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ANDRÁS GÁCS (1969–2009)

We report with great sadness the passing away of András Gács, associate
professor of the Department of Computer Science. He died suddenly at home
on 28 October 2009 at the age of 41.

Gács studied mathematics at
the Loránd Eötvös University be-
tween 1988 and 1993. After grad-
uation, he stayed at the university
as a student of the PhD program in
Pure Mathematics then newly cre-
ated. He obtained his degree in
1997 with the thesis “The Rédei
Method in Finite Geometry” (advi-
sor: Tamás Szőnyi). He spent the
years between 1997 and 2000 as a
researcher of the Alfréd Rényi In-
stitute of the Hungarian Academy
of Sciences. Then he returned to
the Department of Computer Sci-
ence as assistant professor. Gács
was promoted to associate profes-
sor in 2002. He received a Bolyai János Fellowship between 2006 and 2009.
With Zoltán Porkoláb he coordinated the mathematics–informatics seminar at
Bolyai College.

His research interest lied in finite geometry, algebraic methods in combi-
natorics, and polynomials over finite fields. His main skill was the clever use
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of polynomials for solving combinatorial problems arising from geometry. He
always liked problems which looked easy, but in reality, were difficult, some-
times very much so. We mention only two of Gács’s several strong results.
He established a fifteen year old conjecture of Blokhuis and Szőnyi on regular
semiovals by showing that they are either ovals or unitals. In a series of
papers he managed to prove an astonishing generalization of Rédei’s theorem
on directions determined by p points in an affine Galois plane. His results
inspired and will continue to inspire many researchers in finite geometry.

András was an enthusiastic teacher who also wanted to entertain his
audience. His students loved him as a teacher and as a person. He attracted
a strong group of gifted PhD students (Péter Csikvári, Tamás Héger, Zoltán
Lóránt Nagy) and worked on several problems with them. Gács was always
ready to help students, colleagues, and friends. He was a good friend of
many, and a good colleague of us all. We will sorely miss his warm-hearted
personality and special vein of humour.

The Institute of Mathematics of Eötvös Loránd University, Budapest
organized a memorial seminar on the 29th of October, 2010. Family mem-
bers, former students, classmates, and colleagues came together to share their
memories about András. The program of the seminar was coordinated by
Péter Sziklai. It consisted of the following talks:

� László Lovász: Opening

� Simeon Ball: On functions over a field of prime order p, which determine
less than p �pp directions

� Zsuzsa Weiner: Arcs and codes

� Aart Blokhuis: History and future of the directions problem

� Zoltán L. Nagy: Permutations, hyperplanes and polynomials over finite
fields

� László Szegő: Laughing is recommended

� Tamśs Szőnyi: From buildings to directions

� Leo Storme: Spectrum results in finite geometry

� Tamás Héger: Regular configurations in PG(2� p)

� Péter Csikvári: From the density Turán-problem to integral trees

Department of Computer Science, Institute of Mathematics
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Abstract. We examine the validity of certain spectral integral formu-
las in topological rings. We consider the sign and square-root functions in

polymetric rings containing 1
2 . It turns out that formal analogues of classical

transformation kernels and the resolvent identity can be used to understand the

situation. In the lack of 1
2 , the functions 1

2 � 1
2 sgn

�
1
2 � z

�
and 1

2 �
q

1
4 � z

can be generalized, respectively.

0. Introduction

Spectral integrals like

(1) sgnQ =
Z
fz�C : jz j=1g

1�z
2 + 1+z

2 Q

1+z
2 + 1�z

2 Q

jdz j
2�

and

(2)
p
S =

Z
fz�C : jz j=1g

S

1
z

��
1+z

2

�2
�
�

1�z
2

�2
S

� jdz j
2�

are often useful. They extend the complex functions sgnQ , which is the sign

function of (the real part of) Q , and
p
S , which is the square root function

cut along the negative real axis, respectively. Definitions like above are
justified if they are supported by appropriate algebraic identities and spectral

AMS subject classification (2000): Primary: 46H30, Secondary: 13J99.
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properties. This is the situation in linear analysis, where the formulas above
can be established for elements with appropriate spectral properties in great
generality, even if the resolvent terms are not necessarily continuous, cf.
Haase [1], Mart��nez Carracedo�Sanz Alix [3]. We refer to this case
as the “analytic case”.

However, in the analytic case, if the resolvent terms are continuous, then
they are also smooth, and one can expand everything in terms of Fourier
series, or rather Laurent series in z . One can naturally ask if similar com-
putations can be done in more general rings, in particular, in rings without a
natural R-action. It is natural to check these ideas for formal Laurent series
on polymetric rings. We refer to this case as the “algebraic case”.

We call a ring A polymetric if

(a) its topology is induced by a family of “seminorms” p : A � [0�+�)
such that p(0) = 0, p(�X ) = p(X ), p(X +Y ) � p(X ) + p(Y ),

(b) for each “seminorm” p there exists a “seminorm” p̃ such that p(XY ) �
p̃(X )p̃(Y );

i. e., if it is a polymetric space whose multiplication is compatible with the
topology. Dealing with Laurent series in z , integration over the unit circle
becomes a formal process. It is nothing else but detecting the coefficient

of z0. On the other hand, for the multiplication of Laurent series, some
sort of convergence control is required. Primarily, we will be interested in
Laurent series with rapidly decreasing coefficients. A sequence is rapidly
decreasing if it is rapidly decreasing in each seminorm. Furthermore, we
consider only sequentially complete, Hausdorff polymetric rings. We also

assume that 1
2 � A. Then (1) and (2) are meaningful.

Indeed, applied to elements with appropriate “spectral” properties, the

expressions sgnQ and
p
S will have good properties justifying the nota-

tion. This can be proved by an analysis of the coefficients. The algebraic
approach is particularly manageable in the case of (1), it is essentially shown
in Karoubi [2], by a direct analysis of coefficients, that the expression sgnQ
yields an involution compatible with factorization of affine loops. Neverthe-
less, such computations are not necessarily very enlightening. The objective
of this paper is to prove our statements regarding the algebraic case and to
do this in a manner which brings the algebraic and analytic cases together, at
least formally. It turns out that the basic tool of the analytic case, the resolvent
identity, works generally. Another natural question is what happens in the
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lack of 1
2 . Then the sign and square root functions are not really appropriate.

Instead, we can generalize

(3) idemP =
Z
fz�C : jz j=1g

Pz

1 � P + Pz
jdz j
2�

and

(4) F
p
T =

Z
fz�C : jz j=1g

(1 + z )T

1 + (z � 2 + z�1)T

jdz j
2�

�

extending the functions idem P = 1
2� 1

2 sgn
�

1
2�P

�
and F

p
T = 1

2�
q

1
4 � T ,

repectively.

1. Laurent series

��� If A is a polymetric ring, then we may consider formal Laurent
series a =

P
n�Zanzn . If p is a seminorm on A and � : Z � R+ is a

non-negative function, then we may define p�(a) =
P
n�Z�(n)p(an). Then

we may consider the polymetric spaces

(a) A[z�1� z ]f of essentially finite Laurent series,

(b) A[z�1� z ]� of rapidly decreasing Laurent series,

(c) A[z�1� z ]b of “summable” Laurent series,

(d) A[[z�1� z ]]b of bounded Laurent series,

(e) A[[z�1� z ]]� of polynomially growing Laurent series,

(f) A[[z�1� z ]]f of formal Laurent series, as the spaces which contain
series bounded for each p� such that

(a) � is unrestricted,

(b) � is polynomially growing,

(c) � is bounded,

(d) � is summable,

(e) � is rapidly decreasing,

(f) � is vanishing except at finitely many places, respectively.

We have continuous inclusions

A[z�1� z ]f
�� A[z�1� z ]� �� A[z�1� z ]b

�� A[[z�1� z ]]b
��

�� A[[z�1� z ]]� �� A[[z�1� z ]]f�
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Of these spaces, A[z�1� z ]f, A[z�1� z ]�, A[z�1� z ]b will remain poly-

metric rings. Indeed, g(p� ) can be chosen as p̃�̌ , where

�̌(n) = 1 � max
�2jnj�m�2jnj

j�(m)j�

We have compatible continuous module actions A[z�1� z ]��A[[z�1� z ]]� �
� A[[z�1� z ]]�. Essentially the same applies to the spaces of power series

A[z ]f, A[z ]�, A[z ]b, A[[z ]]b, A[[z ]]�, A[[z ]]f, except here even A[[z ]]�,

A[[z ]]f are polymetric rings. Indeed, for them, g(p� ) can be chosen as p̃�̀ ,

where �̀(n) =
p

maxn�m j�(m)j. An element like 1+Q
2 + 1�Q

2 z may be

considered either as an element of A[z�1� z ]f, A[z�1� z ]�, or A[z�1� z ]b,
etc. Practically, the difference is that the larger the ring is the easier is to find
a multiplicative inverse of the element given.

��� If a(z ) =
P
n�Zanzn � A[[z�1� z ]]f, then we define formallyZ

a(z )
jdz j
2�

= a0�

The Hilbert kernel (“up to multiplication by i”) is defined as�
1 + z
1� z

�
=
X
s�Z

(sgn s)z s � A[[z�1� z ]]b�

��� Some further terminology is as follows. For a(z ) =
P
n�Zanzn �

� A[z�1� z ]b we let

lim
z�1

a(z ) =
X
n�Z

an �

Naturally, this notation also applies to power series.

In what follows, we let A[z�1� z ], A[[z�1� z ]] A[z ], A[[z ]] denote
A[z�1� z ]�, A[[z�1� z ]]�, A[z ]�, A[[z ]]�, respectively, but similar state-

ments hold for f and b, too.

Proposition ��	� For a(t � z ) � A[t] [[z�1� z ]] and b(z ) � A[z�1� z ]�Z �
lim
t�1

a(t � z )

�
b(z )

jdz j
2�

= lim
t�1

Z
(a(t � z ))b(z )

jdz j
2�

�
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Proof� This is just the generalized associativity of the rapidly decreasing
(hence absolute convergent) sum

P
n�N�s�Z an�sb�s .

��
� For the sake of brevity, we call the elements of A[t] [[z�1� z ]] as
transformation kernels. Practically, the convenient thing is to consider those

elements of the ring A[[t]]f[z�1� z ]b which can be thought to be transforma-
tion kernels. (This is advantageous from computational viewpoint, because

the product of a(t � z ) and b(z ) � A[z�1� z ] formally yields the same element

of A[[t]]f[[z�1� z ]]b either we interpret a(t � z ) � A[[t]]f[z�1� z ]b or a(t � z ) �
� A[t] [[z�1� z ]], but the first case is often easier to compute with.)

Such elements are the Poisson kernel

P(t � z ) =
1� t2

(1� tz )(1� tz�1)
=
X
s�Z

t jsjz s �

the Hilbert-Poisson kernel

H(t � z ) =
t(z � z�1)

(1� tz )(1� tz�1)
=
X
s�Z

(sgn s)t jsjz s �

the 1
2 -shifted odd Poisson kernel

L(t � z ) =
(1� t)(1 + z )

(1� tz )(1� tz�1)
=
X
s�N

t sz�s +
X
s�N

t sz s+1�

and the variant regularization kernel

R̃(t � z ) =
(1 + t)t(1� z )(1� z�1)

2(1� tz )(1� tz�1)
=

=
X

s�N�s�0

t s+1 � t s
2

z�s + t +
X

s�N�s�0

t s+1 � t s
2

z s �

This latter one has the property

lim
t�1

R̃(t � z ) = 1

(here we think of R̃(t � z ) as an element of A[t] [[z�1� z ]]). The ordinary
regularization kernel

R(t � z ) =
t(1� z )(1� z�1)

(1� tz )(1� tz�1)
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is just an element of A[[t]]f[z�1� z ]b, hence it is not so convenient alge-
braically. On the other hand, the use of variant regularization makes the
variant Hilbert-Poisson kernel

H̃(t � z ) =
1 + t

2
H(t � z ) =

(1 + t)t(z � z�1)

2(1� tz )(1� tz�1)
=
X
s�Z

(sgn s)
1 + t

2
t jsjz s

useful.

It is not hard to see that the definitions and the proposition above can
be formulated in the case when we have many variables z � w� � � � instead of
just z . For example, we may consider the Hilbert kernel�

z + w
z � w

�
=

�
1 + wz�1

1� wz�1

�
=
X
s�Z

(sgn s)w sz�s �

2. Spectral classes

���� In order to save some space we use the short-hand notation

�(a) = 1
2 (1 + a)�

�(a� b) = 1
2 (1 + a + b � ab)�

�(a� b� c) = 1
4 (1 + a + b + c � ab + ac � bc + abc)�

�(a� b� c� d) = 1
4 (1 + a + b + c + d � ab � bc � cd + ac + ad + bd

+ abc � acd � abd + bcd � abcd)�

etc., following the scheme

�(c1� c2� c3� � � � � cn) = 2�d
n
2 e

X
��f0�1gn

	
 Y
1�j�n

(�1)�j �j+1

�A	
 Y
1�k�n

c
�k
k

�A
such that the order of the symbols ck is preserved in the products.

���� Let C = C � f�g denote the Riemann sphere. Some subsets are:

iR = iR � f�g, R� = (��� 0] � f�g, C� = fs � C : Rea s � 0g � f�g,
�
D 1 = fz � C : jz j �1g. We define the functions pol J = �i sgn iJ ,
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jJ ji =
p
�J 2, jQ jr =

p
Q2, jP jF = 1

2 �
���12 � P���r. We have the following

commutative diagram on certain subsets of the complex plane:
(5)

J � C n R J � fi��ig

S � C n R� Q � C n C� Q � C n iR Q � f1��1g

T � C n
� 1

4 � R�
�

P � C n
� 1

2 � C�
�

P � C n
�

1
2 � iR

�
P � f0� 1g

W �
�
D

1

J �� �J 2

J �� jJ ji

J �� pol J

S �� p
S

S �� 1�S
4

T �� 1�4T

Q �� 1�Q
2

P �� 1�2P

Q �� jQjr

Q �� Q2

Q �� sgnQ

Q �� 1�Q
2

P �� 1�2P

Q �� 1�Q
2

P �� 1�2P

T �� Fp
T

P �� jPj
F

P �� P (1 � P )

P �� idem P

P �� �P (1 � P )�1

W �� �W (1 �W )�1

such that pol J , sgnQ , idemP , jJ ji, jQ jr, jP jF yield idempotent operations
and they yield decompositions

J = jJ ji pol J� Q = jQ jr sgnQ� P = idem P + jP jF � 2jP jF idemP�

Definitoin ���� Suppose that A is a locally convex algebra and R is a
compact subset of C . We define SpecR(A) as the set containing all elements
X � A such that the functions

fR : z � R n f�g 	� (z �X )�1 and gR : z � R n f0g 	� X (1� z�1X )�1

are well-defined and continuous. The topology of SpecR(A) is induced
from the compact-open topology of the continuous functions (fR)j

D 1	R and

(gR)j
Rn

�

D 1
. (If R is symmetric for conjugation then we may use the functions

fR(z )fR(z̄ ) and gR(z )gR(z̄ ) in order to get a formally real characterization.)

Classes of interest are like SpeciR(A), etc., i. e. the elements spectrally

avoiding iR , etc. Another way to specify spectral conditions is to ask for
skew-involutions, involutions, or idempotents. The main spectral classes
correspond to the sets in (5) for A = C .
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Definition ��	� We define the corresponding formal spectral classes by

J � gSpec
R

(A) 
 1
z

��
1+z

2

�2
+
�

1�z
2

�2
J 2
�

is invertible in A[z � z�1]�

J � Skvol(A) 
 J 2 = �1�

Q � gSpeciR(A) 
 1+z
2 + 1�z

2 Q = �(z � Q) is invertible in A[z � z�1]�

Q � gSpec
C�

(A) 
 1+z
2 + 1�z

2 Q = �(z � Q) is invertible in A[z ]�

Q � Invol(A) 
 Q2 = 1�

S � gSpec
R�

(A) 
 1
z

��
1+z

2

�2
�
�

1�z
2

�2
S

�
= �(z � S� z�1)

is invertible in A[z � z�1]

P � gSpec 1
2 +iR

(A) 
 (1� P) + Pz is invertible in A[z � z�1]�

P � gSpec 1
2�C�

(A) 
 (1� P) + Pz is invertible in A[z ]�

P � Idem(A) 
 P2 = P�

T � gSpec 1
4�R�

(A) 
 1 � (1� z )(1� z�1)T is invertible in A[z � z�1]�

W � gSpec
C n

�

D 1
(A) 
 1 + zW is invertible in A[z ]�

��
� If A is a locally convex algebra, then the formal spectral classes
and their ordinary counterparts are the same. Indeed, the continuity of the
resolvent terms implies smoothness by the resolvent identity, hence the exis-
tence of the appropriate Fourier series, and, conversely, the existence of the
expansions implies continuity.

Objective ���� We want to establish the spectral correspondences and
decompositions as in point 2.2 for the formal spectral classes.
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3. Calculations with 1
2

A. Sign and square root

Definition ���� For Q � gSpeciR(A), we define

sgnQ =
Z 1�z

2 + 1+z
2 Q

1+z
2 + 1�z

2 Q

jdz j
2�

=
Z
�(�z � Q)
�(z � Q)

jdz j
2�

�

Proposition ���� If Q � gSpeciR(A)� then �Q�Q�1 � gSpeciR(A)� Q

commutes with sgnQ � sgn�Q = � sgnQ and sgnQ�1 = sgnQ � Moreover�

(sgnQ)2 = 1�

Proof� Substituting z = �1 we see that Q�1 exists. The first state-

ment follows from the identities �(z ��Q) = z�(z�1� Q) and �(z � Q�1) =
= Q�1�(�z � Q). Furthermore, Q and sgnQ commute, because Q commutes
with the integrand in sgnQ . The identities

�(�z ��Q)
�(z ��Q)

jdz j
2�

= ��(�z�1� Q)

�(z�1� Q)

jd(z�1)j
2�

and

�(�z � Q�1)

�(z � Q�1)

jdz j
2�

=
�(z � Q)
�(�z � Q)

jd(�z )j
2�

integrated prove the first and second equalities, respectively.

The critical one is the involution property. We give several proofs.

�Matrix algebraic� proof� Let H1�2 =
P
s�Z+ 1

2
(sgn s)es�s be the�

Z+
1
2

�
�
�
Z +

1
2

�
matrix of the odd Hilbert transform. Let

U
�

1+Q
2 z�1�2 + 1�Q

2 z1�2
�

=
X
s�Z+ 1

2

1+Q
2 e

s�1
2 �s
� 1�Q

2 e
s+ 1

2 �s

be the Z�
�
Z + 1

2

�
matrix of the action of multiplication by�

1 + Q
2

+
1� Q

2
z

�
z�1�2�
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According to our assumption, this has a
�
Z + 1

2

�
� Z inverse matrix repre-

senting the action of multiplication by z1�2
�

1+Q
2 + 1�Q

2 z
��1

. So, we can

consider the matrix

B
�

1+Q
2 z�1�2 + 1�Q

2 z1�2
�

=

= U
�

1+Q
2 z�1�2 + 1�Q

2 z1�2
�

H1�2U
�

1+Q
2 z�1�2 + 1�Q

2 z1�2
��1

�

Due to the special shape of the matrices involved, it is easy to see that
this is an involution which is the same as the even Hilbert transform H =
=
P
s�Z(sgn s)es�s , except in the 0th column. This special shape implies that

the diagonal element in the 0th column is an involution. On the other hand,
it is easy to see that this diagonal element is exactly sgnQ .

�Resolvent algebraic� proof� As

(6) 1� (sgnQ)2 =
ZZ �

1� �(�z � Q)
�(z � Q)

�(�w�Q)
�(w�Q)

� jdz j
2�

jdw j
2�

�

we should show that this integral is 0. This, however, follows from the key
identity

1 � �(�z � Q)
�(z � Q)

�(�w�Q)
�(w�Q)

=
� z + w

2

� 1� Q2

�(z � Q)�(w�Q)
=

=
1
2

�
z + w
z � w

�
(z � w )(1� Q2)
�(z � Q)�(w�Q)

=

=
1
2

�
z + w
z � w

�
(z � 1)(1� Q2)

�(z � Q)
� (w � 1)(1� Q2)

�(w�Q)

�
�(7)

which does make sense in A[[z�1� z ]][[w�1� w ]]. Indeed, (6) can be contin-
ued as

=
ZZ �

z + w
z � w

�
(z � 1)(1� Q2)

2�(z � Q)
jdz j
2�

jdw j
2�

�

�
ZZ �

z + w
z � w

�
(w � 1)(1� Q2)

2�(w�Q)
jdz j
2�

jdw j
2�

�

Evaluating the integrals we find

=
ZZ

0 � (z � 1)(1� Q2)
2�(z � Q)

jdz j
2�

�
ZZ

0 � (w � 1)(1� Q2)
2�(w�Q)

jdw j
2�

= 0 � 0 = 0�
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This proof, like the previous one, relies heavily on the nature of Laurent
series. Nevertheless the argument can be modified so that formally it makes
sense in the analytical and the algebraic cases as well.

�Resolvent analytic� proof� According to the discussion about transfor-
mation kernels, (6) can be continued as follows:

= lim
t�1

ZZ
R̃(t � wz�1)

�
1� �(�z � Q)

�(z � Q)
�(�w�Q)
�(w�Q)

� jdz j
2�

jdw j
2�

�

By simple arithmetic in the integrand, this yields

= lim
t�1

�ZZ
H̃(t � wz�1)

(z � 1)(1� Q2)
2�(z � Q)

jdz j
2�

jdw j
2�

�

�
ZZ

H̃(t � wz�1)
(w � 1)(1� Q2)

2�(w�Q)
jdz j
2�

jdw j
2�

�
�

Executing the integrals we find

= lim
t�1

�Z
0� (z � 1)(1� Q2)

�(z � Q)
jdz j
2�

�
Z

0� (w � 1)(1� Q2)
�(w�Q)

jdw j
2�

�
= 0+0 = 0�

yielding, ultimately, the identity. We remark that in the analytic case, it would

actually be simpler to use the kernel R(t � wz�1).

Definition ���� If S � gSpec
R�

(A), then we define the inverse square

root operation as

p
S =

Z
zS�

1+z
2

�2
�
�

1�z
2

�2
S

jdz j
2�

=
Z

S

�(z � S� z�1)

jdz j
2�

�

Proposition ��	� Suppose that

S � gSpec
R�

(A)�

Then S�1 � gSpec
R�

(A)� The elements
p
S and S commute with each other�

p
S�1 =

p
S
�1

� Furthermore�

(8) (
p
S )2 = S�
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Proof� Substituting z = �1 into the resolvent term, we see that S�1

exists. The identity
1

�(z � S�1� z�1)
=

S

�(�z � S� (�z )�1)
shows that S�1 �

� gSpec
R�

(A). Integrated, it yields S
p
S�1 =

p
S . If the square-root identity

(8) holds, then this implies
p
S�1 =

p
S
�1

. So, it remains to prove (8). As

(9) (
p
S )2 � S =

ZZ �
S

�(z � S� z�1)

S

�(w� S� w�1)
� S

� jdz j
2�

jdw j
2�

�

we have to show that this integral is 0. This follows using the key identities

S

�(z � S� z�1)

S

�(w� S� w�1)
� S =(10)

= S
S � �(z � S� z�1� 1� w � S� w�1)

2�(z � S� z�1)�(w� S� w�1)
+ S

S � �(z � S� z�1� 1� w�1� S� w )

2�(z � S� z�1)�(w� S� w�1)
;

S � �(z � S� z�1� 1� w � S� w�1)

2�(z � S� z�1)�(w� S� w�1)
=

=
1
2

�
zw�1 + 1

zw�1 � 1

�
�(�z � S� z�1)

�(z � S� z�1)
� �(�w� S� w�1)

�(w� S� w�1)

�
;(11)

S � �(z � S� z�1� 1� w�1� S� w )

2�(z � S� z�1)�(w� S� w�1)
=

=
1
2

�
zw + 1
zw � 1

�
�(�z � S� z�1)

�(z � S� z�1)
� �(w� S��w�1)

�(w� S� w�1)

�
�(12)

Indeed, after we decomposed the integrand in (9) according to (10–12), we
can show that both parts are 0 as we did in the previous proof.

Proposition ��
� Q � gSpeciR(A) if and only if Q2 � gSpec
R�

(A)� In

this case

sgnQ = Q�1
q
Q2�

Proof� The first statement follows from the equality �(z � Q2� z�1) =

= �(z � Q)�(z�1� Q). The identity statement follows from

sgnQ =
sgnQ

2
+

sgnQ
2

=
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=
1
2

Z
�(�z � Q)
�(z � Q)

jdz j
2�

+
1
2

Z
�(�z�1� Q)

�(z�1� Q)

jd(z�1)j
2�

=

=
Z

1
2


�(�z � Q)
�(z � Q)

+
�(�z�1� Q)

�(z�1� Q)

�
jdz j
2�

=

=
Z

Q

�(z � Q2� z�1)

jdz j
2�

= Q�1
q
Q2�

B. Finer analysis of the resolvent terms

Definition ���� (a) We define jQ jr =
p
Q2 = Q sgnQ .

(b) If F � A is an involution, then an element A � A can be written in
matrix form � 1�F

2 A1�F
2

1�F
2 A1+F

2

1+F
2 A1�F

2
1+F

2 A1+F
2

�
�

Suppose that Q � gSpeciR(A). In the decomposition of A along the
involution sgnQ , the various components are denoted according to

sgnQ =

��1� sgnQ
1sgnQ

�
� Q =

h�Q�
Q+

i
� jQ jr =

h
Q�

Q+

i
�

Proposition ���� Q
 � gSpeciR(A1
 sgnQ )� sgnQ
 = 1
 sgnQ � and

sgn jQ jr = 1�

Proof� The decomposition of Q along sgnQ allows us to consider Q
separately in the direct sum components of A. In particular, the sign inte-
gral splits, too, and it necessarily yields sgnQ+ = 1sgnQ and sgn�Q� =
= �1sgn�Q . The statement follows from this immediately.

Proposition ��� If Q � gSpeciR(A)� then

(a)

1
1+z

2 + 1�z
2 Q

=
1

�(z � Q)
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is given by

� � � +

��
Q��1
Q�+1

�2
2

Q�+1
0

�
z�3 +

��
Q��1
Q�+1

�
2

Q�+1
0

�
z�2+

+

� 2
Q�+1

0

�
z�1 +

�
0

2
Q++1

�
1 +

�
0

2
Q++1

�
Q+�1
Q++1

� �
z+

+

�
0

2
Q++1

�
Q+�1
Q++1

�2

�
z2 + � � �

(b)
1�z

2 + 1+z
2 Q

1+z
2 + 1�z

2 Q
=
�(�z � Q)
�(z � Q)

is given by

� � � +

�
�2
�
Q��1
Q�+1

�3

0

�
z�3 +

�
�2
�
Q��1
Q�+1

�2

0

�
z�2+

+

�
�2
�
Q��1
Q�+1

�
0

�
z�1 +

��1� sgnQ
1sgnQ

�
1+

+

�
0

2
�
Q+�1
Q++1

��
z +

�
0

2
�
Q+�1
Q++1

�2

�
z2+

+

�
0

2
�
Q+�1
Q++1

�3

�
z3 + � � �

(c) In particular�

1
1 + jQ jr =

Z
1
2

1 + z
�(z � Q)

jdz j
2�

�

Proof� (a) It is enough to consider the Q+ part of the decomposition,

because the other part follows from changing z to z�1. So, we can suppose
that Q = jQ j and sgnQ = 1.

We try to figure out the coefficients in the expansion

1
�(z � Q)

=
X
n�Z

anz
n �
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The equality sgnQ = 1 means that

0 =
1� sgnQ

2
=

1
2

Z �
1 � �(�z � Q)

�(z � Q)

� jdz j
2�

=

=
Z

1� Q
2

z

�(z � Q)
jdz j
2�

=
1� Q

2
a�1�(13)

The product of �(z � Q) = 1+Q
2 + 1�Q

2 z and
P
n�Zanzn gives 1, so

(14)
1� Q

2
an�1 +

1 + Q
2

an = �0�n1�

From (13) and the case n = 0 in (14), we obtain that a0 = 2
1+Q . After

that, from (14), we find an+1 = Q�1
Q+1 an , yielding the positive-numbered

coefficients. Then F (z ) =
P
n�N anzn already inverts �(z � Q), hence, from

the uniqueness of the inverse, a(z ) = F (z ).

(b) and (c) follow from part (a) by simple algebra.

Proposition ���� (a) If S � gSpec
R�

(A)� then

z�
1+z

2

�2
�
�

1�z
2

�2
S

=
1

�(z � S� z�1)

yields the expansion

p
S
�1

1 +
p
S
�1
p

S � 1p
S + 1

�
(z + z�1) +

p
S
�1
p

S � 1p
S + 1

�2

(z2 + z�2) + � � �

(b) In particular�

1p
S + 1

=
Z

1
2

1 + z

�(z � S� z�1)

jdz j
2�

�

Proof� (a) Take Q =
p
S . Proposition 3.5 yields sgnQ = 1. Applying

the identity
1

�(z � S� z�1)
=

1

�(z � Q)�(z�1� Q)
and Proposition 3.8, it follows

that the coefficient of z
n (n � 0) in the expansion is�
2

Q + 1

�2 X
m�N

�
Q � 1
Q + 1

�n+2m

=
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=

�
2

Q + 1

�2�
Q � 1
Q + 1

�n 
1�

�
Q � 1
Q + 1

�2
��1

�

which simplifies as above. The rapid decrease of
�
Q�1
Q+1

�s
makes our compu-

tations legal.

(b) follows from part (a).

Proposition ����� (a) Q � gSpec
C�

(A) if and only if Q � gSpec
iR�

(A)

and sgnQ = 1�

(b) W � gSpec
C n

�

D 1
(A) if and only if W n is rapidly decreasing�

(c) If Q � gSpec
C�

(A)� then 1�Q
1+Q � gSpec

C n
�

D 1
(A)� Conversely� if W �

� gSpec
C n

�

D 1
(A)� then 1�W

1+W � gSpec
C�

(A)� This establishes a bijection�

Proof� (a) follows from Proposition 3.8.a. (b) holds because in those

cases (1�Wz )�1 =
P
n�NW nzn must hold. (c) follows from �

�
z � 1�W

1+W

�
=

= 1+zW
1+W and 1 + 1�Q

1+Q z = 2�(z �Q)
1+Q .

C. On our objective

����� Now, it is easy to see that the propositions proven above are suf-
ficient to establish all the spectral correspondences asked in 2.6. We merely

define jJ ji =
p
�J 2, pol J = J j � J 2j�1

i , idemP = 1
2 � 1

2 sgn
�

1
2 � P

�
,

jP jF = 1
2 �

���12 � P���r, and F
p
T = 1

2 �
q

1
4 � T . Hence our objective is

established.

This is, however, not to say that everything is just like for locally convex
algebras:
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D. Comparison to the case of locally convex algebras

Proposition ����� If A is a locally convex algebra� then the condition

that S � Spec
R�

(A) is equivalent to the condition that the function

1 + t
2

+
1� t

2
S

has a continuous inverse on [�1� 1]� �This is the same thing as to say that the

segment connecting 1 and S is continuously invertible�� The square root can

be expressed as

p
S =

Z
t�[�1�1]

S

1+t
2 + 1�t

2 S

dt

�
p

1� t2
�

Proof� It follows by change of variables using t = z+z�1

2 .

����� If S � Spec
C�

(A), then 1+t
2 + 1�t

2 S (t � [�1� 1]) is clearly

invertible. As a rapidly decreasing power series in t , using t = z+z�1

2 and con-

sidering the coefficients of z k in
�
z+z�1

2

�n
, it follows that S � Spec

R�
(A).

Hence the inclusion Spec
C�

(A)  Spec
R�

(A) is true. In the general context,

this cannot be done so, because the boundedness of the elements 1
2n
�n
k

�
is not

always clear. Similar comment applies for Spec 1
2 +C�

(A)  Spec 1
2 +R�

(A).

4. Formal homotopies

	��� One expects certain natural behaviour from the operations above.
For example, one expects to have a homotopy from Q to sgnQ insidegSpeciR(A). In general algebras, one cannot use continuous variables, but
one can come up with homotopies using formal variables. Let us remind that

an element Q � gSpeciR(A) can be decomposed to a commuting pair, sgnQ

and a perturbation of 1 which is jQ jr. But we may also consider this as a
decomposition to the commuting pair sgnQ and a perturbation of 0 which is

pertrQ =
jQ jr � 1
jQ jr + 1

= �
Z 1+z

2 � 1�z
2 Q

1+z
2 + 1�z

2 Q

jdz j
2�

= �
Z
�(z ��Q)
�(z � Q)

jdz j
2�

�
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If we replace pertrQ by t pertrQ in the decomposition, then we obtain a
homotopy, this appears as K (t ��1� Q) in what follows.

Definition 	��� We define

K (t � z � Q) =
1 + sgnQ

2
�(tz � jQ jr)
�(t � jQ jr) +

1� sgnQ
2

z
�(tz�1� jQ jr)
�(t � jQ jr) �

H (t � z � Q) =
1 + sgnQ

2
�(t � jQ jr)
�(tz � jQ jr) +

1� sgnQ
2

z�1 �(t � jQ jr)
�(tz�1� jQ jr)

�

L(t � z � Q) =
1 + sgnQ

2
�(tz � jQ jr) +

1� sgnQ
2

z�(tz�1� jQ jr)�

G(t � z � Q) =
1 + sgnQ

2
1

�(tz � jQ jr) +
1� sgnQ

2
z�1 1

�(tz�1� jQ jr)
�

Proposition 	��� The expressions K (t � z � Q) and H (t � z � Q) are multi�

plicative inverses of each other�

K (t � z � Q) =
�(z � sgnQ� t � jQ jr)

�(t � jQ jr) = �

�
z �
�(�t � jQ jr)
�(t � jQ jr) sgnQ

�
�

K (t � 1� Q) = 1� K (1��1� Q) = Q � K (0��1� Q) = sgnQ � K (�1��1� Q) =

= Q�1�

H (t � z � Q) =
�(t � jQ jr)�(z�1� sgnQ� t � jQ jr)

�(tz � jQ jr)�(tz�1� jQ jr)
�

Similarly� the expressions L(t � z � Q) and G(t � z � Q) are inverses�

L(t � z � Q) = �(z � sgnQ� t � jQ jr) = �(t � sgnQ� z � Q)�

L(t � 1� Q) = �(t � jQ jr)� L(1��1� Q) = Q � L(0��1� Q) = 1
2 (Q + sgnQ)�

L(�1��1� Q) = sgnQ �

G(t � z � Q) =
�(z�1� sgnQ� t � jQ jr)
�(tz � jQ jr)�(tz�1� jQ jr)

�

Proof� The computation is easy if we notice that in the defining formulas

the coefficients of 1+sgnQ
2 and 1�sgnQ

2 live separate lives because sgnQ is
an involution.

The properties of K show that �(�t �jQ jr)
�(t �jQ jr) sgnQ is a homotopy from Q

(t = 1) to sgnQ (t = 0) inside gSpeciR(A). Here the meaning of “inside” is
that the whole expression satisfies the appropriate formal spectral condition.
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Proposition 	�	�

K (t � w � Q) =
Z
P(t � z )

�(zw�Q)
�(z � Q)

jdz j
2�

�

H (t � w � Q) =
Z
P(t � z )

�(z � Q)
�(zw�Q)

jdz j
2�

�

G(t � w � Q) =
Z
L(t � z )

1
�(zw�Q)

jdz j
2�

�

Proof� This follows from the series expansion in Proposition 3.8.

Remark 	�
� In locally convex algebras, the controllability of the powers

of z+z�1

2 makes possible to consider

�
�
z � �(t � jQ jr) sgnQ

�
=

=
1 + sgnQ

2
�(�(z � t)� jQ jr) +

1� sgnQ
2

z�(�(z�1� t)� jQ jr)�
whose inverse turns out to be

�(z�1� �(t � jQ jr) sgnQ)

�(�(z � t)� jQ jr)�(�(z�1� t)� jQ jr)
�

This shows that �(t � jQ jr) sgnQ = 1+t
2 sgnQ + 1�t

2 Q is also a formal homo-

topy between Q (t = �1) and sgnQ (t = 1) inside gSpeciR(A).

	��� Similarly, we can contract elements inside gSpec
R�

(A) to 1. For

S � gSpec
R�

(A) consider

C (t � S ) =

	
 1 + t
p
S�1p
S+1

1� t
p
S�1p
S+1

�A2

�
p
C (t � S ) =

1 + t
p
S�1p
S+1

1 � t
p
S�1p
S+1

�

The substitution t 	� �t inverts them multiplicatively. In fact, the corre-
sponding loops invert:

Proposition 	��� For S � gSpec
R�

(A)� we have

1

�(w�C (t � S )� w�1)
=

p
Sp

C (t � S )

Z
P(t � z )

1

�(zw� S� (zw )�1)

jdz j
2�

�
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Remark 	�� In locally convex algebras, alternative contracting paths are
rather trivial to find. It is more interesting to see that the class of loops of type

1

1
z

��
1+z

2

�2
A�1 �

�
1�z

2

�2
B�1

�
remains invariant with respect to the Poisson kernel. For t = 0, they contract
to the geometric mean

p
A � B =

Z
1

1
z

��
1+z

2

�2
A�1 �

�
1�z

2

�2
B�1

� jdz j
2�

�

5. Calculations without 1
2

As we have seen, much can be generalized to the case 1
2 � A. It is natural

to ask what happens in the lack of 1
2 . Then only the lower portion of (5) can

be generalized. Again, the idempotent and the F-square-root identities are the
key properties.

Definition 
��� For P � Spec 1
2 +iR

(A), we define

idemP =
Z

Pz

1� P + Pz
jdz j
2�

�

Proposition 
��� If P � Spec 1
2 +iR

(A)� then 1� 2P is invertible� 1� P �
�P

1�2P � Spec 1
2 +iR

(A)� and idem (1� P) = 1 � idemP � idem �P
1�2P = idemP �

Furthermore�

(idemP)2 = idemP�

Proof� The invertibility statement follows from the substitution z = �1.

The identities P + (1 � P)z = (P + (1 � P)z�1)z and (1 � �P
1�2P ) + �P

1�2P z =

= (1� 2P)�1(1� P + P(�z )) imply the spectral statements. The identities

Pz

(1� P) + Pz
jdz j
2�

=


1� (1� P)z�1

P + (1� P)z�1

�
jd(z�1)j

2�
�
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�P
1�2P z

(1� �P
1�2P ) + �P

1�2P z

jdz j
2�

=
P(�z )

1 � P + P(�z )
jd(�z )j

2�

integrated prove the first and second equalities, respectively. We can prove
the idempotent identity in several ways:

Matrix algebraic proof� We can proceed as before, but have to conjugate
not the Hilbert transform involution but the idempotent

P
s��N�1

2
es�s .

A direct algebraic proof� See Karoubi [2], Lemma III.1.23–24.

A resolvent algebraic proof� We should prove that

(15) idemP(1 � idemP) =
ZZ

Pz

1� P + Pz
1� P

1� P + Pw
jdz j
2�

jdw j
2�

is equal to 0. It is natural try the proof along the steps

Pz

1� P + Pz
1� P

1� P + Pw
�
hz + w

2

i P(1 � P)
(1� P + Pz )(1� P + Pw )

=

=

�
1
2
z + w
z � w

��
(z � 1)P(1� P)

1 � P + Pz
� (w � 1)P(1� P)

1� P + Pw

�
� 0�(16)

except it seems to be plagued by 1
2 ’s as before. We have to demonstrate that

the use of division by 2 is of superficial nature in the proof. This can be done
as follows.

For a Laurent series a(z � w ), we define : a(z � w ) :z �w by linear extension
from

: znwm :z �w= zmax(n�m)wmin(n�m)�

Lemma 
��� For any Laurent series a(z � w )� we haveZZ
a(z � w )

jdz j
2�

jdw j
2�

=
ZZ

: a(z � w ) :z �w
jdz j
2�

jdw j
2�

�

For a symmetric Laurent series a(z � w ), i. e. such that a(z � w ) = a(w� z ),
we define formally

:
hz + w

2

i
a(z � w ) :z �w=: za(z � w ) :z �w �

Suppose that a(z � w ) is anti-symmetric in its variables, included that the

coefficient of znwn is always 0. We define :
h

1
2
z+w
z�w

i
a(z � w ) :z �w formally

to be as it should be according to our natural expectations. We have to check
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that the resulting expression is integral in terms of the coefficients. In the
present case, the definition yields by linear extension from

:

�
1
2
z + w
z � w

�
(znwm � zmwn) :z �w=

= znwm + 2
X

0�k�n�m
2

zn�kwm+k + � n+m
2 �Zz

n+m
2 w

n+m
2 �

where n �m . Checking for elements of suitable bases it is easy to see the
following lemmas:

Lemma 
�	� For any symmetric Laurent series a(z � w )�

:
hz + w

2

i
a(z � w ) :z �w=:

�
1
2
z + w
z � w

�
(z � w )a(z � w ) :z �w �

Lemma 
�
 For any Laurent series a(z )� we haveZZ
:

�
1
2
z + w
z � w

�
(a(z )� a(w )) :z �w

jdz j
2�

jdw j
2�

= 0�

Now it is easy to carry out the proof. From (15) we should pass to the
“normal ordered” form, after which the subsequent manipulations as in (16),
leading to 0, make sense.

Definition 
��� For T � Spec 1
4�R�

(A), we define

F
p
T =

Z
(1 + z )T

1 + (z � 2 + z�1)T

jdz j
2�

�

Definition 
��� Let Ahz i+ be the space of formal Laurent series a(z ) =

= a0 +
P�
k=1 ak

zk+z�k

2 , and let A[z ]+ be the space of formal Laurent series

b(z ) = b0 +
P�
k=1 bk (z k + z�k ). Similarly, let Ahz i� be the space of formal

Laurent series a(z ) =
P�
k=1 a�k z

k�z�k

2 , and let A[z ]� be the space of formal

Laurent series b(z ) =
P�
k=1 b�k (z k � z�k ). It is easy to see that Ahz i =

= Ahz i+ � Ahz i� is a natural A[z ]
 = A[z ]+ � A[z ]�-module, in fact, this
action is Z2-graded. Multiplication of 1 � Ahz i yields a natural map from
A[z ]
 into Ahz i:

1 �
 �X
k=1

b�k (z k � z�k ) + b0 +
�X
k=1

bk (z k + z�k )

�
=
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=
�X
k=1

2b�k z
k�z�k

2 + b0 +
�X
k=1

2bk
zk+z�k

2 �

In fact, this notation can be extended to b(z ) � A[z � z�1] in a compatible

way, by 1 � z = z+z�1

2 + z�z�1

2 , etc. Integration can be defined for elements

of Ahz i or A[z ]
. Again, it singles out the 0th coefficient. We see that if
a(z ) � Ahz i and b(z ) � A[z ]
 as above, thenZ

a(z ) � b(z )
jdz j
2�

=
X
n�Z

akbk �

For example,
R �

1 + z+z�1

2

�
� b(z ) jdz j2	 = b0 + b1. Furthermore,

R
b(z ) jdz j2	 =

=
R

1 � b(z ) jdz j2	 .

We can extend this formalism to multiple variables. The spaces Ahz ihwi
and A[z ]
[w ]
 can be considered. In the case of Ahz ihwi, colloquial nota-
tion like

zw�1 + wz�1

2
� z + z�1

2
w + w�1

2
� z � z�1

2
w � w�1

2

is allowed. However, an other space between Ahz ihwi and A[z ]
[w ]
 can
be considered. Indeed, let Afz � wg be the space of the formal combinations
of the basis elements

1�
zn + z�n

2
�
zn � z�n

2
�
wn + w�n

2
�
wn � w�n

2
�

(zn + z�n)(wn + w�n )
2

�
(zn + z�n)(wn � w�n)

2
�

(zn � z�n)(wn + w�n )
2

�
(zn � z�n)(wn � w�n)

2
�

where n�m � 1. In this case, colloquial notation like

zw�1 � wz�1 � (z � z�1)(w + w�1)
2

� (z + z�1)(w � w�1)
2

is allowed. There are natural A[z ]
[w ]
-module homomorphisms

A[z ]
[w ]
 � Afz � wg � Ahz ihwi
respecting the grading.
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�� The advantage of the terminology above is that it allows us to rewrite
the definition of the F-square-root as the “manifestly real” expression

F
p
T =

Z
(1 + z+z�1

2 )T

1 + (z � 2 + z�1)T

jdz j
2�

�

Proposition 
��� If T � Spec 1
4�R�

(A)� then �T
1�4T is invertible and

F

q
�T

1�4T = � F
p
T

1�2 F
p
T
� Furthermore�

(17) F
p
T (1� F

p
T ) = T�

Proof� Substituting z=�1 into the resolvent term, we see that (1�4T )�1

exists. The identity

1 + (z � 2 + z�1)
�T

1� 4T
= (1� 4T )�1(1 + ((�z )� 2 + (�z )�1)T )

shows that �T
1�4T � Spec 1

4�R�
(A). If (17) holds, then (1�2 F

p
T )2 = 1�4T ,

and it is sufficient to prove that F

q
�T

1�4T =
F
p
T�2T

1�4T . This, however, follows

from the identity

(1 + z+z�1

2 ) �T
1�4T

1 + (z � 2 + z�1) �T
1�4T

=

(1+ (�z )+(�z )�1
2 )T

1+((�z )�2+(�z )�1)T
� 2T

1� 4T

integrated. So, what we have to show is the F-square-root identity (17). Now,
as

F
p
T (1� F

p
T )� T =(18)

=
ZZ

(1 + z+z�1

2 )T

1 + (z � 2 + z�1)T

	
1 � (1 + w+w�1

2 )T

1 + (w � 2 + w�1)T

�A� T jdz j
2�

jdw j
2�

�

we should show that this latter term is 0. It would be natural to proceed along
the steps

(1 + z+z�1

2 )T

1 + (z � 2 + z�1)T

	
1� (1 + w+w�1

2 )T

1 + (w � 2 + w�1)T

�A� T =
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=

�
z+z�1

2 � z+z�1

2 T � w+w�1

2 T + T + z+z�1

2
w+w�1

2 T
�
T (1� 4T )

(1 + (z � 2 + z�1)T )(1 + (w � 2 + w�1)T )
�

�

�
z+z�1

2 +w+w�1
2

2

�
(1� 2T ) +

�
1 + z�1w+zw�1

2

�
T

�
T (1� 4T )

(1 + (z � 2 + z�1)T )(1 + (w � 2 + w�1)T )
(19)

=

�
1
2
z + w
z�w

� �� z�z�1

2 �w�w�1

2

�
(1�2T ) + (zw�1�z�1w )T

�
T (1�4T )

(1 + (z�2 + z�1)T )(1 + (w�2 + w�1)T )

=

�
1
2
z + w
z�w

�	
 z�z�1

2
1 + (z�2 + z�1)T )

�
w�w�1

2
1 + (w�2 + w�1)T )

�AT (1�4T ) � 0�

except we have to demonstrate that the use of 1
2 is superficial.

Another reordering operation can be defined according to

:: znwm ::z �w=
zmax(jnj�jmj) + z�max(jnj�jmj)

2
wmin(jnj�jmj) + w�min(jnj�jmj)

2
�

This applies to our standard A[z ]
[w ]
-modules. In the context of Ahz ihwi,
it leaves only the (++)-graded parts and reorders them.

Lemma 
���� (a) For any Laurent series a(z � w ) � Ahz ihwi� we haveZZ
a(z � w )

jdz j
2�

jdw j
2�

=
ZZ

:: a(z � w ) ::z �w
jdz j
2�

jdw j
2�

�

(b) If :: a1(z � w ) ::z �w=:: a2(z � w ) ::z �w and b(z � w ) � A[z ]+[w ]+ is

symmetric� i� e� b(z � w ) = b(w� z )� then

:: a1(z � w )b(z � w ) ::z �w=:: a2(z � w )b(z � w ) ::z �w �

For any symmetric Laurent series b(z � w ) � A[z ]+[w ]+, i. e. such that
b(z � w ) = b(w� z ), we define formally

::

�� z+z�1

2 + w+w�1

2
2

�� b(z � w ) ::z �w=::
z + z�1

2
b(z � w ) ::z �w �
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Let us consider a Laurent series c(z � w ) � (Afz � wg)� such that it is
antisymmetric, i. e. c(z � w ) = �c(w� z ). Then c(z � w ) is a formal linear
combination of the basis elements

cn�0 =
zn � z�n

2
� wn � w�n

2

and

cn�m =
(zn � z�n)(wm + w�m )

2
� (wn � w�n )(zn + z�n)

2
�

where n�m � 1. For such c(z � w ), we can formally define

::

�
1
2
z + w
z � w

�
c(z � w ) ::z �w

according to our natural expectations. Again, we have to check that the result
is integral in terms of coefficients of c(z � w ). We just give some samples in
the table

::
h

1
2

z+w
z�w

i
cn�m ::z �w m = 0 m = 1 m = 2 m = 3

n = 1 d1
0 d1

1 + d0
0 2d1

0 �d2
2 + d1

1 + 2d2
0

n = 2 d2
0 + d1

1 2d2
1 + 2d1

0 d2
2 + 2d1

1 + d0
0 2d2

1 + 2d1
0

n = 3 d3
0 + 2d2

1 2d3
1 + d2

2 + d1
1 + 2d2

0 2d3
2 + 2d2

1 + 2d1
0 d3

3 + 2d2
2 + 2d1

1 + d0
0

where dnm =:: znwm ::z �w . In fact, at first sight, it looks more natural to choose

c(z � w ) from the antisymmetric elements of (Ahz ihwi)� = Ahz i+hwi� �
Ahz i�hwi+, but it turns out that the coefficients in ::

h
1
2
z+w
z�w

i
c(z � w ) ::z �w

would fail to be integral.

Lemma 
���� For any symmetric Laurent series b(z � w ) � A[z ]+[w ]+� we

have

::

�� z+z�1

2 + w+w�1

2
2

�� b(z � w ) ::z �w=

=::

�
1
2
z + w
z � w

�
z � z�1

2
� w � w�1

2

�
b(z � w ) ::z �w �

and

::


1 +

zw�1 + wz�1

2

�
b(z � w ) ::z �w=



2011. február 15. –8:46 33

SPECTRAL CALCULATIONS IN RINGS 33

=::

�
1
2
z + w
z � w

��
zw�1 � wz�1

�
b(z � w ) ::z �w �

Lemma 
���� For any Laurent series a(z ) � Ahz i�� we haveZZ
::

�
1
2
z + w
z � w

�
(a(z )� a(w )) ::z �w

jdz j
2�

jdw j
2�

= 0�

Now, it is easy to carry out the proof. From (18), we should pass to the
“normal ordered” form, after which the subsequent manipulations leading to
0 make sense.

Proposition 
���� P � Spec 1
2 +iR

(A) if and only if

P(1� P) � Spec 1
4�R�

(A)�

Furthermore�

F
p
P(1 � P) = P + idemP � 2P idemP�

Consequently�

idemP =
F
p
P(1� P)� P

1� 2P
�

Proof� The decomposition

1 + (z � 2 + z�1)P(1� P) = (1� P + Pz )(1� P + Pz�1)

implies the spectral statement. The equality follows from the identity�
1 + z+z�1

2

�
P(1 � P)

1 + (z � 2 + z�1)P(1� P)
+

z�z�1

2 P(1� P)(1� 2P)

1 + (z � 2 + z�1)P(1� P)
=

= P +
Pz

1� P + Pz
(1� 2P)

integrated.

Then we let jP jF = F
p
P(1� P). Further statements can be proven

parallel to the case with 1
2 , except the formulas are less customary. E. g.,

the analogue of Proposition 3.9 is
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Proposition 
��	� For T � Spec 1
4�R�

(A)� we have

1

1 + (z � 2 + z�1)T
=

=
1

1� 2 F
p
T

	
1 +
� F
p
T

1� F
p
T

(z + z�1) +


� F
p
T

1� F
p
T

�2

(z2 + z�2) + � � �

�A
and

1

1� F
p
T

=
Z

1 + z

1 + (z � 2 + z�1)T

jdz j
2�

�
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Abstract. The object of the present paper is to introduce a non-flat
Riemannian manifold called weakly generalized recurrent manifold and study
its various geometric properties along with the existence by a proper example.

1. Introduction

An n-dimensional Riemannian manifold M is said to be locally symmet-
ric according to E� Cartan if its curvature tensor R satisfies rR = 0, where
r denotes the Levi-Civita connection. During the last five decades the notion
of locally symmetric manifolds has been weakened by many authors in several
ways to a different extent such as recurrent manifolds by A� G� Walker [13],
2-recurrent manifolds by A� Lichnerowicz [7], Ricci recurrent manifolds by
E� M� Patterson [9], concircular recurrent manifolds by T� Miyazawa [8],
weakly symmetric manifolds by L� Tam�assy and T� Q� Binh [11], weakly
Ricci symmetric manifolds by L� Tam�assy and T� Q� Binh [12], conformally
recurrent manifolds [1], projectively recurrent manifolds [2], generalized re-
current manifolds ([3], [4]), generalized Ricci recurrent manifolds [5].

We denote by riT the covariant differential of the i th order, i � 1,
of a (0� k ) tensor field T , k � 1, defined on a Riemannian manifold (M� g)
with Levi-Civita connection r. The tensor field T is said to be recurrent,
respectively, 2-recurrent [10], if the following condition holds on M
(1�1)

(rT )(X1� � � �� Xk ;X )T (Y1� � � �� Yk ) = (rT )(Y1� � � �� Yk ;X )T (X1� � � �� Xk )�

AMS Subject Classification (2001): 53B05, 53B50, 53C15, 53C25.
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respectively,

(r2T )(X1� � � �� Xk ;X�Y )T (Y1� � � �� Yk ) =

= (rT 2)(Y1� � � �� Yk ;X�Y )T (X1� � � �� Xk )�(1�2)

where X , Y , X1, Y1, � � � , Xk , Yk � TM . From (1.1), (1.2) it follows that at
a point x � M if the tensor T is non-zero, then there exists a unique 1-form
�, respectively, a (0� 2)-tensor � , defined on a neighborhood U of x , such
that

rT = T � �� � = d(log kTk)�

respectively,

r2T = T � ��

holds on U , where kTk denotes the norm of T , kTk2 = g(T� T ).

Let (M� g) be a non-flat n-dimensional (n � 2) Riemannian manifold.
Then (M� g) is said to be recurrent [13] if its curvature tensor R of type (0� 4)
satisfies the condition rR = A � R where A is a non-zero 1-form. Such an
n-dimensional manifold is denoted by Kn . Let UR = fx � M : rR�A�
R at xg. Then the manifold (M� g) is said to be generalized recurrent [4] if
on UR � M , we have rR = A � R + B � G , where B is an 1-form on UR

and G is a tensor of type (0� 4) given by

G(X�Y� Z�U ) = g(X�U )g(Y�Z )� g(X�Z )g(Y�U )

for all X�Y� Z�U � �(M ), �(M ) being the Lie algebra of smooth vector fields
on M . Such an n-dimensional manifold is denoted by GKn . It is clear that
the 1-form B is non-zero at every point on UR . From the above definition, it
follows that every Kn is GKn but not conversely.

The objecct of the present paper is to introduce a generalized class of
recurrent manifolds called weakly generalized recurrent manifolds. A non-
flat n-dimensional Riemannian manifold (M n � g) (n �2) [This condition
is assumed throughout the paper] is said to be weakly generalized recurrent

manifold if on UR �M the condition

(1�3) rR = A� R + B �
1
2

(S � S )

holds, where S is the Ricci tensor of type (0� 2), A�B are 1-forms such that
A(�) = g(�� 	) and B(�) = g(�� 
), and the Kulkarni-Nomizu product E � F of
two (0� 2) tensors E and F is defined by

(E � F )(X1� X2� X3� X4) = E (X1� X4)F (X2� X3) + E (X2� X3)F (X1� X4)�

�E (X1� X3)F (X2� X4) � E (X2� X4)F (X1� X3)�
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Xi � �(M )� i = 1� 2� 3� 4. Such an n-dimensional manifold is denoted by
WGKn . It is clear that in a WGKn the 1-forms A, B are non-zero and are
called the associated 1-forms of the manifold.

Especially, if the manifold is Einstein with vanishing scalar curvature,
then a WGKn reduces to a Kn . And if the manifold is Einstein with non-
vanishing scalar curvature, then manifold reduces to a GKn ([3], [4]). Again,
if a WGKn is non-Einstein, then the manifold is neither Kn nor GKn and
the existence of such manifold is given by an example in section 3. Section
2 deals with some geometric properties of WGKn .

A Riemannian manifold (M n � g) (n �2) is said to be Ricci recurrent
[9] if its Ricci tensor is not identically zero and satisfies rS = A � S ,
where A is a non-zero 1-form. Such an n-dimensional manifold is denoted
by RKn . Let US = fx � M : rS�A� S at xg. Then the manifold (M� g)
is said to be generalized Ricci recurrent [5] if on US � M , the condition
rS = A� S + B � g holds where B is an 1-form on US . It is clear that the
1-form B is non-zero at every point of US . Such an n-dimensional manifold
is denoted by GRKn . In section 2 it is shown that a non-Einstein WGKn

satisfying the relation (2.2) is a GRKn .

A projective transformation on a Riemannian manifold is a transforma-
tion under which geodesics transform into geodesics. The projective curvature
tensor P of type (0� 4) on a Riemannian manifold (M� g) is defined by ([6],
[14])

(1�4) P = R �
1

n � 1
D�

where D is a tensor of type (0� 4) is given by

D(X�Y� Z�U ) = g(X�U )S (Y�Z )� g(Y�U )S (X�Z )

� X , Y , Z , U � �(M ).

Let UP = fx � M : rP�A� P at xg. Then the Riemannian manifold
(M� g) is said to be weakly projectively recurrent (briefly, WPKn ) if on
UP �M , the relation

(1�5) rP = A� P + B �
1
2

(S � S )

holds, where B is an 1-form on UP . It is obvious that the 1-form B is
non-zero at every point of UP . In section 2 of the paper it is proved that
if a non-Einstein WGKn is a WPKn , then the relation (2.2) holds.
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A non-flat Riemannian manifold (M n � g) (n �3) is said to be generalized
2-recurrent [7] if its curvature tensor R satisfies

(1�6) (rrR) = � � R + � �G�

where �� � are tensors of type (0� 2). Again M is said to be generalized
2-Ricci recurrent [5] if its Ricci tensor S is not idenically zero and satisfies
the following:

(1�7) (rrS ) = � � S + � � g�

where �� � are tensors of type (0� 2).

In section 2 it is shown that a non-Einstein WGKn with non-zero con-
stant scalar curvature satisfying the relation(2.2) is a generalized 2-Ricci
recurent manifold.

2. Some geometric properties of WGKn

Theorem ���� In a Riemannian manifold (M n � g) �n � 3� the following

results hold�

(i) In a WGKn the relation

(2�1) (r2 � s2)B(X ) + rA(X ) = 2[A(QX ) + rB(QX ) � g(QX�Q
)]

holds for all X � where r is the scalar curvature� s is the length of the Ricci

tensor and Q being the symmetric endomorphism corresponding to the Ricci

tensor S �

(ii) In a WGKn with non�zero constant scalar curvature the associated ��

forms A and B are related by rA + (r2 � s2)B = 0� and the relation

B(Q2X ) = A(QX ) + rB(QX ) holds for all X �

(iii) In a non�Einstein WGKn with vanishing scalar curvature the relations

B(Q2X ) = A(QX )�

(rX S )(Z� 
) = A(X )B(QZ ) � B(X )A(QZ )�

A(R(Z�X )
) = 0

and A(X )B(QZ ) �A(QZ )B(X ) = A(Z )B(QX )�A(QX )B(Z )�

hold for all X � Y � Z � V � �(M )�

(iv) In a non�Einstein Ricci symmetric WGKn with vanishing scalar curva�

ture� the relation

A(X )B(QZ ) = A(QZ )B(X )

holds � X � Z �
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(v) In a WGKn � with non�vanishing constant scalar curvature such that the

length of the Ricci tensor is not equal to the scalar curvature� the associated

1�forms A and B are closed if and only if 
 and 	 are codirectional�

(vi) Let (M� g) be a non�Einstein WGKn such that the length of the Ricci

tensor is not equal to the scalar curvature� Then the following holds�

(a) If (M� g) is a WPKn � then the relation

(2�2) jQ j2 + (r2 � s2)I � r jQ j = 0

holds�

(b) If (M� g) satis	es the relation (2�2)� then it is a GRKn �

(c) If (M� g) is of non�zero constant scalar curvature such that 
 and 	
are codirectional and satisfy the relation (2�2)� then it is a generalized 2�Ricci
recurent manifold�

Proof of �i�� After suitable contraction (1.3) yields

(2�3) (rX S )(Z�U ) = A1(X )S (Z�U )� B(X )S (QU�Z )�

where A1 is a 1-form given by A1(X ) = A(X ) + rB(X ).

From (2.3) it follows that

(2�4) dr (X ) = rA(X ) + (r2 � s2)B(X )�

and

(2�5) dr (X ) = 2[A(QX ) + rB(QX ) � g(QX�Q
)]�

From (2.4) and (2.5), it follows (2.1). This proves (i).

Proof of �ii�� If r is a non-zero constant, then (2.4) and (2.5) implies
that

(2�6) rA + (r2 � s2)B = 0�

and

(2�7) B(Q2X ) = A(QX ) + rB(QX ) �X�

which proves (ii).

Proof of �iii�� If r = 0, then from (2.7) implies that

(2�8) B(Q2X ) = A(QX )�

By virtue of (2.3) and (2.8), it follows that

(2�9) (rX S )(Z�U ) = A(X )S (Z�U )� B(X )S (QU�Z )�
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Putting U = 
 in (2.9) we get

(2�10) (rX S )(Z� 
) = A(X )B(QZ )� B(X )A(QZ )

By virtue of second Bianchi identity, (1.3) yields

A(X )R(Y�Z�U�V ) + B(X )[S (Y�V )S (Z�U )� S (Y�U )S (Z�V )]+

+A(Y )R(Z�X�U�V ) + B(Y )[S (Z�V )S (X�U )� S (Z�U )S (X�V )]+

+A(Z )R(X�Y�U�V ) + B(Z )[S (X�V )S (Y�U )� S (X�U )S (Y�V )] =

(2�11) = 0�

Taking contraction over Y and V in (2.11), we obtain

A(R(Z�X )U ) + [A(X ) + rB(X )� B(QX )]S (Z�U )+

+[B(QZ ) �A(Z ) � rB(Z )]S (X�U ) + B(Z )g(QX�QU )�

�g(QZ�QU )B(X ) = 0�(2�12)

If r is a non-zero constant, then we have (2.7). Setting U = 
 in (2.12) we
get

A(R(Z�X )
) + A(X )B(QZ ) + rB(QZ )B(X ) � B(QX )A(Z )�

�rB(Z )B(QX ) + B(Z )g(QX�Q
) � g(QZ�Q
)B(X ) = 0�(2�13)

Using (2.6) and (2.7) in (2.13), we get

(2�14) A(R(Z�X )
) = 0�

Using (2.7) and (2.14) in (2.13), we obtain

A(X )B(QZ )�A(QZ )B(X ) = A(Z )B(QX ) �A(QX )B(Z )�

This proves (iii).

Proof of �iv�� If the manifold is Ricci symmetric, then from (2.10) we
get

(2�15) A(X )B(QZ ) = A(QZ )B(X )�

which proves (iv).

Proof of �v�� Differentiating (1.3) covariantly, and then using (2.3) we
obtain
(2�16)

(rYrXR)(Z�W�U�V ) = [(rYA)(X ) + A(X )A(Y )]R(Z�W�U�V )+

+ (rY B)(X )[S (Z�V )S (W�U )� S (Z�U )S (W�V )]+

+ [S (Z�V )S (W�U )� S (Z�U )S (W�V )][A(X )B(Y )+

+ 2B(X )A(Y ) + 2rB(X )B(Y )] + B(X )B(Y )[S (W�V )S (QZ�U )+

+ S (Z�U )S (QW�V ) � S (W�U )S (QZ�V ) � S (Z�V )S (QW�U )]�
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Interchanging X and Y and then subtracting the result, we obtain
(2�17)
(rYrXR)(Z�W�U�V ) � (rXrY R)(Z�W�U�V ) =

= [(rYA)(X ) � (rXA)(Y )]R(Z�W�U�V )+

+ [(rYB)(X )� (rXB)(Y )][S (Z�V )S (W�U )� S (Z�U )S (W�V )]+

+ [B(X )A(Y ) �A(X )B(Y )][S (Z�V )S (W�U )� S (Z�U )S (W�V )]�

We first suppose that 	 and 
 are codirectional.
Then B(X )A(Y )�A(X )B(Y ) = 0 for all X . Hence (2.17) reduces to
(2�18)
(rYrXR)(Z�W�U�V ) � (rXrY R)(Z�W�U�V ) =

= [(rYA)(X )� (rXA)(Y )]R(Z�W�U�V )+

+ [(rYB)(X )� (rXB)(Y )][S (Z�V )S (W�U )� S (Z�U )S (W�V )]�

From Walker’s lemma ([13], equation (26)) we have

(2�19)

(rXrY R)(Z�W�U�V ) � (rYrXR)(Z�W�U�V )+

+ (rZrWR)(X�Y�U�V ) � (rWrZR)(X�Y�U�V )+

+ (rUrVR)(Z�W�X�Y ) � (rVrUR)(Z�W�X�Y ) = 0�

By virtue of (2.18), (2.19) yields
(2�20)

M (X�Y )R(Z�W�U�V ) + L(X�Y )
1
2

(S � S )(Z�W�U�V )+

+ M (Z�W )R(X�Y�U�V ) + L(Z�W )
1
2

(S � S )(X�Y�U�V )+

+ M (U�V )R(Z�W�X�Y ) + L(U�V )
1
2

(S � S )(Z�W�X�Y ) = 0�

where

M (X�Y ) = (rXA)(Y ) � (rYA)(X )

and

L(X�Y ) = (rXB)(Y )� (rY B)(X )�

If the scalar curvature is a non-zero constant, then we have the relation (2.6).
Using (2.6) in (2.20) we obtain

M (X�Y )H (Z�W�U�V ) + M (Z�W )H (X�Y�U�V )+

+M (U�V )H (Z�W�X�Y ) = 0�(2�21)

where H = R� r

2(r2
�s2)

(S �S ), from which it follows that H is a symmetric

(0� 4) tensor with respect to the first pair of two indices and the last pair of
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two indices. Consequently by virtue of Walker’s lemma ([13], equation (27)),
we obtain

M (X�Y ) = L(X�Y ) = 0�

for all X�Y . And hence

(rXA)(Y ) � (rYA)(X ) = 0�

(rXB)(Y ) � (rYB)(X ) = 0�

Therefore dA(X�Y ) = 0, dB(X�Y ) = 0.

Conversely, we suppose that associated 1-forms A and B are closed.
Then from (2.17) we get
(2�22)
(rYrXR)(Z�W�U�V )� (rXrY R)(Z�W�U�V ) =

= [B(X )A(Y ) �A(X )B(Y )][S (Z�V )S (W�U )� S (Z�U )S (W�V )]�

By virtue of (2.22), (2.19) yields
(2�23)
[B(X )A(Y ) �A(X )B(Y )][S (Z�V )S (W�U )� S (Z�U )S (W�V )]+

+ [B(W )A(Z )�A(W )B(Z )][S (X�V )S (Y�U )� S (X�U )S (Y�V )]+

+ [B(V )A(U )�A(V )B(U )][S (Z�Y )S (W�X )� S (Z�X )S (W�Y )] = 0�

After suitable contraction, it follows from (2.23) that

B(X )A(Y ) �A(X )B(Y ) = 0 provided r�s�

This proves (v).

Proof of �vi�� From (2.3), (1.3) and (1.4) we obtain

(rW P)R(X�Y� Z�U ) =

= A(W )P(X�Y� Z�U ) + B(W )[S (X�U )S (Y�Z )� S (X�Z )S (Y�U )]�

�
1

n � 1
B(W )[rfg(X�U )S (Y�Z )� S (X�Z )g(Y�U )g+

+g(Y�U )S (QX�Z )� g(X�U )S (QY�Z )]�(2�24)

Suppose that the manifold under consideration is a WPKn . Then (2.24) yields

r [g(X�U )S (Y�Z )� S (X�Z )g(Y�U )]+

+[g(Y�U )S (QX�Z )� g(X�U )S (QY�Z )] = 0�(2�25)

Taking contraction over Y , Z , we obtain (2.2).

Using (2.2) in (2.3) we obtain

(2�26) (rXS )(Z�U ) = A(X )S (Z�U ) + B(X )(r2 � s2)g(Z�U )�

which proves (b) of (vi).
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Suppose that the manifold is of non-zero constant scalar curvature and
the length of the Ricci tensor is not equal to the scalar curvature. Then from
(2.3) it follows that
(2�27)

(rYrX S )(Z�W ) = S (Z�W )[(rYA)(X ) + r (rYB)(X )+

+ A(Y )A(X ) + rB(X )A(Y ) + rA(X )B(Y ) + r2B(X )B(Y )]�

� [B(Y )A(X ) + rB(Y )B(X )]S (QZ�W )�

� [(rYB)(X )S (QZ�W ) + B(X )(rY S )(QZ�W )]�

Interchanging X , Y and subtracting the result, we obtain

(2�28)

(rXrY S )(Z�W ) � (rYrX S )(Z�W ) = [M (X�Y )+

+ rL(X�Y )]S (Z�W ) � L(X�Y )S (QZ�W )+

+ S (QZ�W )[B(Y )A(X ) � B(X )A(Y )]+

+ [B(X )(rY S )(QZ�W ) � B(Y )(rXS )(QZ�W )]�

If A(X )B(Y ) �A(Y )B(X ) = 0, then

B(X )(rY S )(QZ�W ) � B(Y )(rXS )(QZ�W ) = 0�

Using above relations in (2.28) we obtain

(2�29)
(rXrY S )(Z�W ) � (rYrX S )(Z�W ) =

= [M (X�Y ) + rL(X�Y )]S (Z�W ) � L(X�Y )S (QZ�W )�

In view of (2.2), (2.3) and (2.29) we obtain

(2�30) (R(X�Y )�S )(Z�W ) = K (X�Y )g(Z�W ) + N (X�Y )S (Z�W )�

where K (X�Y ) = (r2 � s2)[XB(Y ) �YB(X ) � 2B([X�Y ])] and

N (X�Y ) = XA(Y ) �YA(X ) � 2A([X�Y ])�

The relation (2.30) implies that the manifold is a generalized 2-Ricci recur-
rent. This proves (c) of (vi).

3. An Example of WGK4

In this section the existence of WGK4 is ensured by a proper example.

Example ���� We consider a Riemannian manifold R4 equipped with the
metric given by

ds2 = gi j dx
idx j = (1 + 2p)[(dx1)2 + (dx2)2 + (dx3)2] + (dx4)2�

(i � j = 1� 2� � � �� 4)�(3�1)
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where p = ex
1

�2 and 
 is a non-zero constant; x1� � � �� x4 are the standard

coordinates of R4 .

The only non-vanishing components of the Christoffel symbols of second
kind, the curvature tensor and their covariant derivatives are

Γ1
22 = Γ1

33 = �
p

1 + 2p
� Γ1

11 = Γ2
12 = Γ3

13 =
p

1 + 2p
�

(3�2)

R1221 = R1331 =
p

1 + 2p
� R2332 =

p2

1 + 2p
�

R1221�1 = R1331�1 =
p(1� 4p)

(1 + 2p)2 � R2332�1 =
2p2(1� p)

(1 + 2p)2 �

the other components can be obtained from these by the symmetry property
of R. Using the above relations, we can find the non-vanishing components
of Ricci tensor as follows:

(3�3) S11 =
2p

(1 + 2p)2 � S22 =
p + p2

(1 + 2p)2 � S33 =
p + p2

(1 + 2p)2 �

Also it can be easily shown that the scalar curvature of the manifold is non-
vanishing and non-constant. We shall now show that M is a WGK4, i.e., it
satisfies the defining condition (1.3). In terms of local coordinates we consider
the components of the associated 1-forms as follows:������

�����
Ai (x ) =

�
7p�1

(1+2p)(p�1) for i = 1
0 otherwise,

Bi (x ) =

�
� (1+2p)3

p2
�1

for i = 1

0 otherwise,

at any point x �M . In terms of local coordinates the defining equation (1.3)
of WGKn can be written as

(3�5) Rhij k � l = AlRhij k + Bl [ShkSi j � ShjSik ]�

By virtue of (3.2)–(3.4), it follows that (3.5) holds for all i � j � h� k � l = 1� 2� 3� 4.
Thus we can state the following:

Theorem ���� Let (R4 � g) be a Riemannain manifold equipped with the

metric given by (3�1)� Then (R4 � g) is a WGK4 with non�vanishing and

non�constant scalar curvature which is neither K4 nor GK4�
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RAMSEY AND TURÁN-TYPE PROBLEMS FOR NON-CROSSING
SUBGRAPHS OF BIPARTITE GEOMETRIC GRAPHS
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Abstract. Geometric versions of Ramsey-type and Turán-type problems
are studied in a special but natural representation of bipartite graphs and
similar questions are asked for general representations. A bipartite geometric
graph G(m� n) = [A�B] is simple if the vertex classes A�B of G(m� n) are

represented in R2 as

A = f(1� 0)� (2� 0)� � � � � (m� 0)g� B = f(1� 1)� (2� 1)� � � � � (n� 1)g
and the edge ab is the line segment joining a � A and b � B in R2. This
and similar representations (two-layer representations) are studied earlier, and
from the point of view of edge crossings, this representation is equivalent to
others already in the literature, for example to cyclic bipartite graphs or to
ordered bipartite graphs and certainly almost all textbook figures represent
bipartite graphs this way.

Subgraphs — paths, trees, double stars, matchings — are called non-
crossing if they do not contain edges with common interior point. The
choice of these subgraphs are explained by the fact that connected compo-
nents of non-crossing subgraphs of simple bipartite geometric graphs must
be special trees (caterpillars). We concentrate on balanced bipartite graphs,
where m = n .

The maximum number of edges is determined in a simple bipartite geo-
metric graph G(n� n) that does not contain

� non-crossing matchings with k + 1 edges

� matchings with k + 1 pairwise crossing edges

� non-crossing trees with k + 1 vertices
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and in the last case it is shown that any graph with more edges than the
extremal value contains a non-crossing double star with k + 1 vertices. The
Ramsey number of non-crossing double stars is also determined: in every
2-coloring of a geometric Kn�n there is a non-crossing monochromatic double

star with at least 4n
5 vertices and this is best possible in asymptotic sense.

Finding the Turán number of non-crossing paths and the Ramsey number
of non-crossing subtrees and paths remain open together with many similar
problems where the position of the vertex set of the bipartite graph is less
restricted, either in convex or in general position.

1. Introduction

This paper expands a short abstract [10]. Following [22], a geometric

graph is a graph whose vertices are in the plane in general position and whose
edges are straight-line segments joining the vertices. A geometric graph is
convex, if its vertices form a convex polygon. A subgraph of a geometric
graph is non�crossing if no two edges have a common interior point.

Analogues of Turán and Ramsey theories have been considered for geo-
metric graphs and for convex geometric graphs, see [22], [3], [1], [16], [14],
[15] and its references.

To describe a specific example, an old remark of Erdős and Rado says
that in any 2-coloring of the edges of Kn there is a monochromatic spanning
tree. It was proved by Bialostocki, Dierker and Voxman in [2] that there
is a monochromatic non-crossing spanning tree in every 2-coloring of the
convex geometric graph Kn . They conjectured that this remains true for
geometric complete graphs in general and their conjecture was proved by
K�arolyi, Pach and T�oth in [14]. There are several Ramsey-type and Turán-
type results for geometric graphs, see [22] chapter 14, [14], [15]. These results
show that Ramsey numbers change significantly for paths, cycles by imposing
the non-crossing condition. However, an unpublished result of Perles (a
proof is in [15]) states that the maximum number of edges in a graph of n
vertices that does not contain a path of length k (determined by Erd�os and
Gallai [7]) remains the same for non-crossing paths in convex geometric
graphs.

In this note we consider geometric versions of Ramsey-type and Turán-
type problems for geometric balanced bipartite graphs� G(n� n), defined as a
geometric graph, whose 2n vertices are in two disjoint n-element sets A�B ,
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and its edges are some segments ab with a � A� b � B . The concept is
studied earlier, for example in the form of considering A�B as red and blue
sets and investigating the properties of red-blue segments, a survey is [18].

As convex geometric graphs form a natural subclass of geometric graphs,
the following representation, apparently studied first in [6], seems to be a
most natural subclass of balanced geometric bipartite graphs G(n� n) (in fact

a standard way of drawing bipartite graphs). The partite sets of G in R2 are
A = fa1 = (1� 0)� a2 = (2� 0)� � � � � an = (n� 0)g and B = fb1 = (1� 1)� b2 =
= (2� 1)� � � � � bn = (n� 1)g and the edge aibj is the line segment joining ai � A
and bj � B . This representation is equivalent (from the point of view of
crossings) to cyclic bipartite graphs (Brass, K�arolyi, Valtr [3]), i. e.
convex geometric graphs with 2n vertices whose partite classes A�B form
two ‘intervals’. It is also equivalent to ordered bipartite graphs where each
element of A precedes each elements of B (F�uredi and Hajnal [8], Pach
and Tardos [23]). For easier reference we call this representation a simple

G(n� n) in this paper.

Notice the following characterization of non-crossing subgraphs of sim-
ple G(n� n)-s, sometimes referred as biplanar graphs, apparently first discov-
ered by Harary and Schwenk, [13]. A caterpillar is a special tree in which
the vertices of degree larger than one form a path.

Proposition �� ([13], [5]) Every connected component of a non�crossing

subgraph of simple G(n� n) is a caterpillar�

Simple geometric graphs are very similar to the ‘cyclic bipartite’ graphs
considered by Brass, K�arolyi and Valtr in [3] and the ‘ordered bipartite’
graphs considered by F�uredi and Hajnal [8], and by Pach and Tardos

[23]. However, here we investigate only non-crossing subgraphs and do not
go into finer details of ordered subgraphs.

It follows from counting arguments of Mubayi [21] and Liu, Morris,
Prince [20] that in every 2-coloring of the edges of the complete bipartite
graph Kn�n there is a monochromatic double star with at least n vertices and
this is a sharp result. (A double star is a tree obtained by joining the centers
of two disjoint stars by an edge, the base edge of the double star). Here we
prove that in the geometric version the situation is different.

Theorem �� In every 2�coloring of the simple Kn�n there is a non�

crossing monochromatic double star with at least 4n
5 vertices� This bound

is asymptotically best possible�
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Theorem �� Suppose that 2n � k and a simple bipartite graph G =

= G(n� n) does not contain non�crossing double stars with k +1 vertices� Then

jE (G)j � n(k � 1) � b (k�1)2

4 c� This bound is sharp for each pair of integers

satisfying 2n � k �

It is worth noting that in Theorem 2 the maximum number of edges is

approximately n2

2 when k is approximately (2�
p

2)n . Thus Theorem 1 does

not follow from Theorem 2. The construction, showing that Theorem 2 is

sharp, does not contain any non-crossing subgraph with k + 1 vertices.

Turán and Ramsey problems are also studied for matchings in geometric

graphs. Kupitz ([16], see also Theorem 14.4 in [22]) determined the maximal

number of edges in a convex geometric graph with n vertices that does not

contain non-crossing matchings with k + 1 edges. Similar result is proved for

matchings with pairwise crossing edges ([4], see also Theorem 14.14 in [22]).

These results have a unified form for simple bipartite graphs.

Theorem �� Assume that G = G(n� n) is a simple bipartite graph that

does not contain a non�crossing �crossing� matching with k + 1 edges� Then

jE (G)j � 2kn � k2 and this bound is sharp for both cases�

For the Ramsey problem, it is known ([14]) that in any 2-coloring of the

edges of a geometric complete graph with n vertices there is a monochromatic

non-crossing matching with bn+1
3 c edges and this is sharp. The bipartite ver-

sion here follows immediately from the well-known result that every geomet-

ric Kn�n contains a perfect matching [19] so the proof of the next proposition

is left to the reader.

Proposition �� In every r �coloring of the edges of a geometric graph

Kn�n there is a monochromatic non�crossing matching with at least dnr e edges�
This bound is best possible�



2011. február 15. –8:50 51
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2. Open problems

2.1. Problems for simple geometric bipartite graphs.

The 2-color Ramsey problem for paths in balanced bipartite graphs have
been solved independently in [11] and in [9]. Concerning the geometric
version we ask

Problem �� What is the length of the largest monochromatic non�

crossing path that exists in every 2�coloring of a simple geometric Kn�n� The

bounds n
2 and 2n

3 follow from the cited result of Perles and from using the

graph H (n� p) de�ned below with suitable p �

The Turán number of paths in bipartite graphs have been determined in
[12]. Concerning the geometric version the straightforward question is

Problem �� What is the maximum number of edges in a simple geomet�

ric graph G(n� n) that does not contain a non�crossing path of length k� The

upper bound is n(k � 1) from the cited result of Perles and the lower bound

is n(k � 1) �
�

(k�1)2

4

�
� according to the construction given in the proof of

Theorem 	�

Presently we can not separate the Ramsey number of non-crossing trees
(caterpillars) from the Ramsey number of non-crossing double stars.

Problem �� What is the order of the largest monochromatic non�crossing

subtree �caterpillar� that exists in every 2�coloring of the edges of a simple

geometric Kn�n� The bounds are 4n
5 and n or n + 1 �depending of the parity

of n�� Note that the largest monochromatic non�crossing subforest F has at

least n + 1 vertices because a simple geometric Kn�n has non�crossing span�

ning trees �this remark is valid for any geometric Kn�n��

2.2. Problems for general geometric bipartite graphs.

It looks as the ‘really geometric’ problems arise when the vertex set of
G(n� n) is allowed to be in general position or in convex position (with no
restriction on the sets A�B). Of course, Proposition 1 limits the non-crossing
subgraphs to caterpillars. There are some results in the literature, for example
it is known that every geometric Kn�n contains a perfect matching [19] and a
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spanning tree of maximum degree three [17]. It seems that from the following
(twelve) problems only one can be answered easily (Proposition 2).

Problem 	� What is the maximum number of edges in a geometric �con�

vex geometric� G(n� n) that does not contain a non�crossing matching �path�

caterpillar� with k edges�

Problem 
� What is the maximum number of edges in a non�crossing

monochromatic matching �path� caterpillar� contained in every 2�coloring of

the edges of a geometric �convex geometric� Kn�n�

3. A construction

We shall often use a simple balanced geometric graph H = H (n� p) defined
as follows. Fix 1 � p � n , and the vertices of H are ai = (i � 0)� bi = (i � 1) for
i = 1� 2� � � � � n . The edge set of H is faibj : p + 2 � i + j � 2n � pg.

Lemma �� Suppose that F is a non�crossing subgraph of H without iso�

lated vertices� Then jV (F )j � 2(n � p)�

Proof� Let q be the smallest integer such that aq � V (F ) and let r be
the smallest integer for which aqbr � E (F ). Similarly, s is the largest integer
such that as � V (F ) and t is the largest integer for which asbt � E (F ). Since
F has no isolates, q� s� t � r are well defined. Set

X = fai : 1 � i �qg � fbj : 1 � j �rg�
Y = fai : s �i � ng � fbj : t �j � ng�

We claim that at least p vertices of X and at least p vertices of Y are not in
V (F ). This is obvious for q �p and for s �n � p + 1. Suppose q � p, now
q � 1 vertices of A � X are not in V (F ) from the definition of q . From the
definition of H , aqbj �� E (H ) for j = 1� 2� � � � � p � q + 1, thus any edge of F
incident to bj would cross the edge aqbr . Therefore none of the bj -s are in
V (F ) for j = 1� 2� � � � � p � q + 1. Thus we have at least q � 1 + p � q + 1 = p
vertices not in V (F ). A symmetric argument shows that at least p vertices of
Y are not in V (F ). This proves the claim and the lemma follows from it.

In Ramsey problems we may consider H and its (bipartite) complement
as a 2-colored simple geometrical graph Kn�n . In H the order of largest

non-crossing tree, path, double star is the same. This is not the case for H . For
example, it is easy to see that for 2p � n , H always contains a non-crossing
tree with n + 1 vertices. This is not true for double stars as the following
lemma shows(we need that to show that Theorem 1 is asymptotically sharp).
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Lemma �� Assume that n = 5k + 2� p = 3k + 1� Then the largest non�

crossing double star of both H and H has 4k + 2 vertices�

Proof� Any non-crossing subgraph of H without isolated vertices has
at most 2(n � p) = 4k + 2 vertices from Lemma 1. On the other hand, the
complete geometric subgraph of H spanned by fa1� � � � � an�p� bp+1� � � � � bng
clearly has a spanning double star. Thus the statement of the lemma follows
for H . To prove it for H , we need to look at three cases only, according
to the indices of the base edge e = aibj of a double star T . If i � j are both
at most n � p then T has at most p + 1 = 3k + 2 �4k + 2 vertices. If
1 � i � n � p� n � p + 1 � j then j � p + 1 � i follows from the definition
of H . There are two non-crossing maximal double stars with base e. One is
taking the j ‘left’ neighbors of ai and the 2p� n + 2� i + j ‘right’ neighbors
of bj . Now

2p � n + 2 � i + j � 2p � n + 2 � 1 + p + 1 � i � 3p � n + 1 =

= 3(3k + 1) � (5k + 2) + 1 = 4k + 2

proving what we want. The other maximal non-crossing double star on e has
p � j + 2 vertices since there are p � j � i + 2 ‘right’ neighbors of i and
i ‘left’ neighbors of j . Clearly, p � j + 2 �4k + 2 thus this double star is
small. Finally, if n � p + 1 � j � p + 1 � i � n � p + 1 � i � p + 1 � j , then
the two maximal non-crossing double stars on e have 2p � n + 2 � i + j and
2p�n +2� j + i vertices. Assume by symmetry that the first is the maximum,
then

2p � n + 2 � i + j � 2p � n + 2 � i + p + 1 � i � 3p � n + 2 = 4k + 2�

4. Proof of Theorems 1,2,3

Proof of Theorem �� Consider an arbitrary red-blue coloring of the
edges of a balanced geometric bipartite graph G = [A�B]. Let GR � GB denote
the red and blue subgraphs of G . Set

D = maxfdGR (a1)� dGR (bn)� dGB (a1)� dGB (bn)g�

Assume first that D � (1�2 + 1�10)n , without loss of generality the
maximum is attained at bn in the red color. Let i denote the smallest index
for which aibn is red. If ai has at least (1�4�1�20)n red neighbors in B , we
have a red non-crossing double star on aibn spanning at least (1�4 + 1�2 +

+ 1�20)n = 4n
5 vertices. Otherwise ai has at least (3�4 + 1�20)n = 4n

5 blue
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neighbors in B giving a red star (a special non-crossing double star) that is
as large as required.

In the case when D �(1�2 + 1�10)n , assume (w.l.o.g.) that edge a1bn is
red. Now - from the definition of D - both dGR (a1) and dGR (bn) are at least

(1�2�1�10)n therefore we have a non-crossing red double star on a1bn with

at least 2(1�2 � 1�10)n = 4n
5 vertices.

It follows from Lemma 2 that the bound is asymptotically sharp.

Proof of Theorem �� We claim first that a geometric G(n� n) that con-
tains no non-crossing double star with k + 1 vertices, has at most the claimed
number of edges. The proof is by induction n , keeping k fixed. The cases
2n = k and 2n � 1 = k are obvious. For the induction step, assume that
there is no non-crossing double star with k + 1 vertices in a geometric graph
G = G(n� n) for 2n � k + 2. Select an edge e = aibj � E (G) with

ji � j j is as large as possible. From the choice of e, the edges of G inci-
dent to e form a non-crossing double star, thus, from the assumption on G ,
we have dG (ai ) + dG (bj ) � k . Deleting the vertices ai � bj with its incident
edges we delete at most k � 1 edges and get a balanced geometric graph
F = G(n � 1� n � 1). By the inductive hypothesis

jE (G)j � k � 1 + jE (F )j � k � 1 + (n � 1)(k � 1) �
�

(k � 1)2

4

�
=

= n(k � 1) �
�

(k � 1)2

4

�

proving the claim.

To see that the maximum can be attained, we use the graph H (n� p) for

even k . Set p = n � k
2 , from Lemma 1, the largest non-crossing double star

in H has at most 2(n � p) = k vertices. On the other hand, H (n� p) has

n2 � 2
�p+1

2

�
= n(k � 1) � b (k�1)2

4 c vertices.

For odd k we modify H (n� p) to H �(n� p) so that its edge set is faibj :

p + 2 � i + j � 2n � p � 1g. Set p = n � k�1
2 , now the largest non-crossing

double star of H �(n� p) has at most 2(n � p) + 1 = k vertices and H �(n� p) has

n2 � �p+1
2

�� �p
2

�
= n(k � 1) � (k�1)2

4 edges.

Proof of Theorem �� To prepare the proof, we define matchings
in the geometric Kn�n having pairwise non-crossing (pairwise crossing)
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edges. For i = 0� 1� 2� � � � � n � k � 1 let Mi denote the matching
with edge set fa1� b1+i � a2b2+i � � � � an�ibng and let Ni denote the edge set
fan � bn�i � an�1bn�1�i � � � � ai+1b1g. Since N0 = M0, we have 2(n�k�1)+1
edge-disjoint non-crossing matchings. Assume that G = G(n� n) is a geo-
metric graph containing no non-crossing matching with k + 1 edges. Then at
most k edges of G can be selected from each of the matchings above, thus
jE (G)j � k (2n � 2k � 1) + m where m is the number of edges of Kn�n not

covered by the union of the matchings Mi � Ni . Since m = 2
�
k+1

2

�
we get that

jE (G)j � k (2n � 2k � 1) + (k + 1)k = 2kn � k2

as desired. This proves the extremal result for non-crossing matchings. The
proof for the crossing matching is similar, since one can replace the non-
crossing matchings Mi � Ni by matchings containing pairwise crossing edges.
To see that both results are sharp, consider k -element sets X 	 A�Y 	 B
and define the graph whose edges are incident to X � Y . This graph has

2kn � k2 edges and for X = fa1� � � � � akg� Y = fb1� � � � � bkg it does not
contain a non-crossing matching with k + 1 edges; for X = fa1� � � � � akg� Y =
= fbn�k+1� � � � � bng it does not contain a matching with k+1 pairwise crossing
edges.
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Abstract. Let G denote a finite Abelian group, and F a field whose
multiplicative group F

� contains an element whose order equals the exponent
of G . For any pair A = fa1� � � � � akg, B = fb1� � � � � bkg of k -element subsets
of G there exist homomorphisms �1� � � � � �k : G � F

� such that neither of the
two matrices (�i (aj )) and (�i (bj )) is singular. This confirms a conjecture of
Feng, Sun, and Xiang. We also give a shortened proof of Snevily’s conjecture.

1. Introduction

Let G denote a finite Abelian group of order m and exponent n . We
say that G is fully representable over a field F if the multiplicative group F

�

contains an element of order n . This happens if and only if the characteristic
of the field F does not divide n , and F itself contains the splitting field of the
polynomial xn�1 over its prime field. In this case F� contains a unique cyclic
subgroup H of order n that may be identified for every such field of the same
characteristic, and every homomorphism from G to F

� maps into H . Such
group characters with respect to pointwise multiplication form the character

group bG �= G . It follows from the orthogonality relationsX
g�G

�1(g)��1
2 (g) =

�
jGj if �1 = �2

0 otherwise

* Supported by European Community Grant ERG 239277 and OTKA Grants K 72731 and

PD 75126.
y Supported by Bolyai Research Fellowship and OTKA Grants K 67676 and NK 67867.
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that the m �m matrix (�(g))
g�G���bG

is nonsingular. Thus, the characters are

linearly independent over F and form a basis in the vector space of all G � F

functions over F.

Remark� The independence of the columns of the character table can be
interpreted as follows: For any subset A = fa1� � � � � akg of G , those sets of
characters � for which the vectors �(A) = �(ai )1�i�k are independent over

F, form a rank k matroid MA over the ground set bG . Here we prove that for
any two sets A�B � G of the same cardinality, the matroids MA and MB

have a common basis.

Theorem �� Assume that the �nite Abelian groupG is fully representable

over the �eld F� For any two subsets A = fa1� � � � � akg and B = fb1� � � � � bkg

of G there exist characters �1� � � � � �k � bG such that both Det(�i (aj )) and

Det(�i (bj )) are di�erent from zero�

This confirms a conjecture of Feng, Sun, and Xiang [4]. Applying

the natural isomorphism between G and bbG , one obtains the following dual
version.

Theorem �� Under the conditions of the previous theorem� let X =

= f�1� � � � � �kg and Ψ = f�1� � � � � �kg be two subsets of bG � Then there

exist elements a1� � � � � ak � G such that both Det(�i (aj )) and Det(�i (aj )) are
di�erent from zero�

Using the exterior algebra method, Feng, Sun, and Xiang [4] pointed
out that a weaker form of Theorem 1 would imply Snevily’s conjecture [6],
which after a series of partially successful attempts [1,3,5], see also [7,8], was
recently proved by Arsovski [2]. Thus, one obtains the following affirmative
answer for Snevily’s problem.

Theorem �� Let G be an Abelian group of odd order� For any two sub�

sets A = fa1� � � � � akg and B = fb1� � � � � bkg of G there exists a permutation

� � Sk such that the elements a1 +b�(1)� � � � � ak +b�(k ) are pairwise di�erent�

The proof of Theorem 1, at least for finite fields F of characteristic 2, is
implicit in Arsovski’s paper. Here we present a variant of his argument with
considerable simplifications, which completely settles the conjecture of Feng,
Sun, and Xiang.
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2. The Proofs

Assume that, for a given finite Abelian group G , the statement of Theo-
rem 1 fails for a certain field F of characteristic c, then it also fails for every
field of characteristic c over which G is fully representable. In particular, it
fails for the purely transcendental extension F

� = F(t1 � � � � � tm). Accordingly,
let A = fa1� � � � � akg and B = fb1� � � � � bkg be two subsets of G such that

Det(�i (aj )) Det(�i (bj )) = 0

holds for every k -tuple of characters �1� � � � � �k � bG . Write bG = f�1� � � � � �mg.
Let � denote an arbitrary function from G to F

� ; it can be uniquely expressed
as � =

Pm
u=1 �u�u with Fourier-coefficients �u � F

� . Consider the k � m

matrices M = (miu ) and N = (niu ) with miu = �u�u(ai ), resp. niu = �u(bi ). In
view of the Cauchy–Binet formula and the multilinearity of the determinant,
for the k � k matrix L with (i � j ) entry �(ai + bj ) we obtain

DetL = Det

�
mX
u=1

�u�u(ai + bj )

�
= Det

�
mX
u=1

�u�u(ai )�u(bj )

�
=

= Det(MN�) =
X

1�u1�����uk�m

Det(miuj ) Det(niuj ) =

=
X

1�u1�����uk�m

(�u1 � � � �uk ) Det(�ui (aj )) Det(�ui (bj )) =

= 0�

Enumerate the elements of G as g1� � � � � gm , and apply the above formula
for the function � that maps each gi to the corresponding ti . Then DetL is the
alternating sum of k ! monomial terms in t1� � � � � tm , each of degree k . Because
of the algebraic independence of the elements ti , DetL can only vanish if each
monomial term cancels out, either because it appears with both + and � signs,
or because it appears at least c times with the same sign. Anyway, for any
permutation � � Sk there exists a permutation 	 	= � � Sk such that the
elements a1 + b�(1)� � � � � ak + b�(k ), in some order, coincide with the elements
a1 + b�(1)� � � � � ak + b�(k ). According to the following simple combinatorial
lemma inherent in [2], this is impossible.

Lemma �� Let A = fa1� � � � � akg and B = fb1� � � � � bkg be subsets of an

arbitrary Abelian group G � There exists a permutation � � Sk such that for



2011. február 15. –8:46 60

60 G. HARCOS, GY. KÁROLYI, G. KÓS

any permutation 	 	= � � Sk � the multisets fa1 + b�(1)� � � � � ak + b�(k )g and

fa1 + b�(1)� � � � � ak + b�(k )g are di�erent�

Proof� Fix the positive integer k , and assume that the lemma has already
been verified for smaller values of k . Write a1 + b1 = g , and consider the set
I of all indices i for which there exists an index j with ai + bj = g . We may

assume that I = f1� � � � � 
g. In the case 
 = k there is a unique permutation �
with a1 + b�(1) = � � � = ak + b�(k ) = g . If 1 
 
 �k , then fix the first 
 values
of � by a1 + b�(1) = � � � = a� + b�(�) = g , and apply the induction hypothesis

for the subsets A� = fa�+1� � � � � akg, B � = fbi j i 	= �(1)� � � � � �(
)g to extend
it to a permutation � � Sk .

This contradiction proves Theorem 1. Theorem 3 follows by the so-
phisticated argument of [4] or by the elegant reasoning of Arsovski [2]. In
retrospect, the proof only relies on the identity (valid in characteristic 2)

Det(�(ai + bj )) =
X

1�u1�����uk�m

X
��Sk

Det(�uj �uj (ai + b�(i)))

and the existence of � =
Pm

u=1 �u�u : G � F
� , guaranteed by Lemma 4,

for which the left hand side is nonzero. Indeed, if Theorem 3 fails then each
determinant on the right hand side is zero because the underlying matrix has
two equal rows. The identity can be proved directly using the multilinearity
of the determinant and the multiplicativity of the characters �u :

Det(�(ai + bj )) =
X

1�u1�����uk�m

Det(�ui�ui (ai + bj )) =

=
X

1�u1�����uk�m

distinct

Det(�ui�ui (ai + bj )) =

=
X

1�u1�����uk�m

distinct

X
��Sk

kY
i=1

(�ui �ui (ai + b�(i))) =

=
X

1�u1�����uk�m

X
��Sk

Det(�uj �uj (ai + b�(i)))�

It would be very interesting to find a purely combinatorial proof.
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Abstract. Ekici [4] introduced the notion of upper/lower nearly con-
tinuous multifunctions between topological spaces. In this paper, we obtain
the unified form of several generalizations of upper/lower nearly continuous
multifunctions between bitopological spaces.

1. Introduction

The notion of N -closed sets in a topological space is introduced in [3]
and is studied in [12], [13] and other papers. Recently, Ekici [4] introduced
and studied upper/lower nearly continuous multifunctions.

The present authors [17], [18] introduced the notions of minimal struc-
tures, m-spaces and m-continuous functions. The notion of upper/lower
m-continuous multifunctions are introduced in [19]. As a generaliztion of
upper/lower m-continuous multifunctions and upper/lower nearly continuous
multifunctions, the present authors [16] introduced and studied the notion of
upper/lower nearly m-continuous multifunctions as multifunctions from a set
satisfying some minimal condition into a topological space. Quite recently,
the present authors [15] investigated a new viewpoint in the study of conti-
nuity forms in bitopological spaces.

In this paper, analogously to [15], we introduce and study the notion of
upper/lower nearly m-continuous multifunctions as multifunctions from a set
satisfying some minimal conditions into a bitopological space. Then it turns
out that we obtain the unified form of several generalizations of upper/lower
nearly continuous multifunctions between bitopological spaces. Furthermore,

AMS Subject Classification (2000): 54C08, 54C60, 54E55
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similarly to the method in [14], we characterize the set of all such points at
which a multifunction is not upper/lower nearly m-continuous.

2. Preliminaries

Throughout the present paper, (X� �1� �2) (resp. (X� �)) is a bitopological
(resp. topological) space. Let (X� �) be a topological space and A a subset of
X . The closure of A and the interior of A are denoted by Cl(A) and Int(A),
respectively. Let (X� �1� �2) be a bitopological space and A a subset of X . The
closure of A and the interior of A with respect to �i for i = 1, 2 are denoted
by iCl(A) and iInt(A), respectively. A subset A of (X� �) is said to be regular
open (resp. regular closed) if Int(Cl(A)) = A (resp. Cl(Int(A)) = A).

Definition ���� A subset A of a topological space (X� �) is said to be
N �closed relative to X (briefly N �closed) [3] if every cover of A by regular
open sets of X has a finite subcover.

Definition ���� A subset A of a bitopological space (X� �1� �2) is said
to be

(1) (i � j )-semi�open [2] if A � jCl(iInt(A)), where i�j , i , j = 1, 2,

(2) (i � j )-preopen [5] if A � iInt(jCl(A)), where i�j , i , j = 1, 2,

(3) (i � j )-��open [6] if A � iInt(jCl(iInt(A))), where i�j , i , j = 1, 2,

(4) (i � j )�semi�preopen [8] if there exists an (i � j )-preopen set U such that
U � A � jCl(U ), where i�j , i , j = 1, 2,

(5) (i � j )�regular open [1] if A = iInt(jCl(A)), where i�j , i , j = 1, 2.

The family of (i � j )-semi-open (resp. (i � j )-preopen, (i � j )-�-open, (i � j )-
semi-preopen) sets of (X� �1� �2) is denoted by (i � j )SO(X ) (resp. (i � j )PO(X ),
(i � j )�(X ), (i � j )SPO(X )).

Definition ���� The complement of an (i � j )-semi-open (resp. (i � j )-
preopen, (i � j )-�-open, (i � j )-semi-preopen) set is said to be (i � j )�semi�closed

(resp. (i � j )�preclosed, (i � j )���closed, (i � j )�semi�preclosed).

Definition ���� The intersection of all (i � j )-semi-closed (resp. (i � j )-
preclosed, (i � j )-�-closed, (i � j )-semi-preclosed) sets of X containing A is
called the (i � j )�semi�closure [9] (resp. (i � j )�preclosure [8], (i � j )���closure
[11], (i � j )�semi�preclosure [8]) of A and is denoted by (i � j )sCl(A) (resp.
(i � j )pCl(A), (i � j )�Cl(A), (i � j )spCl(A)).
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Definition ���� The union of all (i � j )-semi-open (resp. (i � j )-preopen,
(i � j )-�-open, (i � j )-semi-preopen) sets of X contained in A is called the (i � j )�
semi�interior (resp. (i � j )�preinterior, (i � j )���interior, (i � j )�semi�preinterior)
of A and is denoted by

(i � j )sInt(A) (resp. (i � j )pInt(A), (i � j )�Int(A), (i � j )spInt(A)).

Definition ���� A subset A of a bitopological space (X� �1� �2) is said to
be (i � j )�N �closed [20] if every cover of A by (i � j )-regular open sets of X
has a finite subcover.

For a multifunction F :X � Y , we shall denote the upper and lower
inverse of a subset B of a space Y by F+(B) and F�(B), respectively, that
is

F+(B) = fx � X : F (x ) � Bg and F�(B) = fx � X : F (x )�B �= �g�

Definition ��	� A multifunction F : (X� �) � (Y� �) is said to be

(1) upper nearly continuous at a point x � X [4] if for each open set V
containing F (x ) and having N -closed complement, there exists an open
set U of X containing x such that F (U ) � V ,

(2) lower nearly continuous at a point x � X [4] if for each open set V
meeting F (x ) and having N -closed complement, there exists an open set
U of X containing x such that F (u) �V �= � for each u � U ,

(3) upper�lower nearly continuous on X if it has this property at each point
of X .

3. Minimal structures and bitopological spaces

Definition ���� A subfamily mX of the power set P(X ) of a nonempty
set X is called a minimal structure (briefly m�structure) [17], [18] on X if
� � mX and X � mX .

By (X�mX ) (briefly (X�m)), we denote a nonempty set X with a minimal
structure mX on X and call it an m�space. Each member of mX is said to be
mX -open (briefly m-open) and the complement of an mX -open set is said to
be mX �closed (briefly m�closed).

Definition ���� Let (X�mX ) be an m-space. For a subset A of X , the
mX �closure of A and the mX �interior of A are defined in [10] as follows:

(1) mCl(A) = �fF :A � F�X � F � mX g,

(2) mInt(A) = �fU : U � A�U � mX g.
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Remark ���� Let (X� �1� �2) be a bitopological space and A a subset
of X .

(1) The families (i � j )SO(X ), (i � j )PO(X ), (i � j )�(X ), and (i � j )SPO(X ) are
all m-structures on X .

(2) If mX = (i � j )SO(X ) (resp. (i � j )PO(X ), (i � j )�(X ), (i � j )SPO(X )), then
we have

(a) mCl(A) = (i � j )sCl(A) (resp. (i � j )pCl(A), (i � j )�Cl(A), (i � j )spCl(A)),

(b) mInt(A) = (i � j )sInt(A) (resp. (i � j )pInt(A), (i � j )�Int(A), (i � j )spInt(A)).

Lemma ���� (Maki et al� [10])� Let (X�mX ) be an m�space� For subsets

A and B of X � the following properties hold�

(1) mCl(X �A) = X �mInt(A) and mInt(X �A) = X �mCl(A)�

(2) If (X �A) � mX � then mCl(A) = A and if A � mX � then mInt(A) = A�

(3) mCl(�) = �� mCl(X ) = X � mInt(�) = � and mInt(X ) = X �

(4) If A � B � then mCl(A) � mCl(B) and mInt(A) � mInt(B)�

(5) A � mCl(A) and mInt(A) � A�

(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A)�

Definition ���� An m-structure mX on a nonempty set X is said to have
propertyB [10] if the union of any family of subsets belonging to mX belongs
to mX .

Remark ���� Let (X� �1� �2) be a bitopological space. Then the family
(i � j )SO(X ) (resp. (i � j )PO(X ), (i � j )�(X ), (i � j )SPO(X )) is an m-structure
on X having property B by Theorem 2 of [9] (resp. Theorem 4.2 of [7] or
Theorem 3.2 of [8], Theorem 1.5 of [11], Theorem 3.2 of [8]).

Lemma ���� (Popa and Noiri [17])� For an m�structure mX on a non�

empty set X � the following properties are equivalent�

(1) mX has property B�

(2) If mInt(A) = A� then A � mX �

(3) If mCl(A) = A� then A is mX �closed�

Definition ���� Let (X�mX ) be an m-space and (Y� �) a topological
space. A multifunction F : (X�mX ) � (Y� �) is said to be

(1) upper m�continuous [19] at a point x � X if for each open set V
containing F (x ), there exists an mX -open set U containing x such that
F (U ) � V ,
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(2) lower m�continuous [19] at a point x � X if for each open set V meeting
F (x ), there exists an mX -open set U containing x such that F (u)�V �= �
for each u � U ,

(3) upper�lower m�continuous on X if it has this property at every point
of X .

Definition ���� Let (X�mX ) be an m-space and (Y� �) a topological
space. A multifunction F : (X�mX ) � (Y� �) is said to be

(1) upper nearly m�continuous [16] at a point x � X if for each open set
V containing F (x ) and having N -closed complement, there exists an
mX -open set U containing x such that F (U ) � V ,

(2) lower nearly m�continuous [16] at a point x � X if for each open set V
meeting F (x ) and having N -closed complement, there exists an mX -open
set U containing x such that F (u) �V �= � for each u � U ,

(3) upper�lower nearly m�continuous on X if it has this property at every
point of X .

Remark ���� Every upper/lower m-continuous multifunction is upper/
lower nearly m-continuous. The converse is not true by Example 4 of [4].

4. (i � j )-upper/lower near m-continuity

Definition ���� Let (X�mX ) be an m-space and (Y� �1� �2) a bitopolog-
ical space. A multifunction F : (X�mX ) � (Y� �1� �2) is said to be

(1) (i � j )�upper nearly m�continuous at a point x � X if for each �i -open set
V containing F (x ) and having (i � j )-N -closed complement, there exists
an mX -open set U containing x such that F (U ) � V ,

(2) (i � j )�lower nearly m�continuous at a point x � X if for each �i -open set
V meeting F (x ) and having (i � j )-N -closed complement, there exists an
mX -open set U containing x such that F (u) �V �= � for each u � U ,

(3) (i � j )�upper�(i � j )�lower nearly m�continuous on X if it has this property
at every point of X .

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties are equivalent�

(1) F is (i � j )�upper nearly m�continuous at x � X �

(2) x � mInt(F+(V )) for every �i �open set V of Y containing F (x ) and

having (i � j )�N �closed complement�
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(3) x � F�(iCl(B)) for every subset B of Y having (i � j )�N �closed �i �
closure such that x � mCl(F�(B))�

(4) x � mInt(F+(B)) for every subset B of Y such that x � F+(iInt(B)) and
Y � iInt(B) is (i � j )�N �closed�

Proof� (1) 	 (2): Let V be any �i -open set of Y containing F (x )
and having (i � j )-N -closed complement. There exists an mX -open set U
containing x such that F (U ) � V . Thus x � U � F+(V ). Since U is
mX -open, we have x � mInt(F+(V )).

(2) 	 (3): Suppose that B is any subset of Y having (i � j )-N -closed
�i -closure. Then iCl(B) is �i -closed and Y � iCl(B) is a �i -open set
having (i � j )-N -closed complement. Let x �� F�(iCl(B)), then x � X �
� F�(iCl(B)) = F+(Y � iCl(B)). This implies that F (x ) � Y � iCl(B).
Since Y � iCl(B) is a �i -open set having (i � j )-N -closed complement, by
(2) we have x � mInt(F+(Y � iCl(B))) = mInt(X � F�(iCl(B))) = X �
�mCl(F�(iCl(B))) � X �mCl(F�(B)). Hence x �� mCl(F�(B))�

(3) 	 (4): Let B be any subset of Y such that x �� mInt(F+(B)) and
Y � iInt(B) is (i � j )-N -closed. Then we have x � X � mInt(F+(B)) =
= mCl(X � F+(B)) = mCl(F�(Y � B)). By (3) we have x � F�(iCl(Y �
� B)) = F�(Y � iInt(B)) = X � F+(iInt(B)). Hence x �� F+(iInt(B)).

(4) 	 (1): Let V be any �i -open set of Y containing F (x ) and having
(i � j )-N -closed complement. We have x � F+(V ) = F+(iInt(V )). Then,
by (4) x � mInt(F+(V )). Therefore, there exists U � mX such that x �
� U � F+(V ). Thus F (U ) � V . This shows that F is (i � j )-upper nearly
m-continuous at x � X .

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties are equivalent�

(1) F is (i � j )�lower nearly m�continuous at x � X �

(2) x � mInt(F�(V )) for every �i �open set V of Y having (i � j )�N �

closed complement such that F (x ) �V �= ��

(3) x � F+(iCl(B)) for every subset B of Y having (i � j )�N �closed

�i �closure such that x � mCl(F+(B))�

(4) x � mInt(F�(B)) for every subset B of Y such that x � F�(iInt(B))
and Y � iInt(B) is (i � j )�N �closed�

Proof� The proof is similar to that of Theorem 4.1.

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties are equivalent�
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(1) F is (i � j )�upper nearly m�continuous�

(2) F+(V ) = mInt(F+(V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) F�(K ) = mCl(F�(K )) for every (i � j )�N �closed and �i �closed set K of

Y �

(4) mCl(F�(B)) � F�(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) F+(iInt(B)) � mInt(F+(B)) for every subset B of Y such that

Y � iInt(B) is (i � j )�N �closed�

Proof� (1) 	 (2): Let V be any �i -open set of Y having (i � j )-N -closed
complement and x � F+(V ). Then F (x ) � V and there exists U � mX
containing x such that F (U ) � V . Therefore, x � U � F+(V ) and hence
x � mInt(F+(V )). This shows that F+(V ) � mInt(F+(V )). Therefore, by
Lemma 3.1 we obtain F+(V ) = mInt(F+(V )).

(2) 	 (3): Let K be any (i � j )-N -closed and �i -closed set of Y .
Then, by (2) and Lemma 3.1 we have X � F�(K ) = F+(Y �K ) =
= mInt(F+(Y �K )) = mInt(X � F�(K )) = X � mCl(F�(K )). Therefore,
we obtain F�(K ) = mCl(F�(K )).

(3) 	 (4): Let B be any subset of Y having (i � j )-N -closed �i -closure.
By (3) and Lemma 3.1, we have F�(B) � F�(iCl(B)) = mCl(F�(iCl(B))).
Hence mCl(F�(B)) � mCl(F�(iCl(B))) = F�(iCl(B)).

(4) 	 (5): Let B be a subset of Y such that Y � iInt(B) is (i � j )-N -
closed. Then by (4) and Lemma 3.1 we have

X �mInt(F+(B)) = mCl(X � F+(B)) = mCl(F�(Y � B)) �

� F�(iCl(Y � B)) = F�(Y � iInt(B)) = X � F+(iInt(B))�

Therefore, we obtain F+(iInt(B)) � mInt(F+(B)).

(5)	 (1): Let x � X and V be any �i -open set of Y containing F (x ) and
having (i � j )-N -closed complement. Then by (5) x � F+(V ) = F+(iInt(V )) �
� mInt(F+(V )). There exists U � mX containing x such that U � F+(V );
hence F (U ) � V . This shows that F is (i � j )-upper nearly m-continuous.

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties are equivalent�

(1) F is (i � j )�lower nearly m�continuous�

(2) F�(V ) = mInt(F�V )) for each �i �open set V of Y having (i � j )�N �

closed complement�
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(3) F+(K ) = mCl(F+(K )) for every (i � j )�N �closed and �i �closed set K of

Y �

(4) mCl(F+(B)) � F+(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) F�(iInt(B)) � mInt(F�(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Proof� The proof is similar to that of Theorem 4.3.

Corollary ���� Let (X�mX ) be an m�space and mX have property B�

For a multifunction F : (X�mX ) � (Y� �1� �2)� the following properties are

equivalent�

(1) F is (i � j )�upper nearly m�continuous �resp� (i � j )�lower nearly m�con�

tinuous��

(2) F+(V ) �resp� F�(V )� is mX �open for each �i �open set V of Y having

(i � j )�N �closed complement�

(3) F�(K ) �resp� F+(K )� is mX �closed for every (i � j )�N �closed and �i �
closed set K of Y �

Proof� This is an immediate consequence of Theorems 4.3 and 4.4 and
Lemma 3.2.

Corollary ���� A multifunction F : (X�mX ) � (Y� �1� �2) is (i � j )�
upper nearly m�continuous �resp� (i � j )�lower nearly m�continuous� if

F�(K ) = mCl(F�(K )) �resp� F+(K ) = mCl(F+(K ))� for every (i � j )�N �

closed set K of Y �

Proof� Let G be any �i -open set of Y having (i � j )-N -closed comple-
ment. Then Y � G is (i � j )-N -closed. By the hypothesis, X � F+(G) =
= F�(Y �G) = mCl(F�(Y � G)) = mCl(X � F+(G)) = X �mInt(F+(G))
and hence, F+(G) = mInt(F+(G)). It follows from Theorem 4.3 that F is
(i � j )-upper nearly m-continuous. The proof of (i � j )-lower near m-continuity
is entirely similar.

Definition ���� A function f : (X�mX ) � (Y� �1� �2) is said to be (i � j )
nearly m�continuous if for each point x � X and each �i -open set V con-
taining f (x ) and having (i � j )-N -closed complement, there exists an mX -open
set U containing x such that f (U ) � V .

Corollary ���� For a function f : (X�mX ) � (Y� �1� �2)� the following

properties are equivalent�
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(1) f is (i � j ) nearly m�continuous�

(2) f �1(V ) = mInt(f �1(V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) f �1(K ) = mCl(f �1(K )) for every (i � j )�N �closed and �i �closed set K of

Y �

(4) mCl(f �1(B)) � f �1(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) f �1(iInt(B)) � mInt(f �1(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Corollary ���� For a function f : (X�mX ) � (Y� �1� �2)� where mX has

property B� the following properties are equivalent�

(1) f is (i � j ) nearly m�continuous�

(2) f �1(V ) is mX �open for each �i �open set V of Y having (i � j )�N �closed

complement�

(3) f �1(K ) is mX �closed for every (i � j )�N �closed and �i �closed set K of

Y �

For a multifunction F : (X�mX ) � (Y� �1� �2), we define D+
nm(F ) and

D�nm(F ) as follows:

D+
nm(F ) = fx � X : F is not (i � j )-upper m-continuous at xg,

D�nm(F ) = fx � X : F is not (i � j )-lower m-continuous at xg.

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties hold�

D+
nm(F ) =

�

G��iNC

fF+(G)�mInt(F+(G))g =

=
�

B�iNC

fF+(iInt(B))�mInt(F+(B))g =

=
�

B�NC

fmCl(F�(B))� F�(iCl(B))g =

=
�

H�F

fmCl(F�(H ))� F�(H )g�

where �iNC is the family of all �i �open sets of Y having (i � j )�N �closed

complement�
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iNC is the family of all subsets B of Y such that Y � iInt(B) is (i � j )�
N �closed�

NC is the family of all subsets of Y having (i � j )�N �closed �i �closure�

F is the family of all subsets H of Y which are (i � j )�N �closed and

�i �closed�

Proof� We shall show only the first equality and the last since the proofs
of other are similar to the first.

Let x � D+
nm(F ). By Theorem 4.1, there exists a �i -open set V

of Y having (i � j )-N -closed complement such that x � F+(V ) and x ��
mInt(F+(V )). Therefore, we have

x � F+(V )�mInt(F+(V )) �
�

G��iNC

fF+(G)�mInt(F+(G))g�

Conversely, let x �
S
G��iNC fF

+(G) � mInt(F+(G))g. There exists

a �i -open set V of Y having (i � j )-N -closed complement such that x �
� F+(V )�mInt(F+(V )). By Theorem 4.1, we obtain x � D+

nm(F ).

We prove the last equality.
�

H�F

fmCl(F�(H ))� F�(H )g �

�
�

B�NC

fmCl(F�(B))� F�(iCl(B))g = D+
nm(F )�

Conversely, by Lemma 3.1 we have

D+
nm (F ) =

�

B�NC

fmCl(F�(B))� F�(iCl(B))g �

�
�

H�F

fmCl(F�(H ))� F�(H )g�

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing properties hold�

D�nm(F ) =
�

G��iNC

fF�(G)�mInt(F�(G))g =

=
�

B�iNC

fF�(iInt(B))�mInt(F�(B))g =
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=
�

B�NC

fmCl(F+(B))� F+(iCl(B))g =

=
�

H�F

fmCl(F+(H ))� F+(H )g�

Proof� The proof is similar to that of Theorem 4.5.

5. (i � j ) near m-continuity in bitopological spaces

Definition ���� Let (X� �1� �2) be a bitopological space and mi j =
= m(�1� �2) an m-structure on X determined by �1 and �2. A multifunc-
tion F : (X� �1� �2) � (Y� �1� �2) is said to be (i � j )�upper�(i � j )�lower nearly

m�continuous at x � X (resp. on X ) if F : (X�mi j ) � (Y� �1� �2) is (i � j )-
upper/(i � j )-lower nearly m-continuous at x � X (resp. on X ). Hence

(1) A multifunction F : (X� �1� �2) � (Y� �1� �2) is (i � j )-upper nearly m-
continuous at a point x � X if for each �i -open set V containing F (x )
and having (i � j )-N -closed complement, there exists U � mi j containing
x such that F (U ) � V ,

(2) A multifunction F : (X� �1� �2) � (Y� �1� �2) is (i � j )-lower nearly m-
continuous at a point x � X if for each �i -open set V meeting F (x )
and having (i � j )-N -closed complement, there exists U � mi j containing

x such that F (u) �V �= � for each u � U ,

(3) (i � j )�upper�(i � j )�lower nearly m�continuous on X if F : (X�mi j ) �
� (Y� �1� �2) has this property at every point of X .

Remark ���� Let (X� �1� �2) be a bitopological space and mi j = m(�1� �2)
an m-structure on X determined by �1 and �2. If mi j = (i � j )SO(X ) (resp.
(i � j )PO(X ), (i � j )�(X ), (i � j )SPO(X )) and F : (X� �1� �2) � (Y� �1� �2) is
(i � j )-upper/(i � j )-lower nearly m-continuous, then F is (i � j )-upper/(i � j )-lower
nearly semi-continuous (resp. (i � j )-upper/(i � j )-lower nearly precontinuous,
(i � j )-upper/(i � j )-lower nearly �-continuous, (i � j )-upper/(i � j )-lower nearly
semi-precontinuous).

By Definition 5.1 and Theorems 4.3 and 4.4, we have the following two
theorems.

Theorem ���� Let (X� �1� �2) be a bitopological space and mi j =
= m(�1� �2) an m�structure on X determined by �1 and �2� For a multifunction

F : (X� �1� �2) � (Y� �1� �2)� the following properties are equivalent�
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(1) F is (i � j )�upper nearly m�continuous�

(2) F+(V ) = mi j Int(F+(V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) F�(K ) = mi jCl(F�(K )) for every (i � j )�N �closed and �i �closed set K
of Y �

(4) mi jCl(F�(B)) � F�(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) F+(iInt(B)) � mi j Int(F+(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Theorem ���� Let (X� �1� �2) be a bitopological space and mi j =
= m(�1� �2) an m�structure on X determined by �1 and �2� For a multifunction

F : (X� �1� �2) � (Y� �1� �2)� the following properties are equivalent�

(1) F is (i � j )�lower nearly m�continuous�

(2) F�(V ) = mi j Int(F�(V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) F+(K ) = mi jCl(F+(K )) for every (i � j )�N �closed and �i �closed set K of

Y �

(4) mi jCl(F+(B)) � F+(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) F�(iInt(B)) � mi j Int(F�(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Corollary ���� Let (X� �1� �2) be a bitopological space and mi j =
= m(�1� �2) an m�structure on X determined by �1 and �2 having property

B� For a multifunction F : (X� �1� �2) � (Y� �1� �2)� the following properties

are equivalent�

(1) F is (i � j )�upper nearly m�continuous �resp� (i � j )�lower nearly m�

continuous��

(2) F+(V ) �resp� F�(V )� is mi j �open for each �i �open set V of Y having

(i � j )�N �closed complement�

(3) F�(K ) �resp� F+(K )� is mi j �closed for every (i � j )�N �closed and �i �
closed set K of Y �

Remark ���� If, for example, mi j = (i � j )SO(X ), then by Theorems 5.1
and 5.2 and Corollary 5.1 we obtain Theorems 5.3 and 5.4 and Corollary 5.2
(below), respectively.
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Theorem ���� Let (X� �1� �2) be a bitopological space and mi j =
= (i � j )SO(X )� Then� for a multifunction F : (X� �1� �2) � (Y� �1� �2)� the

following properties are equivalent�

(1) F is (i � j )�upper nearly semi�continuous�

(2) F+(V ) = (i � j )sInt(F+(V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) F�(K ) = (i � j )sCl(F�(K )) for every (i � j )�N �closed and �i �closed set K
of Y �

(4) (i � j )sCl(F�(B)) � F�(iCl(B)) for every subset B of Y having (i � j )�
N �closed �i �closure�

(5) F+(iInt(B)) � (i � j )sInt(F+(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Theorem ���� Let (X� �1� �2) be a bitopological space and mi j =
= (i � j )SO(X )� Then� for a multifunction F : (X� �1� �2) � (Y� �1� �2)� the

following properties are equivalent�

(1) F is (i � j )�lower nearly semi�continuous�

(2) F�(V ) = (i � j )sInt(F�V )) for each �i �open set V of Y having (i � j )�N �

closed complement�

(3) F+(K ) = (i � j )sCl(F+(K )) is for every (i � j )�N �closed and �i �closed set

K of Y �

(4) (i � j )sCl(F+(B)) � F+(iCl(B)) for every subset B of Y having (i � j )�N �

closed �i �closure�

(5) F�(iInt(B)) � (i � j )sInt(F�(B)) for every subset B of Y such that Y �
� iInt(B) is (i � j )�N �closed�

Corollary ���� Let (X� �1� �2) be a bitopological space and mi j =
= (i � j )SO(X )� Then� for a multifunction F : (X� �1� �2) � (Y� �1� �2)� the

following properties are equivalent�

(1) F is (i � j )�upper nearly semi�continuous �resp� (i � j )�lower nearly semi�

continuous��

(2) F+(V ) �resp� F�(V )� is (i � j )�semi�open for each �i �open set V of Y
having (i � j )�N �closed complement�

(3) F�(K ) �resp� F+(K )� is (i � j )�semi�closed for every (i � j )�N �closed and

�i �closed set K of Y �
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Let F : (X� �1� �2) � (Y� �1� �2) be a multifunction and mi j = m(�1� �2)

an m-structure on X determined by �1 and �2. Then we define D+
nmi j

(F )

and D�nmi j
(F ) as follows:

D+
nmi j

(F ) = fx � X : F is not (i � j )-upper nearly m-continuous at xg,

D�nmi j
(F ) = fx � X : F is not (i � j )-lower nearly m-continuous at xg.

By Theorems 4.5 and 4.6, we obtain the following two theorems.

Theorem ���� Let (X� �1� �2) be a bitopological space and mi j =
= m(�1� �2) an m�structure on X determined by �1 and �2� For a multifunction

F : (X� �1� �2) � (Y� �1� �2)� the following equalities hold�

D+
nmi j

(F ) =
�

G��iNC

fF+(G)� mi j Int(F+(G))g =

=
�

B�iNC

fF+(iInt(B))� mi j Int(F+(B))g =

=
�

B�NC

fmi jCl(F�(B))� F�(iCl(B))g =

=
�

H�F

fmi jCl(F�(H ))� F�(H )g�

Theorem ���� For a multifunction F : (X�mX ) � (Y� �1� �2)� the follow�

ing equalities hold�

D�nmi j
(F ) =

�

G��iNC

fF�(G)� mi j Int(F�(G))g =

=
�

B�iNC

fF�(iInt(B))� mi j Int(F�(B))g =

=
�

B�NC

fmi jCl(F+(B))� F+(iCl(B))g =

=
�

H�F

fmi jCl(F+(H ))� F+(H )g�

Remark ���� If, for example, mi j = (i � j )SO(X ), then by Theorems 5.5
and 5.6 we obtain Corollaries 5.3 and 5.4 (below), respectively.
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Corollary ���� Let (X� �1� �2) be a bitopological space and mi j =
= (i � j )SO(X )� Then� for a multifunction F : (X� �1� �2) � (Y� �1� �2)� the

following equalities hold�

D+
nmi j

(F ) =
�

G��iNC

fF+(G)� (i � j )sInt(F+(G))g =

=
�

B�iNC

fF+(iInt(B))� (i � j )sInt(F+(B))g =

=
�

B�NC

f(i � j )sCl(F�(B))� F�(iCl(B))g =

=
�

H�F

f(i � j )sCl(F�(H ))� F�(H )g�

Corollary ���� Let (X� �1� �2) be a bitopological space and mi j =
= (i � j )SO(X )� Then� for a multifunction F : (X� �1� �2) � (Y� �1� �2)� the

following equalities hold�

D�nmi j
(F ) =

�

G��iNC

fF�(G)� (i � j )sInt(F�(G))g =

=
�

B�iNC

fF�(iInt(B))� (i � j )sInt(F�(B))g =

=
�

B�NC

f(i � j )sCl(F+(B))� F+(iCl(B))g =

=
�

H�F

f(i � j )sCl(F+(H ))� F+(H )g�
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Abstract. We introduce certain operations on an m-structure with prop-
erty B (the generalized topology in the sense of Lugojan [20]). This op-
eration enables us to unify several modifications of �-compactness due to
Kasahara [17].

1. Introduction

Let (X� �) be a topological space and P(X ) the power set of X . In
1979, Kasahara [17] initiated the study of operations on the topology � . An
operation � on � is a function � : � � P(X ) such that U � �(U ) = U � for
each U � � . By using the operation, he obtained the unified characterizations
of some generalizations of compact spaces. In 1991, Ogata [30] used the
term operation � instead of the operation � due to Kasahara. Ogata

introduced the notion of �-open sets and investigated the associated topology
�� and weak separation axioms �-Ti (i = 0� 1�2� 1� 2). Recently, Krishnan et
al� [18] (resp. An et al� [3]) have defined an operation � : SO(X ) � P(X )
(resp. �p : PO(X ) � P(X )) and the notion of semi-�-open (resp. pre �p-
open) sets and investigated weak separation axioms analogous to �-Ti due to
Ogata [30]. On the other hand, Cs�asz�ar [9] introduced the notion of �-open
sets which are different from �-open sets due to Ogata. Moreover, in [10],
�-compact spaces are defined as the unified definition of some modifications
of compact spaces.In this paper, we define an operation on an m-structure
with property B (the generalized topology in the sense of Lugojan [20]). The

AMS Subject Classification (2000): 54A05, 54D20.
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operation is defined as a function m� : mX � P(X ) such that U � m�(U ) =
= Um� for each U � mX and is called an operation m� on mX . Then, it tern
out that the operation is a unified form of several operations defined on the
family of generalized open sets. Moreover, we can obtain a unified theory for
generalizations of compact spaces. In x 5, we obtain some characterizations
of m�-compactness. In x 6, we show several examples for m�-compactness
which are analogous to some results established by Cs�asz�ar [10]. In the last
section, we suggest some generalizations of compact spaces by using recent
modifications of open sets in a topological space.

2. Generalized open sets

Let (X� �) be a topological space and A a subset of X . The closure of
A and the interior of A are denoted by Cl(A) and Int(A), respectively. We
recall some generalizations of open sets in topological spaces.

Definition ���� Let (X� �) be a topological space. A subset A of X
is said to be(1) ��open [28] if A � Int(Cl(Int(A))),(2) semi�open [19]
if A � Cl(Int(A)),(3) preopen [23] if A � Int(Cl(A)),(4) b�open [5] if
A � Int(Cl(A)) � Cl(Int(A)),(5) semi�preopen [4] or ��open [2] if A �
� Cl(Int(Cl(A))).

The family of all �-open (resp. semi-open, preopen, b-open, semi-
preopen) sets in (X� �) is denoted by �(X ) (resp. SO(X ), PO(X ), BO(X ),
SPO(X )).

For generalizations of open sets defined above, the following relation-
ships are known:

open � �-open � preopen

� �

semi-open � b-open � semi-preopen

Definition ���� Let (X� �) be a topological space. A subset A of X
is said to be ��closed [26] (resp. semi�closed [8], preclosed [23], semi�

preclosed [4], b�closed [5]) if the complement of A is �-open (resp. semi-
open, preopen, semi-preopen, b-open).

Definition ���� Let (X� �) be a topological space and A a subset of X .
The intersection of all �-closed (resp. semi-closed, preclosed, semi-preclosed,
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b-closed) sets of X containing A is called the ��closure [26] (resp. semi�

closure [8], preclosure [15], semi�preclosure [4], b�closure [5]) of A and is
denoted by �Cl(A) (resp. sCl(A), pCl(A), spCl(A), bCl(A)).

3. Minimal structures

Definition ���� Let X be a nonempty set and P(X ) the power set of X .
A subfamily mX of P(X ) is called a minimal structure (briefly m�structure)
on X if mX satisfies the following conditions:(1) � � mX and X � mX ,(2)
The union of any family of subsets belonging to mX belongs to mX .

A set X with an m-structure is called an m�space and is denoted by
(X�mX ). Each member of mX is said to be mX �open (briefly m�open) and
the complement of an mX -open set is said to be mX �closed (briefly m�closed).

Remark ���� (1) In [33], mX is called an m-structure if it satisfies the
condition (1). The condition (2) is called property B in [22].(2) The m-
structure mX in Definition 3.1 coincides with generalized topology in the
sense of Lugojan [20].

(3) Cs�asz�ar [9], [11] calls the subfamily mX generalized topology if
mX satisfies (1) � � mX and (2) the union of any family of subsets belonging
to mX belongs to mX .

(4) Mashhour et al� [25] call mX supratopology if mX satisfies (1)
X � mX and (2) the union of any family of subsets belonging to mX belongs
to mX .

(5) Let (X� �) be a topological space. Then the family �(X ) is a topology
for X . The families SO(X ), PO(X ), SPO(X ) and BO(X ) are all m-structures.

Definition ���� Let X be a nonempty set and mX an m-structure on X .
For a subset A of X , the mX �closure of A is defined in [22] as follows:

mCl(A) = �fF : A � F�X 	 F � mX g�

Remark ���� Let (X� �) be a topological space and A a subset of X . If
mX = � (resp. SO(X ), PO(X ), �(X ), SPO(X ), BO(X )), then we have

mCl(A) = Cl(A) (resp. sCl(A)� pCl(A)� � Cl(A)� spCl(A)� bCl(A))�
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Lemma ���� (Maki et al� [22])� Let X be a nonempty set and mX an

m�structure on X � For the mX �closure� the following properties hold� where

A and B are subsets of X �

(1) A � mCl(A)�

(2) mCl(�) = �� mCl(X ) = X �

(3) If A � B � then mCl(A) � mCl(B)�

(4) mCl(mCl(A)) = mCl(A)�

Lemma ���� (Popa and Noiri [33])� Let (X�mX ) be an m�space and A
a subset of X � Then x � mCl(A) if and only if U �A 
= � for every U � mX
containing x �

Lemma ���� (Popa and Noiri [34])� Let (X�mX ) be an m�space and A
a subset of X � Then� the following properties hold�

(1) A is mX �closed if and only if mCl(A) = A�

(2) mCl(A) is mX �closed�

Remark ���� Lemmas 3.1 and 3.2 hold without the condition (2) (prop-
erty B) in Definition 3.1.

4. m�-open sets

Definition ���� Let (X�mX ) be an m-space. Let m� : mX � P(X ) be
a function from mX into P(X ) such that U � m�(U ) for each U � mX . The
function m� is called an operation on mX and the image m�(U ) is denoted
by Um� .

Definition ���� Let (X�mX ) be an m-space and m� an operation on
mX . A subset A of X is said to be m�-open if for each x � A there exists
U � mX such that x � U � Um� � A. The family of all m�-open sets of
(X�mX ) is denoted by m�(X ).

Remark ���� We assume that the empty set � is an m�-open set, that is,
� � m�(X ).

Theorem ���� Let (X�mX ) be an m�space� For m�(X )� the following

properties hold�

(1) �� X � m�(X )�

(2) If A� � m�(X ) for each � � 	� then ����A� � m�(X )�

(3) m�(X ) � mX �
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Proof� (1) We assumed that � � m�(X ). Next, for each x � X , there
exists X � mX such that x � X � Xm� and hence x � X � Xm� � X .
Therefore, we have X � m�(X ).

(2) For each x � ����A� , there exists an �0 � 	 such that x � A�0 .
Since A�0 is m�-open, there exists U � mX such that x � U � Um� � A�0

and hence x � U � Um� � ����A� . This shows that ����A� � m�(X ).

(3) Let A � m�(X ). For each x � A, there exists Ux � mX such that

x � Ux � U
m�
x � A. Hence, we have A = �x�AUx and hence A � mX .

Therefore, we obtain that m�(X ) � mX .

Remark ���� (1) By (1) and (2) of Theorem 4.1, it turns out that m�(X )
is an m-structure. However, in general, m�(X ) is not closed under a finite
intersection. It is shown in Example 2.8 of [30] that the intersection of two
�-open sets is not always �-open.

(2) Let (X� �) be a topological space. If mX = � (resp. SO(X ), PO(X )),
then an m�-open set is said to be �-open [30] (resp. semi-�-open [18],
pre-�p-open [3]). Moreover, by Theorem 4.1 we obtain the results established
in Proposition 2.3 of [30] (resp. Theorem 2.13 of [18], Theorem 3.3 of [3]).

Definition ���� An m-space (X�mX ) is said to be m��regular if for
each x � X and each U � mX containing x , there exists V � mX such that
x � V � V m� � U .

Theorem ���� For an m�space (X�mX )� the following properties are

equivalent�

(1) mX = m�(X )�

(2) (X�mX ) is m��regular�

(3) For each x � X and each U � mX containing x � there exists W �
� m�(X ) such that x �W �W m� � U �

Proof� (1) � (2): This follows immediately from Definition 4.3.

(2) � (3): For each x � X and each U � mX containing x , by (2) there
exists W � mX such that x � W � W m� � U . By (1), mX = m�(X ) and
hence W � m�(X ) and x � W � W m� � U .(3) � (1): By Theorem 4.1,
we have m�(X ) � mX and we show that mX � m�(X ). Let U � mX .
For any x � U , by (3) there exists Wx � m�(X ) such that x � Wx � U .
Therefore, by Theorem 4.1 we have U = �x�UWx � m�(X ).
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Remark ���� Let (X� �) be a topological space. If mX = � (resp. SO(X ),
PO(X )), then (X� �) is said to be �-regular [30] (resp. semi-�-regular [18],
pre-�p-regular [3]). Moreover, by Theorem 4.2 we obtain the results estab-
lished in Proposition 2.4 of [30] (resp. Theorem 2.16 of [18], Theorem 3.6(i)
of [3]).

Definition ���� Let (X�mX ) be an m-space. An operation m� is said to
be m�regular if for each x � X and each U�V � mX containing x , there
exists W � mX such that x �W �W m� � Um� �Vm� .

Theorem ���� Let (X�mX ) be an m�space� Then m�(X ) is a topology

for X if the operation m� is m�regular�

Proof� By Theorem 4.1, m�(X ) is an m-structure and we show that
m�(X ) is closed under a finite intersection. Let A�B � m�(X ) and x �
� A � B . Then there exist U�V � mX such that x � U � Um� � A and
x � V � Vm� � B . Since m� is m-regular, there exists W � mX such that
x �W �W m� � Um� �Vm� � A�B . This shows that A�B � m�(X ).

Remark ���� Let (X� �) be a topological space. If mX = � (resp. SO(X ),
PO(X )), then by Theorem 4.3 we obtain the results established in Proposition
2.9 of [30] (resp. Theorem 2.20 of [18], Theorem 3.8(iv) of [3]).

Definition ���� Let (X�mX ) be an m-space. A subset A of X is said
to be m��closed if the complement of A is m�-open. The m�-closure of A,
m� Cl(A), is defined as follows:

m� Cl(A) = �fF : A � F�X 	 F � m�(X )g�

Theorem ���� Let (X�mX ) be an m�structure on X � For the m��closure�
the following properties hold� where A and B are subsets of X �(1) A �
� m� Cl(A)�(2) m� Cl(�) = �� m� Cl(X ) = X �(3) If A � B � then m� Cl(A) �
� m� Cl(B)�(4) m� Cl(m� Cl(A)) = m� Cl(A)�(5) A is m��closed if and only

if m� Cl(A) = A�(6) m� Cl(A) is m��closed�(7) x � m� Cl(A) if and only if

U �A 
= � for every m��open set U containing x �

Proof� By Theorem 4.1, m�(X ) is an m-structure and Theorem 4.4 is
an immediate consequence of Lemmas 3.1, 3.2 and 3.3.

Remark ���� Let (X� �) be a topological space and A a subset of X . If
mX = � (resp. SO(X ), PO(X )), then m� Cl(A) is denoted by �� -Cl(A) [30]
(resp. SO(X )� -Cl(A) [18], PO(X )�p -Cl(A) [3]). Moreover, by Theorem 4.4
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we obtain the results established in Proposition 3.3 of [30] (resp. Theorem
2.25 of [18], Theorem 3.11 and 3.13 of [3]).

Remark ��	� If we put mX = �(X ) (resp. BO(X ), SPO(X )), then we
can obtain the corresponding operation m� and m�-open set and the results
in Section 4 are valid for such operations and sets.

5. m�-compact spaces

First, we recall some generalizations of compact spaces used in the se-
quel.

Definition ���� A topological space (X� �) is said to be

(1) ��compact [21] (resp. semi�compact [7], strongly compact [24], b�
compact [14], ��compact [1]) if every cover of X by �-open (resp. semi-
open, preopen, b-open, �-open) sets of X admits a finite subcover,

(2) quasi H �closed [35] (resp. s�closed [12], p�closed [13], b�closed [31],
��closed) if for every cover of fV� : � � 	g of X by open (resp. semi-open,
preopen, b-open, �-open) sets of X , there exists a finite subset 	0 of 	 such
that ����0

Cl(V� ) = X (resp. ����0
sCl(V� ) = X , ����0

pCl(V�) = X ,

����0
bCl(V�) = X , ����0

spCl(V� ) = X ).

Definition ���� An m-space (X�mX ) is said to be m�compact [34] (resp.
m�closed [34]) if for each cover fU� : � � 	g of X by m-open sets
of X , there exists a finite subset 	0 of 	 such that ����0

U� = X (resp.

����0
mCl(U� ) = X ).

Definition ���� Let (X�mX ) be an m-space and m� an operation on
mX . Then (X�mX ) is said to be m��compact if for each cover fU� : � � 	g
of X by m-open sets of X , there exists a finite subset 	0 of 	 such that

�fU
m�
� : � � 	0g = X .

Remark ���� Let (X�mX ) be an m-space and m� an operation on mX .
If m� is the identity (resp. mX -closure) operation, then an m�-compactness
coincides with m-compactness (resp. m-closedness).

Remark ���� Let (X� �) be a topological space and mX = � (resp.
SO(X ), PO(X ), BO(X ), SPO(X )).

(1) If m� is the identity operation, then “m�-compact” coincides with
compact (resp. semi-compact, strongly compact, b-compact, �-compact),
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(2) If m� is the mX -closure operation, then “m�-compact” coincides with
quasi H -closed (resp. s-closed, p-closed, b-closed, �-closed).

Theorem ���� For an m��regular m�space (X�mX )� the following prop�

erties are equivalent� The implications (1) � ��� � �	� � �
� hold without

the assumption �m��regular� on (X�mX )�

(1) (X�mX ) is m�compact�

(2) (X�mX ) is m��compact�

(3) (X�m�(X )) is m�compact�

(4) (X�m�(X )) is m��compact�

Proof� (1) � (2): Let (X�mX ) be m-compact. For any cover fU� : � �
� 	g of X by m-open sets of X , there exists a finite subset 	0 of 	 such

that X = �fU� : � � 	0g � �fU
m�
� : � � 	0g. Therefore, (X�mX ) is

m�-compact.

(2) � (3): Let (X�mX ) be m�-compact and fU� : � � 	g a cover
of X by m�-open sets of X . For each x � X , there exists �(x ) � 	 such
that x � U�(x ). Since U�(x ) is m�-open, there exists V�(x ) � mX such that

x � V�(x ) � V
m�
�(x ) � U�(x ). The family fV�(x ) : x � X g is an m-open

cover of X and (X�mX ) is m�-compact, there exist a finite number of points,

say, x1� x2� � � � � xn � X such that �ni=1V
m�
�(xi )

= X ; hence �ni=1U�(xi ) = X .

This shows that (X�m�(X )) is m-compact.

(3) � (4): By Theorem 4.1, m�(X ) is an m-structure and it follows from
the same argument as (1) � (2) that (X�m�(X )) is m�-compact.

(4) � (1): Suppose that (X�mX ) is m�-regular. Let (X�m�(X )) be
m�-compact. By Theorem 4.2, mX = m�(X ) and (X�mX ) is m�-compact.
Let fU� : � � 	g be any m-open cover of X . For each x � X , there exists
�(x ) � 	 such that x � U�(x ). Since (X�mX ) is m�-regular, there exists

V�(x ) � mX such that x � V�(x ) � V
m�
�(x ) � U�(x ). Since fV�(x ) : x � X g

is an m-open cover of X and (X�mX ) is m�-compact, there exist a finite

number of points, say, x1� x2� � � � � xn � X such that �ni=1V
m�
�(xi )

= X ; hence

�ni=1U�(xi ) = X . This shows that (X�mX ) is m-compact.

Definition ���� Let (X�mX ) be an m-space and m� an operation on mX .
A filterbase F on X is said to be(1) m��converge to a point x0 � X if for
each m-open set U containing x0, there exists F � F such that F � Um� ,(2)
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m��accumulate at x0 � X if F �Um� 
= � for every F � F and every m-open
set U containing x0.

Lemma ���� If a maximal lterbase F m��accumulates at x0 � X � then

F m��converges to x0�

Proof� Let F be a maximal filterbase which m�-accumulates at x0. If
F does not m�-converge to x0, then there exists U0 � mX containing x0

such that F � U
m�
0 
= � and F � (X 	 U

m�
0 ) 
= � for every F � F. Then

F � fF �U
m�
0 : F � Fg is a filterbase on X which strictly contains F. This

is contrary that F is a maximal filterbase.

Theorem ���� Let (X�mX ) be an m�space and m� an operation on mX �

Then the following properties are equivalent�

(1) (X�mX ) is m��compact�

(2) Every maximal lterbase m��converges to some point of X �

(3) Every lterbase m��accumulates at some point of X �

Proof� (1) � (2): Let (X�mX ) be m�-compact and F0 a maximal
filterbase on X . Suppose that F0 does not m�-converge to any point of X . By
Lemma 5.1, F0 does not m�-accumulate at any point of X . For each x � X ,

there exists Fx � F0 and Ux � mX containing x such that Fx � U
m�
x = �.

The family fUx : x � X g is a cover of X by m-open sets of X . By (1),
there exists a finite number of points, says, x1� x2� � � � � xn � X such that
X = �ni=1U

m�
xi

. Since F0 is a filterbase on X , there exists F0 � F0 such

that F0 � �
n
i=1Fxi . Then, we have F0 = F0� (�ni=1U

m�
xi ) = �ni=1(F0�U

m�
xi ) �

� �ni=1(Fxi � U
m�
xi ) = �. This is contrary that F0 � F0. Therefore, F0

m�-converges to some point of X .

(2) � (3): Let F a filterbase on X . There exists a maximal filterbase
F0 such that F � F0. By (2) F0 m�-converges to some point x0 � X . For
any U � mX containing x0, there exists F0 � F0 such that F0 � Um� .
For any F � F, F � F0 and � 
= F � F0 � F � Um� . This shows that F
m�-accumulates at x0 � X .

(3) � (1): Suppose that (3) holds and (X�mX ) is not m�-compact. Then
there exists a cover fU� : � � 	g of X by m-open sets of X such that

X 
= �fU
m�
� : � � Γg for every finite subset Γ of 	. Now, by Γ(	) we

denote the family of all finite subsets of 	 and let

F = fX 	 �����
U
m�
� : 	� � Γ(	)g�
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Then F is a filterbase on X and by (3) F m�-accumulates at some point
x0 � X . Since fU� : � � 	g is a cover X by m-open sets of X , there

exists �(x0) � 	 such that x0 � U�(x0). Then, we have X 	U
m�
�(x0) � F and

(X 	 U
m�
�(x0)) � U

m�
�(x0) = �. This contradicts that F m�-accumulates at x0.

Therefore, (X�mX ) is m�-compact.

Remark ���� (1) Let (X�mX ) be an m-space and m� an operation on
mX . If m� is the identity (resp. mX -closure) operation, then as a corollary of
Theorem 5.2, we obtain the results established in Theorem 3.1 (resp. Theorem
5.2) of [27].

(2) Let (X� �) be a topological space, mX = � and m� be an operation
� due to Kasahara. As a corollary of Theorem 5.2, we obtain the results
established in Theorem 8 of [17].

6. Examples

Let (X� �) be a topological space, mX = � , �(X ), SO(X ), PO(X ), BO(X ),
or SPO(X ) and m� = Cl, � Cl, sCl, pCl, bCl, or spCl. For each mX , we take
an m�-operation and investigate the space which correspondes to the m�-
compact space. If mX = � (resp. �(X ), SO(X ), PO(X ), BO(X ), SPO(X ))
and m� is the identity operation, then the corrsponding space is compact (resp.
�-compact, semi-compact, strongly compact, b-compact, �-compact), as we
pointed out in Remark 5.2.

A subset A of a topological space (X� �) is said to be regular open (resp.
regular closed) if Int(Cl(A)) = A (resp. Cl(Int(A)) = A).

Definition 	��� A topological space (X� �) is said to be(1) S �closed [38]
if for every semi-open cover fV� : � � 	g of X , there exists a finite subset
	0 of 	 such that �fCl(V� ) : � � 	0g = X , equivalently if every regular
closed cover of X admits a finite subcover,(2) nearly�compact [37] if for
every open cover fV� : � � 	g of X , there exists a finite subset 	0 of 	
such that �fInt(Cl(V�)) : � � 	0g = X , equivalently if every regular open
cover of X admts a finite subcover.

Lemma 	��� (Andrijevi�c [5])� Let A be a subset of a topological space

(X� �)� Then the following properties hold�

(1) � Cl(A) = A � Cl(Int(Cl(A)))�

(2) sCl(A) = A � Int(Cl(A))�
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(3) spCl(A) = A � Int(Cl(Int(A)))�

(4) pCl(A) = A � Cl(Int(A))�(5) bCl(A) = sCl(A) � pCl(A)�

Lemma 	��� For a subset A of a topological space (X� �)� the following

properties hold�

Cl(A) � � Cl(A) � sCl(A)

� �

pCl(A) � bCl(A) � spCl(A)

Proof� This follows from the relations among � , �(X ), SO(X ), PO(X ),
BO(X ), and SPO(X ).

Example 	��� Let (X� �) be a topological space and mX = � .(1) If m� =
= Cl, � Cl or pCl, then (X� �) is quasi H -closed.(2) If m� = sCl, bCl or spCl,
then (X� �) is nearly-compact.

Proof� (1) By Lemma 6.1, we have pCl(U ) = U � Cl(Int(U )) = Cl(U )
for every open set U of X . Moreover, by Lemma 6.2, we have Cl(U ) �
� � Cl(U ) � pCl(U ) and hence Cl(U ) = � Cl(U ) = pCl(U ) for every U � � .
Therefore, (X� �) is quasi H -closed.

(2) By Lemma 6.1, sCl(U ) = U � Int(Cl(U )) = Int(Cl(U )) = U �
�Int(Cl(Int(U ))) = spCl(U ) for every open set U of X . Therefore, by Lemma
6.2 sCl(U ) = bCl(U ) = spCl(U ) = Int(Cl(U )) for every U � � . Therefore,
(X� �) is nearly-compact.

Example 	��� Let (X� �) be a topological space and mX = �(X ).

(1) If m� = Cl, � Cl or pCl, then (X� �) is quasi H -closed.

(2) If m� = sCl, bCl or spCl, then (X� �) is nearly-compact.

Proof� (1) First, for each U � �(X ), U � Int(Cl(Int(U ))) and Cl(U ) �
� Cl(Int(U )) and hence Cl(U ) = Cl(Int(U )). For each U � �(X ), � Cl(U ) =
= U�Cl(Int(Cl(U ))) = U�Cl(Int(U )) = pCl(U ) and U�Cl(Int(U )) = Cl(U ).
Therefore, � Cl(U ) = pCl(U ) = Cl(U ) = Cl(Int(U )) for every U � �(X ).
Suppose that (X�mX ) is m�-compact, where mX = �(X ) and m� = Cl,
� Cl or pCl. Let fV� : � � 	g be an open cover of X . Since � � �(X ),
fV� : � � 	g is an �-open cover of X and there exists a finite subset 	0
of 	 such that �fCl(V� ) : � � 	0g = X . Hence (X� �) is quasi H -closed.
Conversely, suppose that (X� �) is quasi H -closed. Let fU� : � � 	g be
an �-open cover of X . Then fInt(Cl(Int(U� ))) : � � 	g is an open cover
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of X and there exists a finite subset 	0 of 	 such that �fCl(Int(U�)) : � �
� 	0g = X . This shows that (X�mX ) is m�-compact, where m� = Cl, � Cl
or pCl.

(2) First, for each U � �(X ), Cl(U ) = Cl(Int(U )) and hence
Int(Cl(U )) = Int(Cl(Int(U ))). For each U � �(X ), by Lemma 6.1 sCl(U ) =
= U � Int(Cl(U )) = Int(Cl(U )) = Int(Cl(Int(U ))) = U � Int(Cl(Int(U ))) =
= spCl(U ). By Lemma 6.2, we have sCl(U ) = bCl(U ) = spCl(U ) =
= Int(Cl(U )) for every U � �(X ). Suppose that (X�mX ) is m�-compact,
where mX = �(X ) and m� = sCl, bCl or spCl. Let fV� : � � 	g be an open
cover of X . Since � � �(X ), fV� : � � 	g is an �-open cover of X and
there exists a finite subset 	0 of 	 such that �fsCl(V� ) : � � 	0g = X ;
hence �fInt(Cl(V� )) : � � 	0g = X . Hence (X� �) is nearly-compact.
Conversely, suppose that (X� �) is nearly-compact. Let fU� : � � 	g be
an �-open cover of X . Since U� � Int(Cl(Int(U�))) � Int(Cl(U� )) for each
� � 	, fInt(Cl(U�)) : � � 	g is a regular open cover of X and there exists
a finite subset 	0 of 	 such that �fInt(Cl(U�)) : � � 	0g = X . This shows
that (X�mX ) is m�-compact, where m� = sCl, bCl or spCl.

Example 	��� Let (X� �) be a topological space and mX = PO(X ).

(1) If m� = Cl or � Cl, then (X� �) is quasi H -closed.

(2) If m� = pCl, then (X� �) is p-closed.

(3) If m� = sCl, then (X� �) is nearly-compact.

Proof� (1) For every U � PO(X ), U � Int(Cl(U )) and Cl(U ) =
= Cl(Int(Cl(U ))). By Lemma 6.1, we have � Cl(U ) = U � Cl(Int(Cl(U ))) =
= Cl(U ). Suppose that (X�mX ) is m�-compact, where mX = PO(X ) and
m� = Cl or � Cl. Let fV� : � � 	g be an open cover of X . Since
� � PO(X ), fV� : � � 	g is a preopen cover of X and there exists a
finite subset 	0 of 	 such that �fCl(V�) : � � 	0g = X . Hence (X� �)
is quasi H -closed. Conversely, suppose that (X� �) is quasi H -closed. Let
fU� : � � 	g be a preopen cover of X . Then fInt(Cl(U�)) : � � 	g
is an open cover of X and there exists a finite subset 	0 of 	 such that
�fCl(U� ) : � � 	0g = X . This shows that (X�mX ) is m�-compact, where
m� = Cl or � Cl.

(2) This is obvious by the definition.

(3) For every U � PO(X ), by Lemma 6.1, we have sCl(U ) = U �
� Int(Cl(U )) = Int(Cl(U )). Suppose that (X�mX ) is m�-compact, where
mX = PO(X ) and m� = sCl. Let fV� : � � 	g be an open cover of X .
Since � � PO(X ), fV� : � � 	g is a preopen cover of X and there
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exists a finite subset 	0 of 	 such that �fsCl(V� ) : � � 	0g = X ; hence
�fInt(Cl(V�)) : � � 	0g = X . Hence (X� �) is nearly-compact. Conversely,
suppose that (X� �) is nearly-compact. Let fU� : � � 	g be a preopen cover
of X . Since U� � Int(Cl(U�)) for each � � 	, fInt(Cl(U�)) : � � 	g is
a regular open cover of X and there exists a finite subset 	0 of 	 such that
�fInt(Cl(U�)) : � � 	0g = X ; hence �fsCl(U�) : � � 	0g = X . This
shows that (X�mX ) is m�-compact, where m� = sCl.

Example 	��� Let (X� �) be a topological space and mX = SO(X ).

(1) If m� = Cl� � Cl or pCl, then (X� �) is S -closed.

(2) If m� = sCl, bCl or spCl, then (X� �) is s-closed.

Proof� (1) For every U � SO(X ), U � Cl(Int(U )) and Cl(U ) =
Cl(Int(U )). By Lemma 6.1, pCl(U ) = U �Cl(Int(U )) = Cl(Int(U )) = Cl(U ).

By Lemma 6.2, we have Cl(U ) = � Cl(U ) = pCl(U ) = Cl(Int(U )) for every
U � SO(X ). Suppose that (X�mX ) is m�-compact, where mX = SO(X ) and
m� = Cl, � Cl or pCl. Let fV� : � � 	g be a semi-open cover of X . There
exists a finite subset 	0 of 	 such that �fCl(V�) : � � 	0g = X . This shows
that (X� �) is S -closed. The converse is obvious.

(2) For every U � SO(X ), Cl(U ) = Cl(Int(U )) and hence by Lemma 6.1
sCl(U ) = U � Int(Cl(U )) = U � Int(Cl(Int(U ))) = spCl(U ). By Lemma 6.2,
we have sCl(U ) = bCl(U ) = spCl(U ) for every U � SO(X ). Therefore,
if m� = sCl, bCl or spCl, then (X� �) is s-closed. Conversely, if (X� �) is
s-closed, then (X�mX ) is m�-compact with respect to m� = sCl, bCl or
spCl.

Example 	��� Let (X� �) be a topological space and mX = BO(X ).

(1) If m� = Cl or � Cl, then (X� �) is S -closed.

(2) If m� = bCl, then (X� �) is b-closed.

Proof� (1) For every U � BO(X ), U � Int(Cl(U )) � Cl(Int(U )) �
� Cl(U ) and Cl(U ) � Cl(Int(Cl(U ))�Cl(Int(U ))) = Cl(Int(Cl(U ))) � Cl(U ).
By Lemma 6.1, we have Cl(U ) = Cl(Int(Cl(U ))) = Cl(Int(Cl(U ))) � U =
= � Cl(U ) for every U � BO(X ). Suppose that (X�mX ) is m�-compact,
where mX = BO(X ) and m� = Cl or � Cl. Let fV� : � � 	g be a semi-open
cover of X . Since SO(X ) � BO(X ), fV� : � � 	g is a b-open cover of X
and there exists a finite subset 	0 of 	 such that �fCl(V�) : � � 	0g = X .
Hence (X� �) is S -closed. Conversely, suppose that (X� �) is S -closed. Let
fU� : � � 	g be a b-open cover of X . Since U� � Cl(Int(Cl(U�))) for each
� � 	, fCl(Int(Cl(U� ))) : � � 	g is a regular closed cover of X and there
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exists a finite subset 	0 of 	 such that �fCl(Int(Cl(U�))) : � � 	0g = �
�fCl(U� ) : � � 	0g = X . This shows that (X�mX ) is m�-compact, where
m� = Cl or � Cl.

(2) This follows from the definition.

Example 	�	� Let (X� �) be a topological space and mX = SPO(X ).

(1) If m� = Cl or � Cl, then (X� �) is S -closed.

(2) If m� = spCl, then (X� �) is �-closed.

Proof� (1) For every U � SPO(X ), U � Cl(Int(Cl(U ))) and Cl(U ) =
= Cl(Int(Cl(U )) = U � Cl(Int(Cl(U ))) = � Cl(U ). Suppose that (X�mX ) is
m�-compact, where mX = SPO(X ) and m�=Cl or �Cl. Let fV� : � � 	g
be a semi-open cover of X . Since SO(X ) � SPO(X ), fV� : � � 	g is a
semi-preopen cover of X and there exists a finite subset 	0 of 	 such that
�fCl(V� ) : � � 	0g = X . Hence (X� �) is S -closed. Conversely, suppose
that (X� �) is S -closed. Let fU� : � � 	g be a semi-preopen cover of X .
Since U� � Cl(Int(Cl(U�))) for each � � 	, fCl(Int(Cl(U� ))) : � � 	g is a
regular closed cover of X and there exists a finite subset 	0 of 	 such that
�fCl(Int(Cl(U�))) : � � 	0g = �fCl(U�) : � � 	0g = X . This shows that
(X�mX ) is m�-compact, where m� = Cl or � Cl.

(2) This follows from the definition.

Questions� Whether m�-compact spaces corresponding to the following
cases are identical (or equivalent) to certain known spaces or not?

(1) In Example 6.3, mX = PO(X ) and m� = bCl and spCl.

(2) In Example 6.5, mX = BO(X ) and m� = pCl, sCl and spCl.

(3) In Example 6.6, mX = SPO(X ) and m� = pCl, sCl and bCl.

7. New forms of m�-compactness

Let (X� �) be a topological space and A a subset of X . A point x � X
is called a 
 -cluster (resp. �-cluster) point of A if Cl(V ) � A 
= � (resp.
Int(Cl(V ))�A 
= �) for every open set V containing x . The set of all 
 -cluster
(resp. �-cluster) points of A is called the 
 �closure (resp. ��closure) of A and
is denoted by Cl� (A) (resp. Cl� (A)) [39]. A subset A is said to be 
 �closed
(resp. ��closed) if Cl� (A) = A (resp. Cl� (A) = A). The complement of
a 
 -closed (resp. �-closed) set is said to be 
 �open (resp. ��open). The
union of all 
 -open (resp. �-open) sets contained in the subset A is called the

 -interior (resp. �-interior) of A and is denoted by Int� (A) (resp. Int� (A)).
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Definition 
��� A subset A of a topological space (X� �) is said to be(1)
��semiopen [32] (resp. 
 �semiopen [6]) if A � Cl(Int� (A)) (resp. A �
� Cl(Int� (A))),(2) ��preopen [36] (resp. 
 �preopen [29]) if A � Int(Cl� (A))
(resp. A � Int(Cl� (A))),(3) ��sp�open [16] (resp. 
 �sp�open [29]) if A �
� Cl(Int(Cl� (A))) (resp. A � Cl(Int(Cl� (A)))).

By � SO(X ) (resp. � PO(X ), � SPO(X ), 
 SO(X ), 
 PO(X ), 
 SPO(X )),
we denote the collection of all �-semiopen (resp. �-preopen, �-sp-open,

 -semiopen, 
 -preopen, 
 -sp-open) sets of a topological space (X� �). These
six collections are all m-structures (with property B). Actually, in [29] and
[6], the following relationships are known:


 -open � �-open � open �preopen��-preopen�
 -preopen

� � � � � �


 -semiopen��-semiopen�semi-open�sp-open��-sp-open�
 -sp-open

Definition 
��� Let (X� �) be a topological space. A subset A of X
is said to be ��semiclosed [32] (resp. ��preclosed [36], ��sp�closed [16],

 �semiclosed [6], 
 �preclosed [29], 
 �sp�closed [29]) if the complement of
A is �-semiopen (resp. �-preopen, �-sp-open, 
 -semiopen, 
 -preopen, 
 -sp-
open).

Definition 
��� Let (X� �) be a topological space and A a subset of X .
The intersection of all �-semiclosed (resp. �-preclosed, �-sp-closed, 
 -
semiclosed, 
 -preclosed, 
 -sp-closed) sets of (X� �) containing A is called
the �-semiclosure [32] (resp. �-preclosure [36], �-sp-closure, 
 -semiclosure,

 -preclosure, 
 -sp-closure) of A and is denoted by sCl� (A) (resp. pCl� (A),
spCl� (A), sCl� (A), pCl� (A), spCl� (A)).

For subsets of a topological space (X� �), we can define many new varia-
tions of m�-compactness. For example, in case mX = � SO(X ), � PO(X ),
� SPO(X ), 
 SO(X ), 
 PO(X ) or 
 SPO(X ) we can define new types of
operations on each family of mX as follows: sCl� , pCl� , spCl� , sCl� , pCl�
or spCl� . Then, we can define new types of m�-compactness.

Remark 
��� Let (X� �) be a topological space.

(1) We can define a new form of m�-compactness if we choose a family
and an operation from the following mX and m�:

mX = � SO(X )� � PO(X )� � SPO(X )� 
 SO(X )� 
 PO(X )� 
 SPO(X )�

m� = sCl� � pCl� � spCl� � sCl� � pCl� � spCl� �
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(2) Furthermore, by adding � , �(X ), SO(X ), PO(X ), BO(X ) and
SPO(X ) to the above mX and Cl, � Cl, sCl, pCl, bCl, spCl to the above
operations, we can define the further new forms of m�-compactness.

Conclusion� We can apply the results established in Sections 4 and 5
to all m�-compactness suggested in Section 7.
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1. Introduction and the main result

Consider the well-known symmetric random walk. That is a particle
moves on the vertical axis starting from the origin. It moves at times 1� 2� � � �
one unit step upward with probability 1�2, one unit step downward with
probability 1�2. The steps are independent. Let Sn denote the position of
the particle at time n (let S0 = 0).

Another popular description of S1� S2� � � � is given by the coin tossing
experiment. Consider independent tossings of a fair coin. Let Xk = 1 if the
result of the k th trial is head and Xk = �1 otherwise. We have P(Xk = 1) =
= P(Xk = �1) = 1�2. Then Sn = X1 + � � � + Xn is the cumulative excess
of heads over tails. (Sn can be interpreted as the gamblers accumulated net
gain.)

Both of the above approaches have two-dimensional extensions. The
extension of the first approach is the well-known symmetric random walk
on the plane. It means that a particle starts at the origin and moves one unit
in one of the four directions parallel to the x - and y-axes. Each direction has
probability 1�4. In this case the time is n = 0� 1� 2� � � � but the phase space is
two-dimensional.

On the other hand, a possible two-dimensional extension of the second
approach leads to a multiindex process (a random field) with one-dimensional
phase space. That is let X(i �j )� i � j = 1� 2� � � �, be independent random variables
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with P(X(i �j ) = 1) = P(X(i �j ) = �1) = 1�2. Let

S(m�n) =
mX
i=1

nX
j=1

X(i �j )

be the usual partial sum. Consider the trajectory of this random field, i.e. the
points �

(m� n� S(m�n) : m� n = 1� 2� � � �
�

in the three-dimensional space. Let I (x ) = 1, if x � 0 and I (x ) = 0, if x �0.
Then

mX
i=1

nX
j=1

I (S(i �j ))

is the number of points of the trajectory being not below the horizontal
coordinate plane.

For the one-dimensional random walk the asymptotic behaviour of the
time that the particle spends on the positive side is known. Now we can
study similar problems for the above defined quantity. More generally, we
can deal with the d-dimensional case. The following question is due to Paul

R�ev�esz [3].

Let d be a given positive integer. Let Xn, n � N
d , be independent

identically distributed random variables taking values +1 and �1 with prob-

abilities 1�2 � 1�2. Let Sn =
P

k�n Xk� n � N
d . The question is the

following. What is the value of lim infn�� 1
n maxm:jmj=n

P
k�m I (Sk)? Here

jmj = m1m2 � � � md is the number of the integer lattice points in the rectangle

fk � N
d : 1 � k � mg where 1 = (1� 1� � � � � 1) � N

d , m = (m1� m2� � � � � md) �
� N

d . The relation k � m is defined coordinatewise.

Theorem ����

lim inf
n��

1
n

max
m:jmj=n

X
k�m

I (Sk) = 0

with probability 1�

The proof is based on elementary properties of the one-dimensional sym-
metric random walk. The details will be given for d = 2 in Section 3. In
Section 2 we list certain facts about the one-dimensional random walk and
mention a surprising property of a modified random walk (Proposition 2.1).
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2. On the probability of long leads

Let S0� S1� S2� � � � denote the one-dimensional symmetric random walk,
i.e. Sn = X1 + � � � + Xn . We say that the particle spends the time from k � 1
to k on the positive side if either Sk �0 or Sk = 0 but Sk�1 �0 (it means
that the k th side of the path lies above the x -axis). Let �n denote the time
that the particle spends on the positive side from the time interval [0� n]. Let
p2k �2n = P(�2n = 2k ). By the famous discrete arc sine law (see [2], III/5),

p2k �2n = u2ku2n�2k � k = 0� 1� � � � � n�

where u2n =
�2n
n

�
�22n , n = 0� 1� 2� � � �.

Now substitute constant 1 for X1. That is let the first step be always +1.
In this way we obtain a modified random walk. Denote by �̃n the time that
the modified random walk spends on the positive side from the time interval
[0� n]. Let p̃2k �2n = P(�̃2n = 2k ), k = 0� 1� � � � � n be its distribution. We shall
prove that we obtain the value of p̃2n�2n from the original discrete arc sine
law by moving the probability of the shortest lead to the probability of the
longest lead. The other values of p2k �2n remain unaltered.

Proposition ���� p̃0�2n = 0� p̃2k �2n = p2k �2n if k = 1� 2� � � � � n � 1�
p̃2n�2n = 2p2n�2n �

Proof� It is obvious that p̃0�2n = 0. Let A2n denote the set of paths

lying on the positive side. Then p̃2n�2n = #(A2n)�22n�1. Here # denotes the
cardinality of a set. Furthermore, we have for the usual random walk that

#(A2n)

22n = P(S1 � 0� � � � � S2n � 0) = u2n

(see [2], III/4). The above facts imply that p̃2n�2n = 2u2n = 2p2n�2n = p0�2n +
+ p2n�2n .

Now, let 0 �k �n . Assume that the particle returns first to the origin at
time 2r , r = 1� � � � � k . Therefore

p̃2k �2n =
kX

r=1

f2rp2k�2r�2n�2r �

Here f2r is the probability that the modified random walk returns first to the
origin at time 2r . However, it is easy to see that f2r is equal to the probability
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that the usual random walk returns first to the origin at time 2r . Moreover,
by the discrete arc sine law, p2k�2r�2n�2r = u2k�2ru2n�2k . So

p̃2k �2n =

�
kX

r=1

f2ru2k�2r

�
u2n�2k = u2ku2n�2k = p2k �2n �

Here we applied that u2k = P(S2k = 0) is equal to
Pk

r=1 f2ru2k�2r .

By the famous arc sine law (see [2], III/5), we have

(2�1) lim
n��

P
��n

n
�x

	
=

2
�

arcsin
p
x � 0 � x � 1�

Now we have the same arc sine law for the modified random walk. That is
the limiting distribution remains unaltered if the first step of the random walk
is the constant 1.

Proposition ����

lim
n��

P


�̃n

n
�x

�
=

2
�

arcsin
p
x � 0 � x � 1�

Proof� By the Stirling formula, p0�2n = u2n � 1�
p
�n � 0, as n ��.

So the limiting distribution of �̃2n�(2n) is the same as that of �2n�(2n). As
�̃2n � �̃2n+1 � �̃2n + 1, the limiting distribution of �̃2n+1�(2n + 1) is the
same as that of �̃2n�(2n).

Finally, we turn to the role of zeros in the sequence S0� S1� S2� � � �.

Remark ���� By Theorem 2’ of [1], �n�n � 0 almost surely where �n
is the time spending in the origin by the usual one-dimensional symmetric
random walk S0� S1� S2� � � � � Sn .

Therefore, if we redefine �n as ��n =
Pn

k=1 I (Sk ), the limiting distribu-
tion (2.1) remains unaltered. That is

lim
n��

P


��n
n

�x

�
=

2
�

arcsin
p
x � 0 � x � 1�

��n is the time that the particle spends on the positive side or in the origin.
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3. Proof of Theorem 1.1

Consider the sequence of the prime numbers (as a subsequence of the
positive integers). For a prime p, relation jmj = m1m2 = p is valid only for
m = (p� 1) and m = (1� p). Therefore, introduce the following notation

� (1�)
p =

X
k�(1�p)

I (Sk)� � (2�)
p =

X
k�(p�1)

I (Sk)�

Then � (1�)
p is the time spending on the positive side or in the ori-

gin by the usual one-dimensional symmetric random walk determined by

X(1�1)� X(1�2)� � � � � X(1�p). On the other hand, � (2�)
p is the time spending on

the positive side or in the origin by the usual random walk determined by
X(1�1), X(2�1), � � � , X(p�1). The pth element of the sequence in question is

(3�1)
1
p

max
m:jmj=p

X
k�m

I (Sk) = max
n
� (1�)
p �p� � (2�)

p �p
o
�

First consider � (1�)
p . We have already seen that the time that the particle

spends on the positive side is defined in a slightly different way. Denote

by � (1)
p the usual time spending on the positive side by the one-dimensional

symmetric random walk determined by X(1�1)� X(1�2)� � � � � X(1�p). Actually, by

the definition of � (1)
p , that part of the time that the particle spends in the origin

but immediately before it the particle was on the positive side is considered as

time being on the positive side. Instead of � (1�)
p we shall use � (1)

p . Similarly

for � (2�)
p . By Remark 2.1,

lim inf
p��

max
n
� (1�)
p �p� � (2�)

p �p
o

= lim inf
p��

max
n
� (1)
p �p� � (2)

p �p
o

with probability 1.

Now substitute constant 1 for X(1�1). Then, instead of � (1)
p we obtain �̃ (1)

p

which is greater than or equal to � (1)
p . We obtain �̃ (2)

p from � (2)
p in a similar

way. Therefore

max
n
� (1)
p �p� � (2)

p �p
o
� max

n
�̃ (1)
p �p� �̃ (2)

p �p
o
�
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Here �̃ (1)
p and �̃ (2)

p are independent. Therefore, for an arbitrary 0 �� �1,
we have

P

�
max

�
�̃ (1)
p

p
�
�̃ (2)
p

p


��

�
= P

�
�̃ (1)
p

p
��

�
P

�
�̃ (2)
p

p
��

�
�

�



2
�

arcsin
p
�

�2

�(3�2)

as p ��. To obtain (3.2) we applied Proposition 2.2.

Now let

A� =

�
lim inf
p��

max
n
�̃ (1)
p �p� �̃ (2)

p �p
o
��

�
�

A� is invariant under finite permutations of the indices in the sequence

X(1�2)
X(2�1)

�
�



X(1�3)
X(3�1)

�
� � � � �

By the Hewitt-Savage zero-one law, the probability of A� can be 0 or 1.
However, by (3.2), 0 is not possible.

Finally, P(A� ) = 1 implies that

lim inf
n��

1
n

max
m:jmj=n

X
k�m

I (Sk) = 0

with probability 1.
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Abstract. By using open (resp. semi-open, �-open, �-open, �-open) sets
in a topological space, the notions of g-closed (resp. � -closed or ĝ-closed,
�g�-closed, �g-closed, g�-closed) sets are introduced and investigated by
different mathematicians. In this paper we introduce the notion of �g�-closed
sets and obtain a unified theory for above collection of subsets between closed
sets and g�-closed sets.

1. Introduction

In 1970, Levine introduced the concept of generalized closed (g-closed)
set. Recently, many versions of g-closed sets are introduced and investigated
by different mathematicians. As an application of these sets, many low sep-
aration axioms are introduced. On the other hand, the notions of generalized
open sets, was introduced by A. Császár. Especially, the author defined some
basic operators on generalized topological spaces. It is observed that a large
number of papers are devoted to the study of generalized open sets like open
sets of a topological space, containing the class of open sets and possessing
properties more or less similar to those of open sets.

We recall some notions defined in [2]. Let X be a non-empty set and
expX denote the power set of X . We call a class � � expX a generalized
topology [2], (briefly, GT) if � � � and union of elements of � belongs to � .
A set X with a GT � on it is called a generalized topological space (briefly,
GTS) and is denoted by (X� �). A subset A of a topological space (X� �)

* The author acknowledges the financial support from UGC, New Delhi.
AMS Subject Classification Code (2000): 54A10, 54C08
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is said to be preopen [9] (resp. semi-open [7], 	-open [11], �-open [1]) if
A � int(cl(A)) (resp. A � cl(int(A)), A � int(cl(int(A))), A � cl(int(cl (A)))).
A subset A is called regular open if A = intclA. The finite union of regular
open sets is said to be �-open [6]. The complement of a �-open set is said to
�-closed. The �-interior [15] of a subset A of X is the union of all regular
open sets of X contained in A and is denoted by int� (A). A subset A is
�-open if and only if A = int� (A). For any topological space (X� �), the
collection of all open (resp. preopen, semi-open, �-open, 	-open, �-open, �-
open) sets is denoted by � (resp. PO(X ), SO(X ), �O(X ), 	O(X ), �O(X ),
�O(X )). Each of these collections is a generalized topology on (X� �).

For a GTS (X� �), the elements of � are called �-open sets and the
complement of �-open sets are called �-closed sets. For A � X , we denote
by c�(A) the intersection of all �-closed sets containing A, i.e., the smallest
�-closed set containing A; and by i�(A) the union of all �-open sets contained
in A, i.e., the largest �-open set contained in A (see [2, 3]).

It is easy to observe that i� and c� are idempotent and monotonic, where

: expX � expX is said to be idempotent if A � X implies 
(
(A))=
(A)
and monotonic if A � B � X implies 
(A) � 
(B). It is also well known
from [3, 4] that if � is a GT on X , x � X and A � X , then x � c�(A) iff
x �M � � � M �A�� and c�(X nA) = X n i�(A).

We recall the following definitions to be used in sequel.

Definition ���� Let (X� �) be a topological space. A subset A is said
to be g-closed [7] (resp. � -closed [13] or ĝ-closed [14], �g�-closed [10],
�g-closed [6], g�-closed [5]) if clA � U and U is open (resp. semi-open,
�-open, �-open, �-open) in (X� �).

Definition ���� [12] Let � be a GT on a topological space (X� �). Then
A � X is called generalized �-closed set (or simply g�-closed set) if
c� (A) � U whenever A � U � � . The complement of a g�-closed set
is called a generalized �-open (or simply g�-open) set.

2. �g�-closed sets

Definition ���� Let � be a GT on a topological space (X� �). Then
A � X is called �g�-closed set if clA � U whenever A � U and U � � .
The complement of a �g�-closed set is called a �g�-open set.

Remark ���� Let � be a GT on a topological space (X� �). Then every
�g�-closed set reduces to g-closed [8] (resp. ĝ-closed or � -closed [14, 13],
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�g�-closed [10], �g-closed [6], g�-closed [5]) set if one takes � to be �
(resp. SO(X ), �O(X ), �O(X ), �O(X )).

Remark ���� Let � be a GT on a topological space (X� �) such that
� � � . Then the following implications hold:

closed set � �g�-closed set � g�-closed set.

In fact, it follows from Definition 2.1 that every closed is �g�-closed set.
Suppose that A is a �g�-closed set. Let A � U and U � � . Since � � � ,
clA � U and hence A is g�-closed.

Example ���� (a) Let X = fa� b� cg and � = f�� fag� fa� bgg and � =
= f�� X� fag� fa� cgg. Then � is a GT on the topological space (X� �). We
note that fbg is a g�-closed set but not a �g�-closed set.

(b) Consider the topological space (X� �) where X = fa� b� cg and � =
= f�� X� fag� fcg� fa� cg� fa� bgg. Let � = f�� X� fa� bg� fb� cgg be a GT on
X . Then it is easy to verify that fag is �g�-closed set but not a closed set.

Proposition ���� Let � be a GT on a topological space (X� �)� If fA� :
	 � �g is a locally �nite family of sets in (X� �) and A� is �g��closed for

each 	 � � then �fA� : 	 � �g is �g��closed�

Proof� Let �fA� : 	 � �g � U and U � � . Then A� � U for each
	 � �. Since each A� is �g�-closed for each 	 � �, we have clA� � U
and hence cl(�

���
A�) = �

���
clA� � U . Therefore �fA� : 	 � �g is

�g�-closed.

Corollary ���� Let � be a GT on a topological space (X� �)� The union
of two �g��closed set is again a �g��closed set�

Example ��	� Consider X = fa� b� cg, � = f�� X� fag� fbg� fa� bgg and
� = f�� X� fag� fa� cg� fb� cgg. Then � is a GT on the topological space
(X� �). It is easy to verify that A = fa� bg and B = fa� cg are two �g�-closed
set but A � B = fag is not a �g�-closed set.

Proposition ��
� Let � be a GT on a topological space (X� �)� If A
(� X ) is �g��closed and ��open then A is closed�

Proof� Trivial.

Proposition ���� Let � be a GT on a topological space (X� �) such that

� � � � Then every g��closed set is �g��closed set�

Proof� Let A be a g�-closed set and A � U where U � � . Since � � � ,
clA � U . Therefore, A is �g�-closed.
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Proposition ����� Let � be a GT on a topological space (X� �)� If A �
� B � clA and A is �g��closed then B is �g��closed�

Proof� Let U be a �-open set such that B � U . Then A � U and
hence by �g�-closedness of A, clA � U . Thus clB = clA � U . So B is a
�g�-closed set.

Proposition ����� Let � be a GT on a topological space (X� �)� A subset

A of X is �g��open if and only if F � intA whenever F � A and F is

��closed�

Proof� Let A be a �g�-open set and F � A, where F is �-closed.
Then X n A is a �g�-closed set contained in the �-open set X n F . Hence
cl(X n A) � X n F , i.e., X n intA � X n F . So F � intA.

Conversely, suppose that F � intA for any �-closed set F whenever
F � A. Let X nA � U , where U is �-open. Then X nU � A and X nU is
�-closed. By assumption, X nU � intA and hence cl(X nA) = X nintA � U .
Hence X nA is �g�-closed and hence A is �g�-open.

Theorem ����� Let � be a GT on a topological space (X� �)� Then a

subset A of X is �g��closed if and only if clA� F = � whenever F �A = �
and F is ��closed�

Proof� Suppose that A is �g�-closed. Let A � F = � and F is �-closed.
Then A � X n F � � and clA � X n F . Therefore, we have clA � F = �.

Conversely, let A � U and U � � . Then A � (X n U ) = � and X n U
is �-closed. Thus by hypothesis, clA � (X n U ) = � and hence clA � U .
Therefore, A is �g�-closed.

Theorem ����� Let � be a GT on a topological space (X� �) such that

� � � � Then a subset A is �g��closed if and only if clAnA does not contain

any non�empty ��closed set�

Proof� Suppose that A is �g�-closed set. Let F � clA n A and F be
�-closed. Then A � X n F � � and hence clA � X n F . Therefore, we have
F � X nclA. On the other hand F � clA and hence F � clA�(X nclA) = �.

Conversely, suppose that A is not �g�-closed. Then ��clA n U for
some U � � containing A. Since � � � , clA n U is �-closed such that
clA n U � clA n A.
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Theorem ����� Let � be a GT on a topological space (X� �) such that

� � � � Then a subset A of X is �g��closed if and only if clAnA is �g��open�

Proof� Suppose that A is �g�-closed set. Let F � clA n A and F is
�-closed. Then by Theorem 2.13, we have F = � and F � int(clA nA). Thus
by Proposition 2.11, clA n A is �g�-open.

Conversely, let A � U and U � � . Then clA � (X n U ) � clA n A
and clA n A is �g�-open. Since � � � , clA � (X n U ) is �-closed and by
Proposition 2.11 we have clA� (X nU ) � int(clAnA). Now, int(clAnA) �
� clA�int(X nA) = clA�(X nclA) = �. Therefore, we have clA�(X nU ) = �
and hence clA � U . This shows that A is �g�-closed.

Theorem ����� Let � be a GT on a topological space (X� �)� A subset

A of X is �g��closed if and only if c�(fxg) �A�� for each x � clA�

Proof� Suppose A is �g�-closed and c� (fxg)�A = � for some x � clA.
Then A � X n c�(fxg) � � . Since A is �g�-closed, clA � X n c�(fxg) �
� X n fxg. This is a contradiction to the fact that x � clA.

Conversely, suppose that A is not �g�-closed. Then ��clAnU for some
U � � containing A. Let x � clA n U . Then c�(fxg) � U = � (as x �� U ).
Hence c�(fxg) �A � c�(fxg) �U = �. This shows that c�(fxg) �A = � for
some x � clA.

3. Preservation theorems

Definition ���� Let (X� �) and (Y� ) be two GTS. A mapping
f : (X� �) � (Y� ) is said to be

(i) (�� )-continuous [2] if f �1(U ) � � for each U � .

(ii) (�� )-closed if f (F ) is -closed in Y for each �-closed subset F of X .

Lemma ���� Let (X� �) and (Y� ) be two GTS with the topologies � and

� on X and Y respectively� A mapping f : (X� �) � (Y� �) is (�� )�closed

i� for each subset B of Y and each ��open set U in X containing f �1(B)�

there exists a �open set V in Y such that B � V � f �1(V ) � U �

Proof� Let f be (�� )-closed and B � Y be such that f �1(B) � U
where U � � . Let V = Y n f (X n U ). Then V is a -open set such that

B � V and f �1(V ) � U .
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Conversely, let F be any �-closed subset of X . Set f (F ) = B , then

F � f �1(B) and f �1(Y n B) � (X n F ) � � . Thus by the hypothesis, there

exists a -open set V such that Y nB � V and f �1(V ) � X nF . Therefore,
we obtain Y n V � B= f (F ) � Y n V and hence f (F ) = Y n V and hence
f (F ) is -closed. This shows that f is (�� )-closed.

Theorem ���� Let (X� �) and (Y� �) be two topological spaces with the

GTS � and  on X and Y respectively� If f : (X� �) � (Y� �) is closed and

f : (X� �) � (Y� ) is (�� )�continuous� then for each �g��closed set A of X �

f (A) is g��closed in Y �

Proof� Let A be any �g�-closed set in X and f (A) � V � . Then

A � f �1(V ) � � . Since A is �g�-closed, clA � f �1(V ) and so f (clA) �
� V . Since f is closed, cl(f (A)) � f (clA) � V . This shows that f (A) is
g�-closed in Y .

Theorem ���� Let (X� �) and (Y� �) be two topological spaces with the

GTS � and  on X and Y respectively� If f : (X� �) � (Y� �) is continuous

and f : (X� �) � (Y� ) is (�� )�closed� f �1(B) is �g��closed in X � for each

g��closed set B of Y �

Proof� Let B be any g�-closed subset of Y and f �1(B) � U � � .
Since f is (�� )-closed, by Lemma 3.2 there exists V �  such that B � V

and f �1(V ) � U . Since B is g�-closed, clB � V and hence cl(f �1(B)) �

� f �1(cl(B)) � f �1(V ) � U because f is continuous. This shows that
f �1(B) is �g�-closed in X .

Conclusion The definition of many other similar types of generalized
closed sets may be introduced on a topological space (X� �) from the defini-
tion of �g�-closed sets by replacing � with the help of different GT on X .
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1. Preliminaries

The dissertation deals with some aspects of the statistical analysis of ran-
dom permutations. Random permutations most frequently appear as orderings
of the elements of a finite set. In sociological studies, individuals may be
asked to rank a number of choices according to importance or preference. In
other cases, voters, judges, or exam boards rank candidates, tenders, or appli-
cants, and make decisions based on these orderings. Moreover, a permutation
can describe the pairing of the elements of two sets: one can pair jobs with
employees or students with tutors. Finally, any real dataset may be analysed
based on only the ranks.

My aim was to give an overview of the various parametric models appli-
cable to permutation data, to study estimation of the parameters and assess of
fit, and to develop new models. Part of my motivation for this research was
the experience that we – my supervisor and I – could not find a well-fitting
simple model for the 1980 election data of the American Psychological As-
sociation. This dataset is one of the most well-studied in the literature, see
for example [1, 3, 10, 11, 13]. We could formulate a simple model, which
did not provide a satisfactory fit for these data, but performed significantly
better than the other models. This new model led me to consider conditional
independence models and factorizing models for random permutations. In
the dissertation, borrowing terminology from the theory of contingency table
analysis, I call these models hierarchical models.

The book by Marden [10] gives a thorough overview of the existing
models for random rankings. The author was partly inspired by the con-
ference entitled “Probability Models and Statistical Analyses for Ranking
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Data,” held in Amherst in 1990, the proceedings of which was edited by
Fligner and Verducci [5]. The paper by Critchlow, Fligner and Ver�

ducci [2] also deserves mentioning, which, while shorter, contains important
results about the properties of the models (reversibility, label-invariance, L-
decomposability, unimodality, complete consensus).

2. Methods

One of the tools I used is algebraic statistics. As the name suggests,
this field is concerned with the application of algebraic tools in statistics.
These tools are especially suited for studying closures of exponential families,
which is of both theoretical and practical importance. The following specific
results, used in the dissertation, can be found in the papers by Diaconis and
Sturmfels [4], Geiger, Meek and Sturmfels [6], and Rapallo [12].

Let X = fx1� � � � � xsg denote a finite set, and let M = (mi j ) be a t � s
matrix with nonnegative integer entries. The probability distribution p =
= (p(x1)� � � � � p(xs )) is said to belong to the so-called toric model F(M ), if
there exist nonnegative parameters �1� � � � � �t , with which

p(xi ) = c(�)
tY

j=1

�
mj i

j � 1 � i � s�

The set T is called M �feasible, if for each i �� T , we have Supp(mi ) �� �
�j�T Supp(mj ), where mi denotes the i th column vector of M , and Supp(�)
denotes the support of the vector in the argument. The nonnegative toric

variety associated with M is the set

XM = fx � Rs�0 : xu 	 x v = 0 
u� v � Ns such that Mu = Mvg�

where xu =
Q

i x
ui
i . The toric ideal generated by the polynomials xu 	 x v

above is denoted by IM .

Theorem ���� (Geiger et al� [6]) cl(F(M )) = XM � where cl(�) stands

for closure� Moreover� for p � XM � we have p � F(M ) if and only if the

support of p is M �feasible�

Theorem ���� (Rapallo [12]) For every M � there exists a maximal

representation Mmax� for which cl(F(M )) = F(Mmax)�

The functions f1� � � � � fL : X � Z are said to be a Markov basis for the
model F(M ), if for every u , the steps fi generate a strongly connected graph
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on the frequency vectors g : X � N satisfying Mg = u (where the step fi
takes g to g+fi ). Markov bases can be used to run Monte Carlo procedures for
assessing goodness of fit in the case of small datasets, where the asymptotics

of the �2 test is not applicable.

Theorem ���� (Diaconis and Sturmfels [4]) The functions f1� � � � � fL

constitute a Markov basis if and only if the polynomials x f
+
i 	 x f

�

i are a

generating set of the ideal IM � where f +
i �f �i � is the positive �negative� part

of fi �

I also used the theory of hierarchical and log-linear models, or more
generally the theory of discrete exponential families. The relevant results
can be found in the book by Lauritzen [8]. Keeping the previous setting,
let A � A be partitions of the set X, and let the rows of the matrix MA
be the indicator vectors of the classes of these partitions (so for a partition
with k classes, we have k rows in MA). Then in the model cl(F(MA)), the
maximum likelihood estimate exists uniquely, and it can be found by e.g.
iterative proportional scaling (IPS). For any x � X, let x (A) be the class
of partition A containing x , and for any probability distribution p on X, let
p(x (A)) =

P
y�X:y(A)=x (A) p(y) be the p-probability of this class. Suppose we

have a sample with empirical distribution r , and we want to find the element

of cl(F(MA)), which maximizes the likelihood of the sample. Let p(0) be
an arbitrary strictly positive element of the model F(MA) (e.g. the uniform
distribution). Then the (t + 1)st iteration step of the IPS algorithm updates

p(t) as

p(t+1)(x ) =
r (x (A))

p(t)(x (A))
p(t)(x )� x � X�

where A runs cyclically over the set A.

3. Results

3.1. The inversions model of McCullagh

The following model was introduced by Peter McCullagh [11]. Let
C � [n] be a k -element subset. A permutation �C of the elements of C is
called a (k 	 1)st order inversion, if none of its coordinates is in its own
place with respect to the monotone increasing order (where [n] = f1� � � � � ng).
We say that the permutation � � Sn contains the inversion �C (in notation
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�C � �), if the elements of C appear in � in the order �C . Then the model

defined by the inversions �1
C1
� � � � � �sCs

consists of distributions satisfying

(1) log p� (�) =
X

i :� i
Ci
��

�i � � = (�1� � � � � �s ) � Rs �

In the dissertation, I prove McCullagh’s following conjecture.

Theorem ���� In the model ���� if �	
 � then p�	p��

The theorem is equivalent to the following combinatorical reformulation.
Define a graph GH on the vertex set Sn as follows. From the permutation � ,
there is a directed edge to all permutations obtained from � by moving one
element to its proper position (other elements are shifted, if necessary). As an
example, for n = 5, from (24351) there are directed edges to the permutations
(12435), (42351), (23541), (24315).

Theorem ���� There are no directed cycles in the graph GH �

3.2. EM algorithms for Plackett-Luce-type models

Take n players, the overall ability of the i th one is expressed by the
parameter �i . According to the Plackett-Luce model, if the players I � [n]
take part in a competition, then the probability of the ordering � is

(2) p(�) =
jI jY
k=1

��(k )PjI j
j=k ��(j )

�

where �(1) is the overall winner, �(jI j) is the overall loser. Luce [9] derived
this model from the ranking postulate and the choice axiom. It is easy to
check that if Zi (i = 1� � � � � n) are independent random variables, exponen-
tially distributed with parameters �i , then the righthandside of (2) is just the
probability P(Z�(1) ��� � �Z�(jI j)). This observation leads to the following

EM algorithm, which iteratively finds the maximum likelihood estimate of the
parameters �i . Suppose we have m observations, the r th of which consists of
the ordering �r of the players in Ir . For all i � Ir , let �r (i) be the rank of i
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in the ordering �r . Finally, let mi denote the number of observed orderings
containing player i . With these notations, one EM-step is given by

�(t+1)
i = mi

�
� X
r :i�Ir

�r (i)X
k=1

1
PjIr j

j=k �
(t)
�r (j )

�
�
�1

1 � i � n�

Hunter [7] derived MM algorithms for this model and its generalizations.
He also gave conditions under which the algorithms converge to the unique
maximum likelihood estimate. I showed that EM algorithms are also a natural
choice for this estimation problem, although, according to my simulation stud-
ies, their convergence is slower than the convergence of the MM algorithms.

3.3. L-decomposability

For a permutation � = (�(1)� � � � � �(n)), let �fi ��jg = f�(i)� � � � � �(j )g
and �(i ��j ) = (�(i)� � � � � �(j )). The random permutation Π (and its distribu-
tion) is L�decomposable, if the sets Πf1��kg, k = 1� � � � � n form a Markov
chain. “L” stands for Luce, since these are exactly the distributions satisfying
Luce’s ranking postulate. Denote by (�� ) the concatenation of two partial
permutations, and for a subset C � [n], let SC consist of all permutations of
the elements of C .

Theorem ���� The L�decomposable distributions form a closed toric

model� The toric ideal corresponding to the model is generated by all poly�

nomials of form x(�1��1)x(�2��2) 	 x(�1��2)x(�2��1)� where �1� �2 � SC and

1� 2 � S[n]nC for some C �

Thereom ���� For n = 4 and n = 5� the L�decomposable model has a

unique minimal Markov basis� which is equal to the one described in the

previous theorem� For n � 6� the basis of the previous theorem is not

minimal� and the minimal basis is not unique�

The following theorem is about the properties of the maximum likelihood
(ML) estimate.

Theorem ���� In the L�decomposable model� the ML estimate always

exists uniquely� it has an explicite form� and its exact distribution can be

calculated� Moreover� the following hyper Markov property holds� for all k �

the random distributions fP̂ (Π(1��k ) = u)gu and fP̂ (Π(k + 1��n) = v )gv
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are conditionally independent� given the random distribution fP̂ (Πf1��kg =

= C )gC � where P̂ denotes the ML estimate�

3.4. Bi-L-decomposability

The following property was not studied in the literature before. Let us call
the random permutation Π (and its distribution) bi�L�decomposable, if both Π

and Π�1 are L-decomposable. I introduced hierarchical models for random
permutations to study bi-L-decomposability. Let D (resp. R) be partitions of
[n] with d (resp. r ) classes. The coarsening of � on the product partition
P = D�R is the d � r matrix

j�(P)j = (ti j )� ti j = jf1 � s � n : s � Di � �(s) � Rj gj�

Definition ��	� Let P1� � � � �Ps be product partitions of [n] � [n]. The
strictly positive distribution p on Sn belongs to the hierarchical model with
generators P1� � � � �Ps , in notation p � L(P1� � � � �Ps ), if there exist functions
�i such that

log p(�) =
sX
i=1

�i (j�(Pi )j) 
� � Sn �

We write D�  D if the partition D� is finer than D.

Theorem ��
� Let L(Di �R : i = 1� � � � � s) and L(D�Rj : j = 1� � � � � t)
be two hierarchical models� where D  Di and R  Rj for all 1 � i � s �
1 � j � t � Then the intersection of the two models is the hierarchical model

L(Di �Rj : i = 1� � � � � s� j = 1� � � � � t)�

This theorem is applicable to the L-decomposable hierarchical model and
its inverse, whose intersection is the bi-L-decomposable hierarchical model.
Some further calculations yield the following.

Theorem ���� The family of strictly positive bi�L�decomposable distri�

butions has
Pn�1

i=1 i2 free parameters�

In the dissertation, I give two parametrizations, which correspond to two

bases of the subspace in Rn! spanned by the logarithms of bi-L-decomposable
distributions. One basis is orthogonal, the other is 0	 1.
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Each hierarchical model has a matrix MA of the type described in the
Methods section. Denote by ML the matrix of the L-decomposable model,
and by MB the matrix of the bi-L-decomposable model. I could determine
the Markov basis of F(MB ) only for n = 4.

Theorem ���� The minimal Markov basis of F(MB ) for n = 4 consists of

10 degree�� polynomials �from the Markov bases of F(ML) and its inverse��

and 8 degree�	 polynomials�

This observation led to the following result, valid for all n .

Theorem ���� The model F(MB ) is not closed� and even its closure is

a strict subset of all bi�L�decomposable distributions�

3.5. S-decomposability

In the analysis of bi-L-decomposable distributions, a stronger property,
S-decomposability played an important role. The random permutation Π and
its distribution p is S�decomposable, if there exist parameters �(C ) � 0
(C � [n]) such that p(�) =

Qn
k=1 �(�f1��kg). Π is bi�S�decomposable, if

both Π and Π�1 are S-decomposable.

Theorem ����� A strictly positive distribution p is S�decomposable� if

and only if it is L�decomposable� and there exist parameters ��(C ) �0 such

that

P(Π(k + 1) = x jΠf1��kg = C ) =
��(C � x )P
y ��C ��(C � y)

�

Strictly positive S-decomposable distributions form a hierarchical model
with model matrix MS . The corresponding toric model F(MS ) is not closed,
however, its Markov basis can be characterized.

Theorem ����� Let the sets C1� D1� C2� D2� � � � � Cj � Dj � [n] satisfy

jCi j = k � jDi j = k + 1� and Ci � Ci+1 � Di �with Cj+1 := C1�� Let �i � SCi

and i � S[n]nDi
� For all such choices� create the polynomial

jY
i=1

x(�i �DinCi ��i )
	

jY
i=1

x(�i �Di�1nCi ��i�1)�
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where D0 = Dj and 0 = j � These polynomials� together with the ones in

the Markov basis of F(ML)� form a Markov basis of the model F(MS )�

In summary, we found that the S- and bi-S-decomposable families are
more complex algebraically than the L- and bi-L-decomposable families.

3.6. Label-invariance

Suppose the elements of a set are labelled with the integers 1� � � � � n , and
an ordering of these elements is given by � . If we relabel the elements,
i.e. change label i to label �(i), then the same ordering is given by the

permutation �� (the operation here is group multiplication). Similarly, if ��1

is a ranking expressed with the original labelling, then the same ranking with

the new labelling becomes ��1��1. This motivates the question, whether
a model for random permutations is invariant under multiplications from the
left and right.

Theorem ����� Let n � 4� The family of L�decomposable distributions

is invariant under left multiplications� It is invariant under right multiplication

by � � if and only if � belongs to the eight�element subgroup of Sn generated

by the permutations (n n	1 � � � 21) and (2134 � � � n)�

It is natural to ask which subfamily of the L-decomposable distributions
is invariant under all right multiplications. More precisely, we are looking
for those distributions on Sn , which remain L-decomposable after any right
multiplication.

Theorem ����� Let n � 4� A strictly positive distribution p on Sn
remains L�decomposable after all right multiplications� if and only if it is

quasi�independent� i�e� there exist parameters ci (x )� 1 � i � x � n such that

p(�) =
Qn

i=1 ci (�(i))�

4. Conclusions

The research reported in the dissertation showed that while there are
many simple, elegant, practical and realistic models to describe random per-
mutations, there is still room for the development of new models. Such could
be hierarchical models, some of which can be interpreted as conditional inde-
pendence models. I would like to characterize “simple” hierarchical models,
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which would be an analogue of decomposable graphical models in the clas-
sical theory. Greater insight could be gained by calculating the Markov basis
of other hierarchical models, the main difficulty is that current algorithms
quickly become infeasible as n grows. It would be useful to give general
upper bounds for the degree of these Markov bases. A characterization of the
intersection of hierarchical models in the general case is also open.

The dissertation is based on the following papers

� Conditional independence relations and log-linear models for random
matchings. Acta Math� Hungar�, Online First (2008).

� (with Rejtő, L. and Tusnády, G.) Statistical Inference on Random Struc-
tures. In: Horizons of Combinatorics, Bolyai Society Mathematical Stud-
ies 17, Springer (2008), 37-66.

� Markov bases of conditional independence models for permutations. To
appear in Kybernetika.

� On L-decomposability of random permutations. Submitted to J� Math�

Psych�, under revision.

� An acyclic operation on the symmetric group. Submitted.
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1. Introduction

Singularity theory studies the behaviour of smooth map germs (Rn � 0) �

� (Rn+k � 0). Two germs f � g are said to be A-equivalent if there is a smooth
reparametrization of both the target and the source space which transforms
f into g . The equivalence classes are the so called singularity types. In the
case of k �0 the simplest type is the case when the differential of f has rank
n . All such germs are equivalent by the implicit function theorem. When the
differential has rank n � 1 (so corank 1) then the picture becomes more com-
plicated, but the comlete classification is known. The set of corank 1 germs
splits into countably many equivalence classes that are usually denoted by An

and referred to as Morin singularities. As the corank of the germ increases
the classification becomes more and more difficult. A general classification is
completely unknown.

Global singularity theory considers smooth maps f : M � N between
smooth manifolds, and classifies the points of M according to the local sin-
gularity type of f at the given point. This can be done in two ways. The
mono-singularity type of x �M is the actual local singularity type of f at x .
The multi-singularity type is the list of local singularity types of all the points
y � M such that f (x ) = f (y). When this list consist of only the simplest
(corank n) singularity type, the corresponding subsets of M are the so-called
multiple-point manifolds.

Multiple-point manifolds have been long studied from different view-
points. From the point of topology the question arises as follows. Given a
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generic immersion f : M n � N n+k , is it possible to express topological
invariants of its multiple-point manifolds using invariants of M�N and f ?

The first such questions considered were the homology classes of the
multiple-point manifolds. It turned out that indeed these homology classes
are related to each other in a simple way that includes only little information
from f (namely the Euler class of its normal bundle and f �, the induced map
in cohomology). The formula was first stated by Lashof and Smale [9] but
it turned out to be partially false. It was corrected by Herbert [5] and later
Ronga [17] gave a simple and very geometric proof.

Theorem �� (Herbert’s formula) Let f : M n � N n+k be a generic

immersion� Then the closures of the r �tuple point sets� N̄r (f ) and M̄r (f )
carry fundamental classes with Z2 coe�cients� Denoting by nr and mr their

Poincar�e duals in N and M respectively and setting e = e(�f ) we have�

mr = f �(nr�1) � e � mr�1

If both M and N are oriented and k is even� then the multiple�point

manifolds can be given a natural orientation� Thus one can interpret mr and

nr as cohomology classes with integer coe�cients and the formula remains

valid in its original form�

2. Results and methods

2.1. Multiple-point manifolds

Herbert’s theorem is the starting point of our work. In the first main part
of the thesis we give a generalization of this formula that allows us to move
from homology classes to cobordism classes and is based on ideas of Ronga,
Kamata and Szűcs.

Sz�ucs [23] used the Herbert-Ronga formula in the oriented case for
double-point manifolds in K -theory and translated it to ordinary cohomology
via the Chern character to obtain a sequence of formulas involving push-
forwards of Pontrjagin classes of the double-point manifold.

Kamata [6] used the Herbert–Ronga formula in the unoriented cobor-
dism cohomology and translated it via the Boardman homomorphism to
obtain a sequence of formulas involving the push-forwards of the Stiefel-
Whitney classes of the multiple-point manifolds.
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Later in [24] Sz�ucs investigated the case of oriented manifolds immersed
in Euclidean space. Using a filtration on the multiple-point manifold he could
calculate its Pontrjagin numbers without pushing them forward to M .

The result presented here containis all three above results at the same
time and which avoids complicated homological calculations or the use of
natural transformations between extraordinary cohomology theories and ordi-
nary cohomology.

The method relies on the fact that the cobordism class of a manifold
is determined by its characteristic numbers - certain cohomology classes
evaluated on the fundamental class. This evaluation can be done by pushing
forward the cohomology classes form the multiple-point manifold to M and
evaluating them on the fundamental class of M . Hence we derive a formula
for the pushforwards of these cohomology classes.

(1) mr = �(�f ) �
�
f �nr�1 � eh(�f ) � mr�1

�
Then under additional conditions we get useful special cases of the for-

mula. From these special cases it is easy to derive the previously known
results that had motivated us.

Theorem �� Let f : Mm � Nm+k be a generic immersion of even

codimension between oriented manifolds and choose a cohomology theory

with coe�cient ring h0(pt) �= Q � Then we have

mr = �(�f ) �

�
f �f!(mr�1)
r � 1

� eh(�f )mr�1

�

Theorem �� Let f and h� be as in Theorem �� Further assume that there

is a bundle � : E � N such that TM = f ��� and that e(�f ) = f �(y) for an

y � h�(N )� Then for every r � 1 there is a cohomology class kr � h�(N )
such that mr = f �(kr ) and the following simple recursion formula holds�

kr = �(TN )�(�)

�
c

r � 1
� y

�
� kr�1

where c = f!f
�(1) � h�(N )�

Szűcs used his original formulas to show that there are cobordism classes
of manifolds that do not contain double-point manifolds. Here we carry out
similar calculations for multiple-point manifolds of arbitrary multiplicity.

As a direct application of the general formula we give a condition that an
r -tuple point manifold of an immersion must necessarily fulfill. This shows
that a typical manifold will not be an r -tuple point manifold.
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124 GÁBOR LIPPNER

Theorem �� If a 4t dimensional oriented manifold V 4t is the r �tuple�

point manifold of an immersion f : Mm � Nm+k 	ie� V = Δr (f )
 with

f � = 0 in positive dimension� then hpt1(V )� [V ]i is divisible by r t �

Corollary �� If m � k (r � 1) is divisible by four then jcoker (Δr )j �

� r
m�k (r�1)

4 �3� where � = 1 if 3 j r and m � k (r � 1) � 1 (3)� else � = 0�

2.2. Projected immersions

There is a surprising relation between the multiple-points of an immersion
g : M�N � R and the singularities of its projection f : M � N that was
found by Sz�ucs in [25] (see also [20]). Namely he showed that if N is a

Euclidean space then the r + 1-tuple-points of g are cobordant to the Σ1r

points of f . The proof of this result involved computing the characteristic
numbers of the two manifolds and observing that they coincide.

It is very natural to ask whether this cobordism can be “seen” in an
explicit way hidden in the geometry of f , not just as mere luck that all the
characteristic numbers coincide.

We shall answer this question in the affirmative by constructing a cobor-
dism that connects the two manifolds. This allows us to slightly extend the
original theorem: instead of cobordism of manifolds we obtain singular bor-
dism of maps, and we prove the theorem for any smooth target manifold N .

Theorem �� Let f : M n � N n+k be a prim map� and let g : M�N �R

be its lift to an immersion� Then for any r � 1 we have gr � Σ1r�1(f )� that
is they represent the same element in the singular bordism group N(M )�

If M and N are oriented and the codimension k is odd� then gr �

� SOΣ1r�1(f )� that is they represent the same element in the singular oriented

bordism group Ω(M )�

2.3. Product maps

The results of this section are the first steps in understanding how the
direct product operation affects the singularities of maps. They show that
indeed there is some well controllable effect, at least in the simplest cases.
There are two main difficulties. The first one is that the direct product of
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generic maps will not be generic, so one has to take a small perturbation.
This makes it hard to understand the singular strata geometrically. The second
one is that generally the product of two singular maps even after a generic
perturbation will have more complicated singularities then the original maps
had.

We start with studying products of immersions. Here only the first type
of problem arises, namely that the self intersections will not be transverse.
This can be overcome by employing our general multiple-point formula that
helps to compute the characteristic numbers of multiple-point manifolds. It
turns out that the multiple-point manifolds multiply independently of each
other:

Theorem 	� Let gi : M ni
i � Rni +ki ; (i = 1� 2) be generic immersions�

Then the r �tuple point manifold Δr (g1�g2) � (�1)r�1Δr (g1)�Δr (g2) where

� stands for �unoriented�cobordant��

If the Mi are oriented and the ki are even� then their r �tuple point mani�

folds are oriented cobordant�

Then we study Morin maps. In this case one has to deal with the second
kind of problem. We get around this by increasing the dimension of the target
space by one, and hence we are able to define a multiplication of Morin maps
which preserves the Morin property and is distributive with respect to the
disjoint union of maps.

Definifition �� Let MorQ denote the group
L

n�k MorinSO (n� k ) 	 Q

with this ring structure. MorQ is a bigraded ring, the two grades being n and

k + 1. Note that this implies that the direct sum
L

k odd MorinSO (n� k ) 	 Q

is a subring or MorQ .

First, we identify the components of MorQ as subgroups of the rational
oriented cobordism ring Ω� 	 Q . Then combining the results of the previous
sections we show that the singular strata behave nicely under the multiplica-

tion we defined. We can consider Σ1r as a map from MorQ to the rational
oriented cobordism ring:

Σ1r :
M
k �n

MorinSO (n� k )	 Q � Ω� 	 Q 	

Theorem 
� The map Σ1r is a ring homomorphism� In other words

Σ1r (f 
 g) � Σ1r (f ) � Σ1r (g)
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holds for any two Morin maps f � g to Euclidean spaces where � now stands

for rationally cobordant 	in the oriented sense
�

It turns out that this information is actually enough to compute MorQ .

Finally the last part deals with general singular maps. We show that a

Cartan-type formula relates the homology class of Σ1 points of two maps with
that of their direct product.

Theorem �� Let f : M n1
1 � N n1+k1 � g : M n2

2 � N
n2+k2
2 be two generic

maps� Then for a generic perturbation of their product we have

[Σ1f � g] =

=
X
j�1

�
[Σ1fj�1] � (idj

M2
)�[Σ1g(�j )] + (idj

M1
)�[Σ1f(�j )] � [Σ1gj�1]

�

We compute the oriented Thom polynomial of the Σ2 singularity with Q
coefficients.

Theorem �� Let f : M n � N n+k be a generic map where k = 2t � 2�

Then the rational cohomology class dual to the closure of the set of Σ2�

points of f 	for short [Σ2f ]
 equals pt (�f )� where pt � H 4t (M ;Q) is the

t th Pontrjagin class�

Finally we derive a Cartan-type formula for the Σ2 points as well.

Theorem �� Let f : M
n1
1 � N n1+k1 � g : M

n2
2 � N

n2+k2
2 be two

generic maps of even codimension� Then for a generic perturbation of their

product we have

[Σ2f � g] =

=
X
j�1

([Σ2f2j�2] � (id2j
M2

)�[Σ2g(�2j )] + (id2j
M1

)�[Σ2f(�2j )] � [Σ2g2j�2])
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1. Abstract

In our dissertation the staggered grid approximation of the Stokes prob-
lem on several special domains and with different boundary conditions is
investigated, using finite difference and box methods. (for finite element
method see: Girault�Raviart, 1986) We deal with methods where the dis-
crete Crouzeix-Velte decomposition (see: Stoyan�Strauber�Baran, 2004;
or Subsection 1.2.) exists: we prove the existence of this decomposition and
show numerical results to prove the effectiveness of these discretizations.

1.1. The Stokes problem

In our dissertation we consider at first the following first-kind Stokes
problem in a cartesian coordinate system:

�Δ�u + grad p = �f � in Ω�(1�1)

div�u = 0� in Ω�(1�2)

where Ω � R
n , n = 2� 3 is a bounded, simply-connected open domain, with

Lipschitz – continuous boundary �Ω, and

�u(x ) = (u1(x )� � � � � un(x ))T �

�f (x ) = (f1(x )� � � � � fn(x ))T �

defined for x = (x1� � � � � xn ) � Ω. On the boundary, homogeneous Dirichlet
boundary conditions are imposed:

�u = 0� on �Ω�(1�3)
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The problem consists in finding a vector-function �u(x ) and a scalar func-
tion p(x ) that satisfy the system of partial differential equations above. The
function �u is the velocity of fluid and p is the (kinematic) pressure. For a
constant also appearing in the first equation, the kinematic viscosity, we have
chosen the value 1. Finally, f describes accelerations caused by an external
force field, and the boundary conditions mean that the walls are impermeable
and at rest.

A unique weak solution �u � V and p � P exists when, for example,
�f � (L2(Ω))n , (see, e. g., Varnhorn, 1994), where P := L2�0(Ω) is the
subspace of L2(Ω) of square integrable functions with zero integral over Ω ,
with the Hilbert space

L2(Ω) = f�j(�� �) ��g � (�� � ) =
Z

Ω
��dΩ

and where V := (H 1
0 (Ω))n is the well-known Sobolev space, with generalized

derivatives in (L2(Ω))n and with zero boundary values in the sense of traces
on the boundary �Ω.

1.2. The Crouzeix–Velte decomposition

For an n �2, let (�� �) denote the Euclidean scalar product in Rn , more-
over, let A�B� C � R

n�n be matrices satisfying

A = B + C�(1�4)

A = AT �0�(1�5)

B = BT � 0� C = CT � 0�(1�6)

	 := dim kerB � 1� 
 := dim kerC � 1�(1�7)

Then, with a suitable subspace W � R
n (which may turn out to be empty)

and with orthogonality to be understood in the sense of the scalar product
(A�� �), the following orthogonal decomposition of Rn can be derived:

(1�8) R
n = kerB � kerC �W�

This decomposition is called the algebraic Crouzeix–Velte decomposi-
tion of Rn . (The definition of the analytical Crouzeix–Velte decomposition
is described in the dissertation.)

For the eigenvalues �i of the generalized eigenvalue problem

(1�9) �Ax = Bx
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we have

(1�10) �i � [0� 1] for all i

and also using the eigenvectors x (i), the subspaces in (1.8) can be character-
ized as follows:

kerB = span(x (i)� �i = 0)�

kerC = span(x (i)� �i = 1)�

W = span(x (i)� �i � (0� 1))�

We can use the following correspondences connected with the matrices
in (1.4):

A � �Δ� B � � grad div� C � curl rot�

where Δ is the (vector) Laplace operator and where the sign � expresses only
an analogy between a differential operator and a matrix, and is not necessarily
a (good) approximation. In this sense (1.4) corresponds to the well known
identity

(1�11) �Δ = � grad div + curl rot

of vector analysis.

The algebraic Crouzeix–Velte decomposition is proper in case dimW =
= n � 	 � 
 �0.

In the discrete case, the velocity space (which approximates (H 1(Ω))n

or a subspace of the latter) will be denoted by �Vh , the pressure space will be
denoted by Ph , and divh and roth will be written for the discrete equivalents
of the divergence and rotation operator, Δh will denote the discrete Laplace
operator. The matrix corresponding to the mapping � divh from the velocity
space into the pressure space is denoted by B̃h and we introduce the following
notations: C̃h for the matrix of the operator roth and Ah for the matrix of the
operator �Δh . If Ah , B̃h , C̃h matrices satisfy the following:

Ah = Bh + Ch �

Ah = AT
h �0�(1�12)

where Bh = B̃T
h B̃h and Ch = C̃T

h C̃h and ker B̃h 	= 
 and ker C̃h 	= 
, then a
discrete Crouzeix-Velte decomposition exists and (1.8) takes the form

Vh = ker divh � ker roth �W = Vh�0 �Vh�1 �Vh�� �
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Ph is decomposed similarly into three orthogonal subspaces:

Ph = ker gradh � divh ker roth � divh Vh�� = Ph�0 � Ph�1 � Ph�� �

After discretization by the finite element or finite difference methods, the
Stokes problem takes the following form:

(1�13)

�
Ah B̃T

h

B̃h 0

��
u

p

�
=

�
f

0

�
�

With these matrices (1.9) corresponds to

�hAhxh = Bhxh �

which is transformed by ph := B̃hxh into

�hph = Shph �

where Sh is the discrete Schur complement operator of the Stokes problem,

Sh := B̃hA
�1
h B̃T

h . If the discrete Crouzeix-Velte decomposition exists then
�h � [0� 1].

In our dissertation we deal with approximations of the Stokes problem
on several domains, where the discrete Crouzeix-Velte decomposition exists.
In this case in the spectrum of the discrete Schur complement operator, there
is an eigenvalue 1 of high multiplicity (of the order of inner grid points).
Then, the error components lying in the eigensubspace corresponding to this
eigenvalue can be removed by one step of a simple damped Jacobi iteration
or Uzawa-algorithm. The remaining error lies in an eigensubspace of much
smaller dimension connected only with boundary effects. Moreover, the con-
jugate gradient iteration automatically takes advantage of such a spectrum
and converges faster than for discrete spaces without a decomposition: as it
is proved by the numerical results.

In our dissertation the following methods are used: finite difference and
box methods for approximation of Stokes-problem, and Uzawa-algorithm (as
outer iteration) in the numerical experiments, moreover the conjugate gradient
method (as inner iteration) with an effective preconditioning matrix and FFT
algorithm and alternatively multigrid method solving the discrete Poisson
equations.
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2. Results

2.1. First order staggered grid approximation on non-equidistant
rectangular grids

First we consider the well-known staggered-grid approximation where Ω
is a rectangle subdivided by a non-equidistant grid into (n � 1)(m � 1) rect-
angular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

For pressure vectors ph and velocity vectors �uh = (uh � vh)T suitable
discrete scalar products and the corresponding norms are introduced. Using
these scalar products and norms the following Theorem is proved, with the
notations Ah � B̃h � C̃h for the matrices of the operators �Δh , � divh ill roth :

Theorem ��

(2�1�) (Ah�uh ��uh )0�h = kB̃h�uhk
2
0�h + kC̃h�uhk

2
0�h̃

holds for all vectors �uh := (uh � vh)T � �Vh if and only if

h1�i+1�2 =
h1�i�1�2 + h1�i+3�2

2
and h2�j+1�2 =

h2�j�1�2 + h2�j+3�2

2
�

Remark �� It is proved that dim(Vh0) = (n � 2)2, dim(Vh1) = (n � 3)2

and dim(Vh��) = 4n�9, where n denotes the number of grid points (including

corner points) along a side of the square.

Remark �� We prove that Ah is symmetric in the sense of the scalar
product (�uh ��vh)0�h above, and the following equation holds:

(2�2) DAAh = B̃T
h DB B̃h + C̃T

h DC C̃h �

where DA� DB � DC are diagonal matrices corresponding to the adequate
norms. That is

(2�3) DAAh =: Âh = Bh + Ch �

where Bh = B̂T B̂ and Ch = ĈT Ĉ with the notations: B̂ = D
1�2
B B̃h � Ĉ =

= D
1�2
C C̃h .

Remark �� We prove that DAAh = Âh matrix is positive definite, that is
Âh �0. Together with remark 1 and 2, it means that a proper Crouzeix–Velte
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decomposition of the velocity and the pressure space into three nontrivial parts
exists, if n �3.

2.2. First order staggered grid approximation based on the finite volume
(box) method on non-equidistant rectangular grids

Then we apply finite volume method on the staggered grid, where Ω is
also a rectangle subdivided by a non-equidistant grid into (n � 1)(m � 1) rect-
angular cells. The boundary conditions are homogeneous Dirichlet boundary
conditions.

We prove that using this approximation, the discrete Crouzeix–Velte
decomposition exists, if n �3, without any restriction of grid spacing.

Remark� The results above (using either finite difference or finite vol-
ume methods) hold if Ω is a union of rectangles such that all the boundary
lines of the different rectangles fit on the same global grid with grid spacing
h1 and h2.

2.3. Numerical results

We show with numerical experiments — using the staggered grid ap-
proximation based on the finite volume method — that both the Uzawa-type
and the conjugate gradient-type methods are faster on such grids which are
condensing in the center and coarser near the boundary of the domain. In the
case of Uzawa-type methods we determine the optimal non-equidistant grid.

2.4. Second order staggered grid approximation based on the finite
difference method on equidistant rectangular grids

Then we apply second order finite difference method on the staggered
grid, where Ω is a unit square subdivided by an equidistant grid. The bound-
ary conditions are homogeneous Dirichlet boundary conditions. After defining
the suitable approximations, discrete scalar products and the corresponding
norms, the following Theorem is proved:

Theorem� For the second order staggered grid approximation�

(Ah
�uh ��uh)0�h � kB̃h

�uhk
2
0�h � kC̃h

�uhk
2
0�h =
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= �
n�1X
i=2

2(u2
i �1 + u2

i �n�1)�
n�1X
j=2

2(v2
1�j + v2

n�1�j )�(2�4)

where Ah := �Δh � B̃h := �divh and C̃h := roth �

Remark� We introduce the notation Ãh , where

(Ãh
�uh ��uh )0�h = (Ah

�uh ��uh)0�h +
n�1X
i=2

2(u2
i �1 + u2

i �n�1) +
n�1X
j=2

2(v2
1�j + v2

n�1�j )�

Ãh is a symmetric positive definite matrix in the sense of the corresponding

scalar product, together with Ah . Since dim(Vh0) = (n � 2)2, dim(Vh1) =

= (n � 3)2 and dim(Vh��) = 4n � 9, a proper Crouzeix–Velte decomposition

exists in this case as well, for n �3. In this case the algebraic decomposition
exists not for the matrix Ah ,but for Ãh , hence Ãh can be advantageous as a

preconditional matrix solving Ah
�uh = bh .

2.5. Finite difference approximation in the case of non-standard
boundary conditions

We investigate the finite difference approximation of the Stokes problem
on the staggered grid with the following non-standard boundary conditions:

(2�5) u1�j = un�j = vi �1 = vi �n = 0�

for 1 � i � n � 1, 1 � j � n � 1 and

(2�6) (roth �uh )0�j = (roth �uh)n�1�j = (roth �uh)i �1 = (roth �uh )i �n = 0�

0 � i � n � 1, 2 � j � n � 1, where roth is defined as usual. (This boundary
condition satisfies the Lopatinski-condition.)

We show that a proper discrete Crouzeix–Velte decomposition exists in
the case of this boundary condition as well, using either first or second order
approximation.
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136 GYÖRGYI STRAUBER

2.6. Finite difference approximation in the case of periodical boundary
conditions

As we show in this point, the results on the existence of an analytical
Crouzeix-Velte decomposition for the Stokes problem along with Dirichlet
and periodical boundary conditions carry over to the discrete case for the
staggered grid approximation.

We apply first order finite difference approximation on the staggered
grid, where Ω is a unit square subdivided by an equidistant grid. Periodical
boundary conditions are assumed on the left and right sides of the unit square:

u1�j = un�1�j � u2�j = un�j � 0 � j � n�(2�7)

v1�j = vn�1�j � v2�j = vn�j � 1 � j � n�

On the upper and lower sides of the unit square we prescribe homogeneous
Dirichlet conditions:

ui �0 = ui �n = 0� 1 � i � n�

vi �1 = vi �n = 0� 1 � i � n � 1�

where ui �0� ui �n are values on two additional grid lines, which the grid has
been supplemented with. We prove that a proper discrete Crouzeix–Velte
decomposition exists in this case as well.

2.7. Approximation on a nonequidistant grid in 3D with homogeneous
Dirichlet boundary conditions

Then the well-known difference approximation on a staggered grid is
considered in 3D case. In our case Ω is a rectangular parallelepipedon subdi-
vided by a rectangular grid into (n� 1)(m � 1)(l � 1) cells of volume h1h2h3
each, h1 := 1�(n�1)� h2 := 1�(m�1)� h3 := 1�(l�1). We assume n�m� l � 3.

First we assume homogeneous Dirichlet boundary conditions:

u1�j �k = un�j�k = vi �1�k = vi �m�k = wi �j �1 = wi �j �l = 0�

where �uh := (uh � vh � wh)T is the velocity vector and 1 � i � n � 1, 1 � j �
� m � 1, 1 � k � l � 1.

We prove the existence of the discrete Crouzeix–Velte decomposition.
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2.8. Approximation on an equidistant grid in 3D with periodical
boundary conditions

Then we consider the first order staggered grid approximation on an
equidistant, cubic grid. On the front-back sides and on the north-south sides
of the cube we prescribe homogeneous Dirichlet conditions, and periodical
boundary conditions are assumed on the east-west sides. We prove the exis-
tence of the discrete Crouzeix–Velte decomposition in this case as well.

2.9. The Stokes problem in polar coordinates for the disk domain

Finally let Ω be the unit disk

Ω = f(r� )j0 � r �1� 0 �  �2�g �

and consider the following Stokes problem:

Δr�u �
u

r2 �
2

r2
�v

�
�
�p

�r
= f1�(2�8)

Δr�v �
v

r2
+

2

r2
�u

�
�

1
r

�p

�
= f2�(2�9)

div�u =
1
r

�
�

�r
(ru) +

�v

�

�
= 0�(2�10)

where (u� v ) = �u and (f1� f2) = �f and

Δr� =
1
r

�

�r

�
r
�

�r

�
+

1

r2
�2

�2 �

On the boundary, homogeneous Dirichlet boundary conditions are imposed:

(2�11) �u = 0� on �Ω�

The problem consists in finding a vector-function �u(x ) and a scalar func-
tion p(x ) that satisfy the system of partial differential equations above. In our
dissertation we consider a suitable second order finite difference approxima-
tion and introduce the corresponding discrete scalar products and norms. The
following Theorem — similarly to (2.1) — is proved:

Theorem�

(2�12) (Ãh�uh ��uh )0�h = kB̃h�uhk
2
0�r �h + kC̃h�uhk

2
0�r�h
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holds for all vectors �uh := (uh � vh )T � �Vh � where B̃h corresponds to the

negative divergence operator� C̃h corresponds to the rotation operator and Ãh
corresponds to the negative Laplace operator� which is in polar coordinates�

(2�13) Δ�u =

�
Δr�u �

u
r2 �

2
r2

�v
��

Δr�v �
v
r2 + 2

r2
�u
��

�
�

Remark� From the Theorem above we obtain that Ãh can be written in
the following form:

(2�14) DÃÃh =: Ah = Bh + Ch �

where Bh = B̂T
h B̂h , Ch = ĈT

h Ĉh and B̂h = D
1�2
B̃

B̃h � Ĉh = D
1�2
C̃

C̃h and

where DÃ, DB̃ , DC̃ are diagonal matrices corresponding to the adequate
scalar products.

2.10. Numerical results for approximation on the unit disk

2.10.1. Uzawa-algorithm

Using the notations (2.14) our problem consists in finding the solution of
the following algebraic system:

Ah�uh + B̂T
h ph = �fh �(2�15)

B̂h�uh = gh �(2�16)

We use the Uzawa-algorithm to solve (2.15), (2.16):

(2�17)

p(0)
h := 0�

p(i+1)
h := p(i)

h + � (B̂h�u
(i)
h � gh)

�u(i)
h := A�1

h (�fh � B̂T
h p

(i)
h )

i = 0� 1� 2� � � �

Since the discrete Crouzeix–Velte decomposition exists, using the Uzawa-
algorithm we can reach the third Crouzeix–Velte subspace after 1 step (with
� = 1). In this subspace the spectrum of the Schur complement is closer, and
the algorithm shows effective convergence. The optimal iteration parameter is
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also calculated using the smallest and the largest of the eigenvalues different
from 0 and 1 of the discrete Schur complement. The numerical results show
that the discretization obeying a discrete Crouzeix–Velte decomposition leads
to effectively solvable systems of algebraic equations. The average number of
the iterations using the Uzawa algorithm is 3-5, and the speed of convergence
is growing together with the refinement of the grid.

2.10.2. Fourier transformation and conjugate gradient method

Instead of the calculation of A�1
h in (2.17) in the first case the fast Fourier

transformation is used in combination with the preconditioned conjugate gra-
dient method. In the numerical experiments several preconditioning matrices
are investigated: the number of inner iterations needed to reach the stopping
criterion of the conjugate gradient method, using the best preconditioning
matrix, is only 4-5, and the speed of convergence is growing together with
the refinement of the grid.

2.10.3. Multigrid method

In the second case the multigrid method is used to calculate A�1
h . We

describe the restriction operator and optimize the prolongation operator with
numerical experiments. We compare several pre- and post-smoothing itera-
tions. The optimal iteration parameter of the damped Jacobi iteration — as
smoothing iteration — is also calculated. The results show that the Gauss-
Seidel iteration combined with block Gauss–Seidel iteration — as smoothing
iteration — is the most effective: the multigrid method using this iteration is
on average 5-8 times faster than using the Gauss–Seidel iteration and this
advantage is growing with the refinement of the grid. The less effective
smoothing iteration is the Jacobi iteration, it results on average three times
slower convergence than the Gauss–Seidel iteration.
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1. Introduction

Legendrian and transverse knot theory has been shaped by advances in
convex surface theory [7] (showing that different looking objects are actually
equivalent) and by the introduction of various invariants of these knots —
proving that different looking objects are, in fact, different. Examples of
such invariants are provided by Chekanov’s differential graded algebras and
contact homology [2, 3]. More recently, Heegaard Floer homology provided
various sets of invariants: for knots in the standard contact 3-sphere the
combinatorial construction of knot Floer homology through grid diagrams
[16, 24], for null-homologous knots in general contact 3-manifolds the Legen-
drian invariant of [13] and for general Legendrian knots the sutured invariant
of the knot complement [10]. In this dissertation we study these invariants to
get a better understanding of Legendrian and transverse knots.
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1.1. Heegaard Floer theories

Heegaard Floer homologies, (Ozsv�ath�Szab�o, [19, 20, 22]) the recent-
ly-discovered invariants for 3- and 4-manifolds, come from an application
of Lagrangian Floer homology to spaces associated to Heegaard diagrams.
Although this theory is conjecturally isomorphic to Seiberg–Witten theory, it
is more topological and combinatorial in its flavor and thus easier to work
with in certain contexts. These homologies admit generalizations and re-
finements for knots (Ozsv�ath�Szab�o [18] and Rasmussen [26]) and links
(Ozsv�ath�Szab�o [23]) in 3-manifolds and for non-closed 3-manifolds with
certain boundary conditions (Juh�asz [11]), called sutured Floer homology.
The tools used to define the link-version were later applied to define a com-
pletely combinatorial version of knot Floer homology in the 3-sphere.

1.2. Contact 3-manifolds

Although contact geometry was born in the late 19th century in the
work of Sophus Lie, it has just recently started to develop rapidly, with the
discovery of convex surface theory and by recognizing their role in other parts
of topology. For example Property P for knots — a possible first step for
resolving the Poincaré conjecture — was proved using contact 3-manifolds
(Kronheimer�Mrowka [12]). Also, the fact that Heegaard Floer homology
determines the Seifert genus of a knot was first proved with the help of contact
3-manifolds (Ozsv�ath�Szab�o [17]). Being the natural boundaries of Stein
domains, the use of contact 3-manifolds resulted in a topological description
of Stein-manifolds. A contact structure on an oriented 3-manifold is a totally
non-integrable plane field. In other words it is a plane distribution that is not
everywhere tangent to any open embedded surface. Any 3-manifold admits
a contact structure (Martinet [14]). It is more subtle though to understand
the set of all different contact structures on a given 3-manifold. One way to
understand them is by examining lower dimension submanifolds that respect
the structure in a way. The 2 dimensional such submanifolds are called
convex surfaces. These are surfaces with a vectorfield in their neighborhood
which is transverse to the surface and whose flow preserves the contact plane
distribution. Contact structures in the neighborhood of a convex surface are
determined by a set of closed curves (dividing curves) on the surface (Giroux
[9]). Thus convex surfaces became the right boundary conditions for contact
3-manifolds. In Heegaard Floer homology contact invariants were defined
for contact 3-manifolds without (Ozsv�ath�Szab�o [21]) or with (Honda�
Kazez�Matic [10]) boundary. These invariants had many applications the



2011. február 16. –16:26 143

LEGENDRIAN AND TRANSVERSE KNOTS 143

most recent is a new proof for the fact that a contact 3-manifold having Giroux
torsion cannot be Stein-fillable (Ghiggini�Honda�Van Horn�Morris [8]).

1.3. Legendrian and transverse knots

There are two ways for a one dimensional submanifold to respects the
contact structure. Its tangents can entirely lie in the plane distribution, in
which case the knot is called Legendrian knot, or if the tangents are transverse
to the planes, the knot is then called a transverse knot. A Legendrian knot
with a given knot type has two classical invariants: its Thurston-Bennequin
number and its rotation number. While for transverse knots there is only one
invariant; the self-linking number. The problem of classifying Legendrian
(transverse) knots up to Legendrian (transverse) isotopy naturally leads to the
question whether these invariants classify Legendrian (transverse) knots. A
knot type is called Legendrian �transverse� simple if any two realizations
of it with equal classical invariants are Legendrian (transverse) isotopic.
The unknot (Eliashberg�Fraser [4]), torus knots and the figure-eight knot
(Etnyre�Honda [7]) were proved to be both Legendrian and transversely
simple. By constructing a new invariant for Legendrian knots, Chekanov
[2] showed that not all knots are Legendrian simple, in particular he proved
that the knot 52 is not Legendrian simple. Later many other Legendrian
non-simple knots were found (Epstein�Fuchs�Meyer [5] and Ng [15]). The
case for transverse knots turned out to be harder. Birman and Menasco [1],
and Etnyre and Honda [6] constructed families of transversely non-simple
knots using braid and convex surface theory. The Legendrian invariant in the
combinatorial Floer homology provided another tool to construct transversely
non-simple knots (Ng�Ozsv�ath�Thurston [16]).

Using the language of Heegaard Floer homology recently three different
invariants were defined for Legendrian and transverse knots. One in the

combinatorial settings of knot Floer homology for the 3-sphere [25]: b�, one in

knot Floer homology for a general contact 3-manifold [13]: bL and one defined
as the contact invariant associated to the knot-complement: EH.

2. Main Results

In the dissertation I used Heegaard Floer homology to prove theorems
about Legendrian and transverse knots.
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Similarly to the smooth case there is a well defined notion of connect
summing Legendrian or transverse knots.

Theorem ���� V�ertesi [29] Let L1 and L2 be �oriented� Legendrian

knots of topological type K1 and K2� Then there is an isomorphism

HFK�(m(K1))�F2 [U ] HFK�(m(K2))� HFK�(m(K1#K2))

which maps �+(L1) � �+(L2) to �+(L1#L2)� Similar statement holds for the

�
�

�invariant�

Corollary ���� V�ertesi [29] Let L1 and L2 be �oriented� Legendrian

knots of topological type K1 and K2� Then there is an isomorphism

dHFK(m(K1))�F2
dHFK(m(K2))� dHFK(m(K1#K2))

which maps b�+(L1) � b�+(L2) to b�+(L1#L2)� Similar statement holds for the

b�
�

�invariant�

Similar results hold for the � -invariant of transverse knots:

Corollary ���� V�ertesi [29] Let T1 and T2 be transverse knots of

topological type K1 and K2� Then there are isomorphisms

HFK�(m(K1))�F2 [U ] HFK�(m(K2))� HFK�(m(K1#K2))

and

dHFK(m(K1))�F2
dHFK(m(K2))� dHFK(m(K1#K2))

which map � (T1) � � (T2) to � (T1#T2) and b� (T1) � b� (T2) to b� (T1#T2)�
respectively�

As an application of the above result we prove:

Theorem ���� V�ertesi [29] There exist in�nitely many transversely non�

simple knots�

The definition of the contact invariant in Heegaard Floer homology ad-

mits a generalization for Legendrian and transverse knots bL in the knot Floer
homology (Lisca�Ozsv�ath�Stipsicz�Szab�o [13]). The contact invariant of
Honda, Kazez and Matic for the complement of a Legendrian knot gives rise
to a Legendrian invariant: the EH-class. With Stipsicz we understood the
relation between these two invariants:
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Theorem ��	� Stipsicz�V�ertesi [27] There is a map from the sutured

Floer homology for the knot�complement to the knot Floer homology map�

ping bL to EH�

A nice consequence of this theorem, which was independently obtained
by Vela
Vick [28], is the following:

Theorem ���� Stipsicz�V�ertesi [27] If the knot complement contains

Giroux torsion� then bL vanishes�
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Gábor Csörgő: The comparison and bifurcational investigation of equa-
tions describing chemical reactions

Balázs Kovács: Comparison of efficient numerical methods on an elliptic
problem

The aim of this paper is to compare and realize three efficient iterative meth-
ods which have mesh independent convergence.

There are several approaches for solving partial differential equations.
The finite element method is widely used. The system of algebraic equations
given by the FEM discretization can be solved in both iterative and direct
ways. If the equation is nonlinear then we need an iterative method, as is the
case in this paper where we discuss the radiative cooling problem:�

� div(kru) + �u
4 = 0 in Ω

k��u + �(u � ũ) = 0 on �Ω.

We look for the solution of the above model problem using finite element
discretization with gradient and Newton type methods. We show that there
exists a unique weak solution, we state convergence theorems concerning the
numerical methods and we also verify that they are applicable.

Three numerical methods have been carried out, namely, the gradient,
Newton and quasi-Newton methods. We have solved the model problem
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with these methods, we have investigated the differences between them and
analyzed their efficiency and mesh independence.

Gergő Nemes: log 2, � , infinite series, continued fractions and Laplace
transforms

In this paper we investigate the behavior of the remainder of Leibniz’s series:

�

4
�

NX
k=1

(�1)k�1

2k � 1
�

We also examine the accuracy of the well-known series for log 2:

log 2�
NX
k=1

(�1)k�1

k
�

Using Laplace transforms we give asymptotic expansions and continued frac-
tion representations for the remainders in both cases. Some of these are
generalizations of previous results. We characterize the error terms by inverse
factorial series as well. These turn out to be useful tools to prove some
identities between various sequences.

László Sajtos: Modelling changes of stock exchange indices by copulas

We have investigated the structure of relationships of several American and
European stock indices by copulas (we used daily log-return data from the
past few years). The fundamental idea was the probability integral transforma-
tion, which allowed us to study the problem in one dimension, called Kendall
transform. We studied and illustrated the theoretical and empirical Kendall
transform of Gauss, t and Archimedean copulas, including the goodness of
fit of these copulas. The temporal dynamics can be observed by shifted-
windows, thus the time-dependence of the changes of the fitted parameters of
the used copulas could be realized. Consequently, this method can be applied
to study the changes of financial markets.

Dániel Soukup: The inconvenient D-property

We prove that there exists a 0-dimensional, scattered T2 space X such that
X is aD but not linearly D, answering a question of Arhangel’skii. The
constructions are based on Shelah’s club guessing principles.

András Szabó: Epidemic spread on contact networks: Comparison of the
differential equation and the Monte Carlo simulation
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The dynamics of disease transmission strongly depends on the properties of
the population contact network. In this paper, using a continuous time Markov
Chain, we start from the exact formulation of a simple epidemic model on
an arbitrary contact network and compare with heuristic approximations and
with Monte Carlo simulation results. We are looking for the expected value
of the number of infected nodes. The main result is that the error of the
approximations is large when we use a special graph, called modified cycle
graph. This graph is similar to the well known ”small world” graph, but
it is not a random graph. Finally, we discuss the advantages and possible
applications of the approximations.

Dorottya Sziráki: Applying Algebraic Logic to Vaught’s Conjecture and
Related Problems

Let Σ be a complete first order theory in a countable language with equal-
ity. Vaught conjectured that if Σ has more than �0 pairwise non-isomorphic

countable models, then it has 2�0 such models. Since it was first published,
Vaught’s conjecture has become an important open problem and has been
researched intensively.

In this paper, we investigate what happens when we replace the role of
isomorphism with that of elementary embeddability, and, if for a submonoid
S of injective functions on � , we allow only elementary embeddings that are
elements of S . We also consider the problem for first order logic without
equality. Thus, we obtain the following variant of the original conjecture. Let
Σ be a theory in a first order language with or without equality, and let S be
a submonoid of the injective functions on � . If Σ has more than countably
many pairwise non S -elementarily embeddable countable models, then it has
continuum many such models.

Our main result is proving the above variant for �-compact monoids S .
The proofs are based on the representation theories of certain cylindric and
quasi-polyadic algebras and investigations of the Stone spaces of these alge-
bras. A similar result had been proven in the case models are considered up
to isomorphism, for first order logic without equality. Our techniques and
results are generalizations of the ones there.

István Tomon: Covering point sets with monotone paths

Lilla Tóthmérész: The application of co-citation and SimRank to large
biological networks



2011. február 15. –8:47 150

150 CONFERENCES

Co-citation and SimRank are functions on graphs, that assign a similarity
value to each pairs of nodes. These measures were inspired by the analysis
of the web and by scientific literature analysis. Our aim was to test how well
these measures reflect the functional similarities of proteins, when applied
to protein interaction networks. For testing the measures, we applied them
to human and yeast protein interaction networks. We compared the results
to the similarities indicated by the Pfam protein families using the Kruskal-
Goodman Γ measure.

In this application we have quite large graphs, therefore the fast com-
putability of these measures is an important question. In the paper we pro-
posed a refined version of the SimRank computing algorithm.

Biological data may contain many faults, therefore we also examined the
stability of these measures.
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