. The
strictly positive distribution p on §;,, belongs to the hierarchical model with
generators P, ..., Py, in notation p € L(Pq,...,Ps), if there exist functions
0; such that

logp(m) = 0;(|x(P)) Va € Sy
i=1

We write ' > 9 if the partition &’ is finer than 2.

THEOREM 3.7. Let£(D; x R :i=1,...,5) andL(D x R; : j =1,...,1)
be two hierarchical models, where D = J; and R = Rj foralll <i <,

1 <j <'t. Then the intersection of the two models is the hierarchical model
:f(fD, X Rj ci=1,...,8,j=1,...,1).

This theorem is applicable to the L-decomposable hierarchical model and
its inverse, whose intersection is the bi-L-decomposable hierarchical model.
Some further calculations yield the following.

THEOREM 3.8. The family of strictly positive bi-L-decomposable distri-

butions has Y i% free parameters.

In the dissertation, I give two parametrizations, which correspond to two

bases of the subspace in R spanned by the logarithms of bi-L-decomposable
distributions. One basis is orthogonal, the other is 0 — 1.
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Each hierarchical model has a matrix My of the type described in the
Methods section. Denote by Mj the matrix of the L-decomposable model,
and by Mp the matrix of the bi-L-decomposable model. I could determine
the Markov basis of F(Mp) only for n = 4.

THEOREM 3.9. The minimal Markov basis of F(Mpg) forn = 4 consists of
10 degree-2 polynomials (from the Markov bases of (M) and its inverse),
and 8 degree-4 polynomials.

This observation led to the following result, valid for all n.

THEOREM 3.10. The model F(Mp) is not closed, and even its closure is
a strict subset of all bi-L-decomposable distributions.

3.5. S-decomposability

In the analysis of bi-L-decomposable distributions, a stronger property,
S-decomposability played an important role. The random permutation IT and
its distribution p is S-decomposable, if there exist parameters A(C) > 0
(C C [n]) such that p(w) = []po; AGr{1..k}). I is bi-S-decomposable, if

both IT and IT~! are S-decomposable.

THEOREM 3.11. A strictly positive distribution p is S-decomposable, if
and only if it is L-decomposable, and there exist parameters A'(C) > 0 such
that

Al(CuUx)
Z)rgc Al(C U )7) '

P(TIk + 1) = x| TI{ 1.k} = C) =

Strictly positive S-decomposable distributions form a hierarchical model
with model matrix Mg. The corresponding toric model F(Mg) is not closed,
however, its Markov basis can be characterized.

THEOREM 3.12. Let the sets Ci, Dy, Gy, Dy,..., C}-,D- C [n] satisty
|Cl| =k, |Dl| =k+1, and C;,C;y1 C D; (with C}'+l = Cy). Letm; € Sq
andp; € S[n]\ D;- For all such choices, create the polynomial

J J
Hx(”i’Di\Ci’Pi) - Hx(”i,Difl\Ci,Pifl)’
i=1 i=1
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where Dy = D; and py = pj. These polynomials, together with the ones in
the Markov basis of F(M|), form a Markov basis of the model F(Mg).

In summary, we found that the S- and bi-S-decomposable families are
more complex algebraically than the L- and bi-L-decomposable families.

3.6. Label-invariance

Suppose the elements of a set are labelled with the integers 1,...,n, and
an ordering of these elements is given by . If we relabel the elements,
i.e. change label i to label o(i), then the same ordering is given by the

permutation o7 (the operation here is group multiplication). Similarly, if 7z ~!

is a ranking expressed with the original labelling, then the same ranking with

the new labelling becomes 7 ~!o—1. This motivates the question, whether

a model for random permutations is invariant under multiplications from the
left and right.

THEOREM 3.13. Letn > 4. The family of L-decomposable distributions
is invariant under left multiplications. It is invariant under right multiplication
by o, if and only if o belongs to the eight-element subgroup of S, generated
by the permutations (nn—1...21) and (2134...n).

It is natural to ask which subfamily of the L.-decomposable distributions
is invariant under all right multiplications. More precisely, we are looking
for those distributions on S;, which remain L-decomposable after any right
multiplication.

THEOREM 3.14. Let n > 4. A strictly positive distribution p on Sy
remains L-decomposable after all right multiplications, if and only if it is
quasi-independent, i.e. there exist parameters c;(x), 1 < i,x < n such that

p@) =ITi= ci(@@)).

4. Conclusions

The research reported in the dissertation showed that while there are
many simple, elegant, practical and realistic models to describe random per-
mutations, there is still room for the development of new models. Such could
be hierarchical models, some of which can be interpreted as conditional inde-
pendence models. I would like to characterize “simple” hierarchical models,
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which would be an analogue of decomposable graphical models in the clas-
sical theory. Greater insight could be gained by calculating the Markov basis
of other hierarchical models, the main difficulty is that current algorithms
quickly become infeasible as n grows. It would be useful to give general
upper bounds for the degree of these Markov bases. A characterization of the
intersection of hierarchical models in the general case is also open.

The dissertation is based on the following papers

e Conditional independence relations and log-linear models for random
matchings. Acta Math. Hungar., Online First (2008).

e (with Rejt6, L. and Tusnady, G.) Statistical Inference on Random Struc-
tures. In: Horizons of Combinatorics, Bolyai Society Mathematical Stud-
ies 17, Springer (2008), 37-66.

e Markov bases of conditional independence models for permutations. To
appear in Kybernetika.

e On L-decomposability of random permutations. Submitted to J. Math.
Psych., under revision.

e An acyclic operation on the symmetric group. Submitted.
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MULTIPLE-POINT FORMULAS AND THEIR APPLICATIONS
Abstract of Ph.D. Thesis
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ADVISOR: ANDRAS SzUCS

(Defended January 30, 2009)

1. Introduction

Singularity theory studies the behaviour of smooth map germs (R"*,0) —
— (R 0). Two germs f, g are said to be 4-equivalent if there is a smooth
reparametrization of both the target and the source space which transforms
f into g. The equivalence classes are the so called singularity types. In the
case of k > 0 the simplest type is the case when the differential of f has rank
n. All such germs are equivalent by the implicit function theorem. When the
differential has rank n — 1 (so corank 1) then the picture becomes more com-
plicated, but the comlete classification is known. The set of corank 1 germs
splits into countably many equivalence classes that are usually denoted by A,
and referred to as Morin singularities. As the corank of the germ increases
the classification becomes more and more difficult. A general classification is
completely unknown.

Global singularity theory considers smooth maps f : M — N between
smooth manifolds, and classifies the points of M according to the local sin-
gularity type of f at the given point. This can be done in two ways. The
mono-singularity type of x € M is the actual local singularity type of f at x.
The multi-singularity type is the list of local singularity types of all the points
y € M such that f(x) = f(y). When this list consist of only the simplest
(corank n) singularity type, the corresponding subsets of M are the so-called
multiple-point manifolds.

Multiple-point manifolds have been long studied from different view-
points. From the point of topology the question arises as follows. Given a
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generic immersion f : M" — N"*K_is it possible to express topological
invariants of its multiple-point manifolds using invariants of M, N and f?

The first such questions considered were the homology classes of the
multiple-point manifolds. It turned out that indeed these homology classes
are related to each other in a simple way that includes only little information
from f (namely the Euler class of its normal bundle and f*, the induced map
in cohomology). The formula was first stated by LASHOF and SMALE [9] but
it turned out to be partially false. It was corrected by HERBERT [5] and later
RONGA [17] gave a simple and very geometric proof.

THEOREM 1. (Herbert’s formula) Let f : M" — N"** pe a generic
immersion. Then the closures of the r-tuple point sets, N,(f) and M, (f)
carry fundamental classes with Z, coefficients. Denoting by n, and m, their
Poincaré duals in N and M respectively and setting e = e(vy) we have:

me =f*(n,_1) —e-m_y

If both M and N are oriented and k is even, then the multiple-point
manifolds can be given a natural orientation. Thus one can interpret m, and
n, as cohomology classes with integer coefficients and the formula remains
valid in its original form.

2. Results and methods
2.1. Multiple-point manifolds

Herbert’s theorem is the starting point of our work. In the first main part
of the thesis we give a generalization of this formula that allows us to move
from homology classes to cobordism classes and is based on ideas of Ronga,
Kamata and Szfics.

SzGcs [23] used the Herbert-Ronga formula in the oriented case for
double-point manifolds in K-theory and translated it to ordinary cohomology
via the Chern character to obtain a sequence of formulas involving push-
forwards of Pontrjagin classes of the double-point manifold.

KAMATA [6] used the Herbert—-Ronga formula in the unoriented cobor-
dism cohomology and translated it via the Boardman homomorphism to
obtain a sequence of formulas involving the push-forwards of the Stiefel-
Whitney classes of the multiple-point manifolds.
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Later in [24] SzGcs investigated the case of oriented manifolds immersed
in Euclidean space. Using a filtration on the multiple-point manifold he could
calculate its Pontrjagin numbers without pushing them forward to M.

The result presented here containis all three above results at the same
time and which avoids complicated homological calculations or the use of
natural transformations between extraordinary cohomology theories and ordi-
nary cohomology.

The method relies on the fact that the cobordism class of a manifold
is determined by its characteristic numbers - certain cohomology classes
evaluated on the fundamental class. This evaluation can be done by pushing
forward the cohomology classes form the multiple-point manifold to M and
evaluating them on the fundamental class of M. Hence we derive a formula
for the pushforwards of these cohomology classes.

(D mp =y p) - (f .y — epy) -mp_y)

Then under additional conditions we get useful special cases of the for-
mula. From these special cases it is easy to derive the previously known
results that had motivated us.

THEOREM 2. Let f : M™ — N™* pe a generic immersion of even
codimension between oriented manifolds and choose a cohomology theory

with coefficient ring ho(pt) = . Then we have
*
1my—1)
e =) (P — ey,

r—1
THEOREM 3. Letf and h* be as in Theorem 2. Further assume that there

isabundle§ : E — N such that TM = f*&, and that e(vy) = f*(y) for an

y € h*(N). Then for every r > 1 there is a cohomology class k, € h*(N)
such that m, = f*(k,) and the following simple recursion formula holds:

ky =V(TN)ﬁ(‘§) (% _Y> 'kr—l

where ¢ = fif *(1) € h*(N).

Sziics used his original formulas to show that there are cobordism classes
of manifolds that do not contain double-point manifolds. Here we carry out
similar calculations for multiple-point manifolds of arbitrary multiplicity.

As a direct application of the general formula we give a condition that an
r-tuple point manifold of an immersion must necessarily fulfill. This shows
that a typical manifold will not be an r-tuple point manifold.
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THEOREM 4. If a 4t dimensional oriented manifold V¥ is the r -tuple-

point manifold of an immersion f : M™ — Ntk e, v = A (f)) with
f* =0 in positive dimension, then (p{(V),[ V1) is divisible by r'.

COROLLARY 1. If m — k(r — 1) is divisible by four then |coker (A;)| >
m—k(r—1)
>r 4

/3% wheree =1 if3|r andm —k(r — 1) =1 (3), elsee = 0.

2.2. Projected immersions

There is a surprising relation between the multiple-points of an immersion
g : M N x R and the singularities of its projection f : M — N that was
found by Sz0cs in [25] (see also [20]). Namely he showed that if N is a

Euclidean space then the r + 1-tuple-points of g are cobordant to the Z!”
points of f. The proof of this result involved computing the characteristic
numbers of the two manifolds and observing that they coincide.

It is very natural to ask whether this cobordism can be “seen” in an

explicit way hidden in the geometry of f, not just as mere luck that all the
characteristic numbers coincide.

We shall answer this question in the affirmative by constructing a cobor-
dism that connects the two manifolds. This allows us to slightly extend the
original theorem: instead of cobordism of manifolds we obtain singular bor-
dism of maps, and we prove the theorem for any smooth target manifold N.

THEOREM 5. Letf : M"™ — N™*K be a prim map, and let g : M N x R

be its lift to an immersion. Then for any r > 1 we have g, ~ erfl(f), that
is they represent the same element in the singular bordism group N"(M).

If M and N are oriented and the codimension k is odd, then g, ~

~ 5021"—1 (f), that is they represent the same element in the singular oriented
bordism group Q(M).

2.3. Product maps
The results of this section are the first steps in understanding how the
direct product operation affects the singularities of maps. They show that

indeed there is some well controllable effect, at least in the simplest cases.
There are two main difficulties. The first one is that the direct product of
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generic maps will not be generic, so one has to take a small perturbation.
This makes it hard to understand the singular strata geometrically. The second
one is that generally the product of two singular maps even after a generic
perturbation will have more complicated singularities then the original maps
had.

We start with studying products of immersions. Here only the first type
of problem arises, namely that the self intersections will not be transverse.
This can be overcome by employing our general multiple-point formula that
helps to compute the characteristic numbers of multiple-point manifolds. It
turns out that the multiple-point manifolds multiply independently of each
other:

THEOREM 6. Let g; : ]\/Il."i — R%*Ki; (i = 1,2) be generic immersions.
Then the r -tuple point manifold Ay (g, X g) ~ (—=1)" ~1A.(g1) X Ar-(gp) where
~ stands for “unoriented-cobordant”.

If the M; are oriented and the k; are even, then their r -tuple point mani-
folds are oriented cobordant.

Then we study Morin maps. In this case one has to deal with the second
kind of problem. We get around this by increasing the dimension of the target
space by one, and hence we are able to define a multiplication of Morin maps
which preserves the Morin property and is distributive with respect to the
disjoint union of maps.

DEFINIFITION 1. Let Morg denote the group ®11,k MorinSO(n,k) ® Q
with this ring structure. Morg is a bigraded ring, the two grades being n and
k + 1. Note that this implies that the direct sum @ 4q Morin®O(n, k) © Q
is a subring or Mor(y.

First, we identify the components of Morg as subgroups of the rational
oriented cobordism ring Q, @ Q. Then combining the results of the previous
sections we show that the singular strata behave nicely under the multiplica-

tion we defined. We can consider Z!7 as a map from Morg to the rational
oriented cobordism ring:

sl @Morinso(n,k) RQ—Q:2Q.
k,n

THEOREM 7. The map X" is a ring homomorphism. In other words

lr(f x g) ~ 2l () x =l (g)
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holds for any two Morin maps f,g to Euclidean spaces where ~ now stands
for rationally cobordant (in the oriented sense).

It turns out that this information is actually enough to compute Morg.
Finally the last part deals with general singular maps. We show that a

Cartan-type formula relates the homology class of £! points of two maps with
that of their direct product.

THEOREM 8. Letf : M{'" — N™*k ¢ : M)? — Nzanrk2 be two generic
maps. Then for a generic perturbation of their product we have

[Z'f x g]=
= 3 (211 x Gy IZ g ) + Gty VIE )] % (285 11)

jz1

We compute the oriented Thom polynomial of the £2 singularity with Q
coefficients.

THEOREM 9. Letf : M" — N"™*k be a generic map where k = 2t — 2.
Then the rational cohomology class dual to the closure of the set of ¥2.
points of f (for short [Ezf 1) equals p((vy), where p; € H¥*(M:Q) is the

1™ Pontrjagin class.

Finally we derive a Cartan-type formula for the =2 points as well.

k
THEOREM 10. Let f : M{'" — N™*i ¢+ M)2 — N;>™2 be two
generic maps of even codimension. Then for a generic perturbation of their
product we have

[Z%f x g] =
= D (22 a) % (d3p ) 2] + (i ) [E2 o)) % [E22072])
Jj=1
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1. Abstract

In our dissertation the staggered grid approximation of the Stokes prob-
lem on several special domains and with different boundary conditions is
investigated, using finite difference and box methods. (for finite element
method see: GIRAULT-RAVIART, 1986) We deal with methods where the dis-
crete Crouzeix-Velte decomposition (see: STOYAN-STRAUBER-BARAN, 2004;
or Subsection 1.2.) exists: we prove the existence of this decomposition and
show numerical results to prove the effectiveness of these discretizations.

1.1. The Stokes problem

In our dissertation we consider at first the following first-kind Stokes
problem in a cartesian coordinate system:

(1.1) —Aii +gradp =f, in Q,
(1.2) divu =0, in Q,

where Q C R", n = 2,3 is a bounded, simply-connected open domain, with
Lipschitz — continuous boundary 9€2, and

W) = (), ..y ()T,

FO) = (1), fuo) T,

defined for x = (xq,...,x;) € Q. On the boundary, homogeneous Dirichlet
boundary conditions are imposed:

(1.3) u=0, on Q.
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The problem consists in finding a vector-function u«(x) and a scalar func-
tion p(x) that satisfy the system of partial differential equations above. The
function u is the velocity of fluid and p is the (kinematic) pressure. For a
constant also appearing in the first equation, the kinematic viscosity, we have
chosen the value 1. Finally, f describes accelerations caused by an external
force field, and the boundary conditions mean that the walls are impermeable
and at rest.

A unique weak solution # € V and p € P exists when, for example,

f € (Lp(Q))", (see, e. g., VARNHORN, 1994), where P := L, () is the
subspace of L,(£2) of square integrable functions with zero integral over € ,
with the Hilbert space

LQ<Q>={¢|<¢,¢><oo},<¢,w>=/g¢wd9

and where V := (HOl (Q2))" is the well-known Sobolev space, with generalized

derivatives in (L,(€))" and with zero boundary values in the sense of traces
on the boundary 9 €.

1.2. The Crouzeix—Velte decomposition

For an n > 2, let (-,-) denote the Euclidean scalar product in R, more-
over, let A, B, C € R"™" be matrices satisfying

(1.4) A=B+C,

(1.5) A=AT >0,

(1.6) B=BT>0, c=cT>o,
(1.7) 0 :=dimkerB >1, p:=dimkerC > 1.

Then, with a suitable subspace W C R" (which may turn out to be empty)
and with orthogonality to be understood in the sense of the scalar product
(A, "), the following orthogonal decomposition of R" can be derived:

(1.8) R* =ker B b kerC & W.
This decomposition is called the algebraic Crouzeix—Velte decomposi-

tion of R". (The definition of the analytical Crouzeix—Velte decomposition
is described in the dissertation.)

For the eigenvalues A; of the generalized eigenvalue problem
(1.9) AAx = Bx
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we have
(1.10) A; € [0, 1] for all i
and also using the eigenvectors x ), the subspaces in (1.8) can be character-
ized as follows:

ker B = span(x(i),ii =0),

ker C = span(x(i),ii =1,

W = span(x®,4; € (0, 1)).
We can use the following correspondences connected with the matrices
in (1.4):
A~ —A, B~ —graddiv, C ~ curlrot,

where A is the (vector) Laplace operator and where the sign ~ expresses only
an analogy between a differential operator and a matrix, and is not necessarily
a (good) approximation. In this sense (1.4) corresponds to the well known
identity

(1.11) —A = — grad div + curl rot
of vector analysis.

The algebraic Crouzeix—Velte decomposition is proper in case dim W =
=n—-0—-p>0.

In the discrete case, the velocity space (which approximates (H I(Q))”

or a subspace of the latter) will be denoted by ‘7;1, the pressure space will be
denoted by Py, and divj, and rot;, will be written for the discrete equivalents
of the divergence and rotation operator, A;, will denote the discrete Laplace
operator. The matrix corresponding to the mapping — div, from the velocity

space into the pressure space is denoted by B, and we introduce the following
notations: Cj, for the matrix of the operator rot;, and A, for the matrix of the
operator —Ay,. If A, By, Cj, matrices satisfy the following:

Ap =By + G,
(1.12) Ap = AF >0,
where By, = BhT By, and G, = C‘hT (), and ker By, # () and ker G, # 0, then a
discrete Crouzeix-Velte decomposition exists and (1.8) takes the form

Vi = kerdivy, ©kerroty @W =V, 0 ® V1 & V) 5.

2011. februdr 16. -16:26 131



132 GYORGYI STRAUBER

P, is decomposed similarly into three orthogonal subspaces:

Py = ker grad;, & divy, kerroty ©divy, Vi, g =Py o® Py1 © Py g.

After discretization by the finite element or finite difference methods, the
Stokes problem takes the following form:

A »T
N A R
B, 0 p 0

With these matrices (1.9) corresponds to
AnApxp = Byxp,
which is transformed by py, := Bj,x;, into

lhph = SuPh»

where S}, is the discrete Schur complement operator of the Stokes problem,

Sy = BhA,:lBhT. If the discrete Crouzeix-Velte decomposition exists then
Ap €10, 1].

In our dissertation we deal with approximations of the Stokes problem
on several domains, where the discrete Crouzeix-Velte decomposition exists.
In this case in the spectrum of the discrete Schur complement operator, there
is an eigenvalue 1 of high multiplicity (of the order of inner grid points).
Then, the error components lying in the eigensubspace corresponding to this
eigenvalue can be removed by one step of a simple damped Jacobi iteration
or Uzawa-algorithm. The remaining error lies in an eigensubspace of much
smaller dimension connected only with boundary effects. Moreover, the con-
jugate gradient iteration automatically takes advantage of such a spectrum
and converges faster than for discrete spaces without a decomposition: as it
is proved by the numerical results.

In our dissertation the following methods are used: finite difference and
box methods for approximation of Stokes-problem, and Uzawa-algorithm (as
outer iteration) in the numerical experiments, moreover the conjugate gradient
method (as inner iteration) with an effective preconditioning matrix and FFT
algorithm and alternatively multigrid method solving the discrete Poisson
equations.
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2. Results

2.1. First order staggered grid approximation on non-equidistant
rectangular grids

First we consider the well-known staggered-grid approximation where €
is a rectangle subdivided by a non-equidistant grid into (n — 1)(m — 1) rect-
angular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

For pressure vectors p, and velocity vectors u, = (uy,v,)T suitable
discrete scalar products and the corresponding norms are introduced. Using

these scalar products and norms the following Theorem is proved, with the
notations Ay, By, Cj, for the matrices of the operators —A;,, — divy, ill roty,:

THEOREM 1.
. B 0 )
(2.1 (Antinsundon = [|Brinlon + 1Crunlly 5
holds for all vectors iy, := (uy,vy)T € V), if and only if

hiici2+hi3)n hyj—172+haja3p
hiivi)2 = > and  hyjy1/y = 2 -1

REMARK 1. It is proved that dim(Vj,) = (n — 2)2, dim(V},;) = (n — 3)?
and dim(V}, g) = 4n —9, where n denotes the number of grid points (including
corner points) along a side of the square. |

REMARK 2. We prove that A; is symmetric in the sense of the scalar
product (4, vp)o, above, and the following equation holds:

(2.2) DyAj, = Bl DgBy + G Dc Gy,

where Dy, D, D¢ are diagonal matrices corresponding to the adequate
norms. That is

(2.3) DAy = Ay = By + Gy,

where B, = BTB and ¢, = CT € with the notations: B = Dllg/ 2Bh, C =
1/2 ~

= DC/ Ch. i

REMARK 3. We prove that D4 A;, = A;, matrix is positive definite, that is
Ay, > 0. Together with remark 1 and 2, it means that a proper Crouzeix—Velte
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decomposition of the velocity and the pressure space into three nontrivial parts
exists, if n > 3. 1

2.2. First order staggered grid approximation based on the finite volume
(box) method on non-equidistant rectangular grids

Then we apply finite volume method on the staggered grid, where Q is
also a rectangle subdivided by a non-equidistant grid into (n — 1)(m — 1) rect-
angular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

We prove that using this approximation, the discrete Crouzeix—Velte
decomposition exists, if n > 3, without any restriction of grid spacing.

REMARK. The results above (using either finite difference or finite vol-
ume methods) hold if € is a union of rectangles such that all the boundary
lines of the different rectangles fit on the same global grid with grid spacing
hy and hy. |

2.3. Numerical results

We show with numerical experiments — using the staggered grid ap-
proximation based on the finite volume method — that both the Uzawa-type
and the conjugate gradient-type methods are faster on such grids which are
condensing in the center and coarser near the boundary of the domain. In the
case of Uzawa-type methods we determine the optimal non-equidistant grid.

2.4. Second order staggered grid approximation based on the finite
difference method on equidistant rectangular grids

Then we apply second order finite difference method on the staggered
grid, where €2 is a unit square subdivided by an equidistant grid. The bound-
ary conditions are homogeneous Dirichlet boundary conditions. After defining
the suitable approximations, discrete scalar products and the corresponding
norms, the following Theorem is proved:

THEOREM. For the second order staggered grid approximation,

T 5 -2 > -2
(A, up)on — | Brunllo n — 1Gpunllo,, =
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n—1 n—1

2.4) == 2 +ud,_p = D20 +vE ),
- =2

where AE = Ay, BE = —dzvﬁ and CE = roty. |

REMARK. We introduce the notation Aﬁ’ where

n—1 n—1

4. - 2, 2 2,2
(Agun, up)op = (Agp, up)op + Z 2uiy +ui,_q)+ Z 2001 +Vp—1)-
i=2 =2

Ay is a symmetric positive definite matrix in the sense of the corresponding
scalar product, together with AE' Since dim(V},g) = (n — 2)2, dim(Vy,) =
= (n — 3)? and dim( Vip) =4n — 9, a proper Crouzeix—Velte decomposition
exists in this case as well, for n > 3. In this case the algebraic decomposition
exists not for the matrix Agz,but for AE’ hence AE can be advantageous as a

preconditional matrix solving Aﬂﬁh =by,. |

2.5. Finite difference approximation in the case of non-standard
boundary conditions

We investigate the finite difference approximation of the Stokes problem
on the staggered grid with the following non-standard boundary conditions:
(2.5) Uyj =upj =vi1=vin =0,
for1<i<n-1,1<j<n-1and
(2.6) (roty, up)o,j = (roty up)y—1j = (X0ty up); 1 = (roty up); » =0,

0<i<n—-1,2<j <n—1, where rot;, is defined as usual. (This boundary
condition satisfies the Lopatinski-condition.)

We show that a proper discrete Crouzeix—Velte decomposition exists in
the case of this boundary condition as well, using either first or second order
approximation. |
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2.6. Finite difference approximation in the case of periodical boundary
conditions

As we show in this point, the results on the existence of an analytical
Crouzeix-Velte decomposition for the Stokes problem along with Dirichlet
and periodical boundary conditions carry over to the discrete case for the
staggered grid approximation.

We apply first order finite difference approximation on the staggered
grid, where Q is a unit square subdivided by an equidistant grid. Periodical
boundary conditions are assumed on the left and right sides of the unit square:

2.7 Ulj = Up_1j,U2j =Upj, 0<j<n,
Vij =Vn—14V2j =Vnj, 1<) <n

On the upper and lower sides of the unit square we prescribe homogeneous
Dirichlet conditions:

upo=uiy =0, 1<i<n,
v,-,lzv,-,n:O, lgigl’l—l,
where u; o, u; , are values on two additional grid lines, which the grid has

been supplemented with. We prove that a proper discrete Crouzeix—Velte
decomposition exists in this case as well. |

2.7. Approximation on a nonequidistant grid in 3D with homogeneous
Dirichlet boundary conditions

Then the well-known difference approximation on a staggered grid is
considered in 3D case. In our case € is a rectangular parallelepipedon subdi-
vided by a rectangular grid into (n — 1)(m — 1)({ — 1) cells of volume hhyh;
each, hy :=1/(n—1),hy :=1/(m—1),h3 :=1/(l —1). We assume n,m,[ > 3.

First we assume homogeneous Dirichlet boundary conditions:
Uljk =Unjk =Vilk =Vimk =Wij1 =Wiji =0,

where 1, = (up,, v, wp,) ! is the velocity vectorand 1 <i <n—1,1<j <
<m-1,1<k<I[-—1.

We prove the existence of the discrete Crouzeix—Velte decomposition. [
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2.8. Approximation on an equidistant grid in 3D with periodical
boundary conditions

Then we consider the first order staggered grid approximation on an
equidistant, cubic grid. On the front-back sides and on the north-south sides
of the cube we prescribe homogeneous Dirichlet conditions, and periodical
boundary conditions are assumed on the east-west sides. We prove the exis-
tence of the discrete Crouzeix—Velte decomposition in this case as well. 1

2.9. The Stokes problem in polar coordinates for the disk domain

Finally let Q be the unit disk
Q={(r,p)|0<r<1,0<¢p <27},

and consider the following Stokes problem:

2.8 A - —-——-—==

(2.8) roU 2 2 9 ar J1s
v 20u 1lap

2. A -t —=———-—=

( 9) r(pV l"2 + 7‘2 a(p r a(p f27

. 1/9 d

(2.10) divii = - (—(ru)+ —V) =0,

r \or ap

A 19 AW 1 92
= —— ryr— A A~ -
" rar or r2 6(p2

On the boundary, homogeneous Dirichlet boundary conditions are imposed:
(2.11) u=0, on Q.

The problem consists in finding a vector-function u(x) and a scalar func-
tion p(x) that satisfy the system of partial differential equations above. In our
dissertation we consider a suitable second order finite difference approxima-
tion and introduce the corresponding discrete scalar products and norms. The
following Theorem — similarly to (2.1) — is proved:

THEOREM.

5. - 5 - 12 > =0
(2.12) (Aptp, up)on = |Brunllozpn + 1Cunllo
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holds for all vectors uy, = (up,vy)! € ‘711, where By, corresponds to the

negative divergence operator, Cj, corresponds to the rotation operator and Ay,
corresponds to the negative Laplace operator, which is in polar coordinates:

Arw”—%—%g_v

o P

(2.13) Au-(A v_rL+rla_M .1
ro 2 200

REMARK. From the Theorem above we obtain that A, can be written in
the following form:

(2.14) D3 Ay =: Ay = By + Gy,

AT 7 AT : 125 - 1/2
where B, = B, By, ¢, = ¢, (G, and By, = DB B, ¢, = DC‘ C;, and
where Dy, Dp, Dg are diagonal matrices corresponding to the adequate
scalar products. |

2.10. Numerical results for approximation on the unit disk

2.10.1. Uzawa-algorithm

Using the notations (2.14) our problem consists in finding the solution of
the following algebraic system:

(2.15) Aptip + Bl py = fi,
(2.16) By, = gp.
We use the Uzawa-algorithm to solve (2.15), (2.16):
0
Py =0,
1 . N
pi = py) o Byiiy) — gn)

(2.17) : - :
i = A7 G = Bl
i=0,1,2,...

Since the discrete Crouzeix—Velte decomposition exists, using the Uzawa-
algorithm we can reach the third Crouzeix—Velte subspace after 1 step (with
w = 1). In this subspace the spectrum of the Schur complement is closer, and
the algorithm shows effective convergence. The optimal iteration parameter is
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also calculated using the smallest and the largest of the eigenvalues different
from O and 1 of the discrete Schur complement. The numerical results show
that the discretization obeying a discrete Crouzeix—Velte decomposition leads
to effectively solvable systems of algebraic equations. The average number of
the iterations using the Uzawa algorithm is 3-5, and the speed of convergence
is growing together with the refinement of the grid.

2.10.2. Fourier transformation and conjugate gradient method

Instead of the calculation of Ah_1 in (2.17) in the first case the fast Fourier
transformation is used in combination with the preconditioned conjugate gra-
dient method. In the numerical experiments several preconditioning matrices
are investigated: the number of inner iterations needed to reach the stopping
criterion of the conjugate gradient method, using the best preconditioning
matrix, is only 4-5, and the speed of convergence is growing together with
the refinement of the grid.

2.10.3. Multigrid method

In the second case the multigrid method is used to calculate Ah_l. We
describe the restriction operator and optimize the prolongation operator with
numerical experiments. We compare several pre- and post-smoothing itera-
tions. The optimal iteration parameter of the damped Jacobi iteration — as
smoothing iteration — is also calculated. The results show that the Gauss-
Seidel iteration combined with block Gauss—Seidel iteration — as smoothing
iteration — is the most effective: the multigrid method using this iteration is
on average 5-8 times faster than using the Gauss—Seidel iteration and this
advantage is growing with the refinement of the grid. The less effective
smoothing iteration is the Jacobi iteration, it results on average three times
slower convergence than the Gauss—Seidel iteration.
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1. Introduction

Legendrian and transverse knot theory has been shaped by advances in
convex surface theory [7] (showing that different looking objects are actually
equivalent) and by the introduction of various invariants of these knots —
proving that different looking objects are, in fact, different. Examples of
such invariants are provided by Chekanov’s differential graded algebras and
contact homology [2, 3]. More recently, Heegaard Floer homology provided
various sets of invariants: for knots in the standard contact 3-sphere the
combinatorial construction of knot Floer homology through grid diagrams
[16, 24], for null-homologous knots in general contact 3-manifolds the Legen-
drian invariant of [13] and for general Legendrian knots the sutured invariant
of the knot complement [10]. In this dissertation we study these invariants to
get a better understanding of Legendrian and transverse knots.
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1.1. Heegaard Floer theories

Heegaard Floer homologies, (OZSVATH-SZABO, [19, 20, 22]) the recent-
ly-discovered invariants for 3- and 4-manifolds, come from an application
of Lagrangian Floer homology to spaces associated to Heegaard diagrams.
Although this theory is conjecturally isomorphic to Seiberg—Witten theory, it
is more topological and combinatorial in its flavor and thus easier to work
with in certain contexts. These homologies admit generalizations and re-
finements for knots (OzSVATH-SZABO [18] and RASMUSSEN [26]) and links
(OzSVATH-SZABO [23]) in 3-manifolds and for non-closed 3-manifolds with
certain boundary conditions (JUHASZ [11]), called sutured Floer homology.
The tools used to define the link-version were later applied to define a com-
pletely combinatorial version of knot Floer homology in the 3-sphere.

1.2. Contact 3-manifolds

Although contact geometry was born in the late 19th century in the
work of Sophus Lie, it has just recently started to develop rapidly, with the
discovery of convex surface theory and by recognizing their role in other parts
of topology. For example Property P for knots — a possible first step for
resolving the Poincaré conjecture — was proved using contact 3-manifolds
(KRONHEIMER-MROWKA [12]). Also, the fact that Heegaard Floer homology
determines the Seifert genus of a knot was first proved with the help of contact
3-manifolds (OzSVATH-SZABO [17]). Being the natural boundaries of Stein
domains, the use of contact 3-manifolds resulted in a topological description
of Stein-manifolds. A contact structure on an oriented 3-manifold is a totally
non-integrable plane field. In other words it is a plane distribution that is not
everywhere tangent to any open embedded surface. Any 3-manifold admits
a contact structure (MARTINET [14]). It is more subtle though to understand
the set of all different contact structures on a given 3-manifold. One way to
understand them is by examining lower dimension submanifolds that respect
the structure in a way. The 2 dimensional such submanifolds are called
convex surfaces. These are surfaces with a vectorfield in their neighborhood
which is transverse to the surface and whose flow preserves the contact plane
distribution. Contact structures in the neighborhood of a convex surface are
determined by a set of closed curves (dividing curves) on the surface (GIROUX
[9]). Thus convex surfaces became the right boundary conditions for contact
3-manifolds. In Heegaard Floer homology contact invariants were defined
for contact 3-manifolds without (OzSVATH-SZABO [21]) or with (HONDA—
KAZEZ-MATIC [10]) boundary. These invariants had many applications the
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most recent is a new proof for the fact that a contact 3-manifold having Giroux
torsion cannot be Stein-fillable (GHIGGINI-HONDA—VAN HORN-MORRIS [8]).

1.3. Legendrian and transverse knots

There are two ways for a one dimensional submanifold to respects the
contact structure. Its tangents can entirely lie in the plane distribution, in
which case the knot is called Legendrian knot, or if the tangents are transverse
to the planes, the knot is then called a transverse knot. A Legendrian knot
with a given knot type has two classical invariants: its Thurston-Bennequin
number and its rotation number. While for transverse knots there is only one
invariant; the self-linking number. The problem of classifying Legendrian
(transverse) knots up to Legendrian (transverse) isotopy naturally leads to the
question whether these invariants classify Legendrian (transverse) knots. A
knot type is called Legendrian (transverse) simple if any two realizations
of it with equal classical invariants are Legendrian (transverse) isotopic.
The unknot (ELTASHBERG—FRASER [4]), torus knots and the figure-eight knot
(ETNYRE-HONDA [7]) were proved to be both Legendrian and transversely
simple. By constructing a new invariant for Legendrian knots, CHEKANOV
[2] showed that not all knots are Legendrian simple, in particular he proved
that the knot 5, is not Legendrian simple. Later many other Legendrian
non-simple knots were found (EPSTEIN-FUCHS—MEYER [5] and NG [15]). The
case for transverse knots turned out to be harder. BIRMAN and MENASCO [1],
and ETNYRE and HONDA [6] constructed families of transversely non-simple
knots using braid and convex surface theory. The Legendrian invariant in the
combinatorial Floer homology provided another tool to construct transversely
non-simple knots (NG-OZSVATH-THURSTON [16]).

Using the language of Heegaard Floer homology recently three different
invariants were defined for Legendrian and transverse knots. One in the

combinatorial settings of knot Floer homology for the 3-sphere [25]: ;l\, one in

knot Floer homology for a general contact 3-manifold [13]: ¥ and one defined
as the contact invariant associated to the knot-complement: EH.

2. Main Results

In the dissertation I used Heegaard Floer homology to prove theorems
about Legendrian and transverse knots.
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Similarly to the smooth case there is a well defined notion of connect
summing Legendrian or transverse knots.

THEOREM 2.1. VERTESI [29] Let L| and L, be (oriented) Legendrian
knots of topological type K| and K,. Then there is an isomorphism

HFK ™ (m(K1)) @, (7] HFK ™ (m(K»)) — HFK™ (m(K#K5))

which maps A+(L1) @ A+(Ly) to A+(Li1#L,). Similar statement holds for the
A_-invariant.

COROLLARY 2.2. VERTESI [29] Let L| and L, be (oriented) Legendrian
knots of topological type K| and K,. Then there is an isomorphism

HFK(mn(K))) ©F, HFK(m(K3)) — HFK(m (K #K5))

which maps /T+(L1) @ /T+(lQ) to /T+(L1#la), Similar statement holds for the

A_-invariant. |

Similar results hold for the O-invariant of transverse knots:

COROLLARY 2.3. VERTESI [29] Let T| and T, be transverse knots of
topological type K| and K,. Then there are isomorphisms

HFK_(m(Kl )) ®]F2[U] HFK_(m(Kz)) — HFK™ (m(Kl #Kz))

and
HFK(mn(K))) ©F, HFK(m(K3)) — HFK(m (K #K5))

which map 0(Ty) ® 0(Ty) to O(Ty#T>) and O(T)) © (Do) to O(T#Ty),
respectively. |

As an application of the above result we prove:

THEOREM 2.4. VERTESI [29] There exist infinitely many transversely non-
simple knots.

The definition of the contact invariant in Heegaard Floer homology ad-

mits a generalization for Legendrian and transverse knots ¥ in the knot Floer
homology (LISCA-OzSVATH-STIPSICZ-SZABO [13]). The contact invariant of
Honda, Kazez and Matic for the complement of a Legendrian knot gives rise
to a Legendrian invariant: the EH-class. With Stipsicz we understood the
relation between these two invariants:
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THEOREM 2.5. STIPSICZ-VERTESI [27] There is a map from the sutured
Floer homology for the knot-complement to the knot Floer homology map-

pjngg to EH.

A nice consequence of this theorem, which was independently obtained
by VELA-VICK [28], is the following:

THEOREM 2.6. STIPSICZ-VERTESI [27] If the knot complement contains

Giroux torsion, then £ vanishes.

References

(11 J. S. BIRMAN and W. M. MENASCO: Stabilization in the braid groups II, Trans-
versal simplicity of knots, Geometry & Topology, 10 (2006), 1425-1452,
math.GT/0310280

[21 Y. CHEKANOV: Differential algebra of Legendrian links, Invent. Math., 150(3)
(2002), 441-483.

[31 Y. ELIASHBERG: Invariants in contact topology, Proceedings of the Interna-
tional Congress of Mathematicians Doc. Math., 11, 1998, 327-338.

[4] Y. ELIASHBERG and M FRASER: Classification of topologically trivial Legen-
drian knots, CRM Proc. Lecture Notes, Monteal, 15, 1998, 17-51, Amer.
Math. Soc., Providence, arXiv:0801.2553v1.

(51 J. EPSTEIN, D. FUCHS and M. MEYER: Chekanov-Eliashberg invariants and
transverse approximations of Legendrian knots, Pacific J. Math., 201
(2001), 89-106, arXiv:math/0006112v1.

(6] J. B. ETNYRE and K. HONDA: Cabling and transverse simplicity, Ann. of Math.,
162(3) (2001), 1305-1333, arXiv:math/0306330v2.

[71 J. B. ETNYRE and K. HONDA: Knots and contact geometry, I. Torus knots and
the figure eight knot, J. Symplectic Geom., 1(1) (2001), 63-120,
arXiv:math/0006112v1.

[8] P. GHIGGINI, K. HONDA and J. VAN HORN-MORRIS: The vanishing of the contact
invariant in the presence of torsion, arXiv:0706.1602v2.

[91 E. GIROUX: Convexité en topologie de contact, Comment. Math. Helv., 66
(1991), 637-677.

[10] K. HONDA, W. KAZEZ and G. MATIC: Contact structures, sutured Floer homol-
ogy, and TQFT, arXiv:0807.2431v1, 2008.

(111 A. JuHASZ: Holomorphic discs and sutured manifolds, Algebraic & Geometric
Topology, 6 (2006), 1429-1457, arXiv:math/0601443v2.

(121 P. KRONHEIMER and T. MROWKA: Witten’s conjecture and property P, Geometry
& Topology, 8 (2004), 295-310, arXiv:math/0311489v5.

2011. februar 16. -16:26 145



146 VERA VERTESI

[131 P. LiScA, P. OzSVATH, A. STIPSICZ and Z. SZABO: Heegaard Floer invariants of
Legendrian knots in contact 3-manifolds, arXiv:0802.0628v1, 2008.

[14] J. MARTINET: Formes de contact sur les variétés de dimension 3, Lecture Notes
in Math., 209 (1971), 295-310, Springer, Berlin.

[15] L. NG: Legendrian Thurston-Bennequin bound from Khovanov homology, Al-
gebraic & Geometric Topology, 5 (2004), 1637-1653, math.GT/0508649.

[16] L. NG, P. OzsVATH and D. THURSTON: Transverse knots distinguished by knot
Floer homology, Algebraic & Geometric Topology, 5 (2004), 1637-1653,
math/0703446.

[171 P. OzsVATH and Z. SZABO: Holomorphic disks and genus bounds, Geometry &
Topology, 8 (2004), 311-334, arXiv:math/0311496v3.

[181 P.OzSVATH AND Z. SZABO, Holomorphic disks and knot invariants, Adv. Math.,
186(1) (2004), 58-116.

(191 P. OzsVATH and Z. SZABO: Holomorphic disks and three-manifold invariants:
properties and applications, Ann. of Math., 159(2) (2004), 1159-1245,
arXiv:math/0105202v4.

(201 P. OzsVATH and Z. SZABO: Holomorphic disks and topological invariants for
closed three-manifolds, Ann. of Math. (2), 3 (2004), 1027-1158.

[211 P. OzsVATH and Z. SZABO: Heegaard Floer homology and contact structures,
Duke Math. J., 129(1) (2005), 39-61, arXiv:math/0210127v1.

[22]1 P. OzSVATH and Z. SZABO: Holomorphic triangles and invariants for smooth
four-manifolds, Advances in Mathematics, 202(2) (2006), 326-400,
arXiv:math/0110169v2.

[231 P. OzSVATH and Z. SZABO: Holomorphic discs, link invariants, and the multi-
variable Alexander polynomial, Algebraic & Geometric Topology, 8 (2008),
615-692, math/0512286.

[24] P. OzSVATH, Z. SZABO and D. THURSTON: Legendrian knots, transverse knots
and combinatorial Floer homology, arXiv:math/0611841v2.

[251 P. OzSVATH, Z. SZABO and D. THURSTON: Legendrian knots, transverse knots
and combinatorial Floer homology, Geometry & Topology, 12(2) (2008),
941-980, arXiv:math/0611841v2.

[26] J. A. RASMUSSEN: Floer homology and knot complements, PhD thesis, Harvard
University, 2003, math/0607691.

[271 A. STIPSICZ and V. VERTESI: On invariants for Legendrian knots, Pacific Jour-
nal of Math., (2008), arXiv:0806.1436v1.

[28] D.S. VELA-VICK: On the transverse invariant for bindings of open books, 2008,
arXiv:0802.0628v1.

[29]1 V. VERTESIL: Transversely nonsimple knots, Algebraic & Geometric Topology,
8 (2008), 1481-1498, arXiv:0712.2803v3.

2011. februar 16. -16:26 146



ANNALES UNIV. SCI. BUDAPEST., 54 (2011), 147-150

CONFERENCES

Student Reseach Circle Conference
Eotvos Lorand University, December 3, 2010

Gabor Csorgo: The comparison and bifurcational investigation of equa-
tions describing chemical reactions

Balazs Kovacs: Comparison of efficient numerical methods on an elliptic
problem

The aim of this paper is to compare and realize three efficient iterative meth-
ods which have mesh independent convergence.

There are several approaches for solving partial differential equations.
The finite element method is widely used. The system of algebraic equations
given by the FEM discretization can be solved in both iterative and direct
ways. If the equation is nonlinear then we need an iterative method, as is the
case in this paper where we discuss the radiative cooling problem:

—div(kVu)+ou*=0 in Q
kdoyu+a(u —i)=0 on 9 Q.
We look for the solution of the above model problem using finite element
discretization with gradient and Newton type methods. We show that there

exists a unique weak solution, we state convergence theorems concerning the
numerical methods and we also verify that they are applicable.

Three numerical methods have been carried out, namely, the gradient,
Newton and quasi-Newton methods. We have solved the model problem
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with these methods, we have investigated the differences between them and
analyzed their efficiency and mesh independence.

Gergé Nemes: log2, m, infinite series, continued fractions and Laplace
transforms

In this paper we investigate the behavior of the remainder of Leibniz’s series:

k=1

We also examine the accuracy of the well-known series for log 2:

N k—1
—1
g2 30 U
k=1

Using Laplace transforms we give asymptotic expansions and continued frac-
tion representations for the remainders in both cases. Some of these are
generalizations of previous results. We characterize the error terms by inverse
factorial series as well. These turn out to be useful tools to prove some
identities between various sequences.

Laszlo Sajtos: Modelling changes of stock exchange indices by copulas

We have investigated the structure of relationships of several American and
European stock indices by copulas (we used daily log-return data from the
past few years). The fundamental idea was the probability integral transforma-
tion, which allowed us to study the problem in one dimension, called Kendall
transform. We studied and illustrated the theoretical and empirical Kendall
transform of Gauss, t and Archimedean copulas, including the goodness of
fit of these copulas. The temporal dynamics can be observed by shifted-
windows, thus the time-dependence of the changes of the fitted parameters of
the used copulas could be realized. Consequently, this method can be applied
to study the changes of financial markets.

Daniel Soukup: The inconvenient D-property

We prove that there exists a 0-dimensional, scattered 7, space X such that
X is aD but not linearly D, answering a question of Arhangel’skii. The
constructions are based on Shelah’s club guessing principles.

Andras Szabé: Epidemic spread on contact networks: Comparison of the
differential equation and the Monte Carlo simulation
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The dynamics of disease transmission strongly depends on the properties of
the population contact network. In this paper, using a continuous time Markov
Chain, we start from the exact formulation of a simple epidemic model on
an arbitrary contact network and compare with heuristic approximations and
with Monte Carlo simulation results. We are looking for the expected value
of the number of infected nodes. The main result is that the error of the
approximations is large when we use a special graph, called modified cycle
graph. This graph is similar to the well known “small world” graph, but
it is not a random graph. Finally, we discuss the advantages and possible
applications of the approximations.

Dorottya Sziraki: Applying Algebraic Logic to Vaught’s Conjecture and
Related Problems

Let £ be a complete first order theory in a countable language with equal-
ity. Vaught conjectured that if X has more than Xy pairwise non-isomorphic
countable models, then it has 280 such models. Since it was first published,
Vaught’s conjecture has become an important open problem and has been
researched intensively.

In this paper, we investigate what happens when we replace the role of
isomorphism with that of elementary embeddability, and, if for a submonoid
S of injective functions on @, we allow only elementary embeddings that are
elements of S. We also consider the problem for first order logic without
equality. Thus, we obtain the following variant of the original conjecture. Let
Y be a theory in a first order language with or without equality, and let S be
a submonoid of the injective functions on w. If £ has more than countably
many pairwise non S-elementarily embeddable countable models, then it has
continuum many such models.

Our main result is proving the above variant for o-compact monoids S.
The proofs are based on the representation theories of certain cylindric and
quasi-polyadic algebras and investigations of the Stone spaces of these alge-
bras. A similar result had been proven in the case models are considered up
to isomorphism, for first order logic without equality. Our techniques and
results are generalizations of the ones there.

Istvan Tomon: Covering point sets with monotone paths

Lilla Tothmérész: The application of co-citation and SimRank to large
biological networks
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Co-citation and SimRank are functions on graphs, that assign a similarity
value to each pairs of nodes. These measures were inspired by the analysis
of the web and by scientific literature analysis. Our aim was to test how well
these measures reflect the functional similarities of proteins, when applied
to protein interaction networks. For testing the measures, we applied them
to human and yeast protein interaction networks. We compared the results
to the similarities indicated by the Pfam protein families using the Kruskal-
Goodman I" measure.

In this application we have quite large graphs, therefore the fast com-
putability of these measures is an important question. In the paper we pro-
posed a refined version of the SimRank computing algorithm.

Biological data may contain many faults, therefore we also examined the
stability of these measures.
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