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GROUP GENERATED BY THE POLYNOMIAL x? +a

By
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Dedicated to the memory of our friend Peter Kiss

51. Let N, Z, Q be the set of natural numbers, integers, rational numbers,
respectively. Let Qx be the multiplicative group of positive rationals.

For some subset A of Qx, let Qx(A) be the multiplicative group gener-
ated by A, that is ¢ € Qx(A) if there exist suitable elements ay,...,a, € A,

and €1,...,&, € {—1,1}, such that ¢ = afl ...at". Let furthermore By (A)
be the group of those o for which there exist suitable ay,...,a, € A, [,...
..., lr € Z,d € N such that

l .
ad=al.. . a".

Let 2 be the whole set of primes.

Leta € N, 9, = {n®>+a|n € N}, &, be the set of those primes p, for
which p | n? + a holds for some n. Let 8, = 85,1) U 822), where

-bl(3)-hres)

82 ={p|pla, p e P}.

* Research partially supported by Hungarian National Foundation for Scientific Research
Grant and by the research group Applied Number Theory of the Hungarian Academy of

Sciences.
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Let 4} be the set of those real-valued arithmetical functions f, which are
defined originally on &,, and then extended to Qx(&,), so that

(1.1 fes)=fO+f6) f (5) =) =fGs),

for every couple of r,s € Qx(&,). The extension of the definition of f, by
(1.1) is unique.

Let ./f;tZ‘, be the set of those g having complex values on the unit circle,
defined originally on &,, and extended to Qx (&) such that

(1.2) 8(rs)=g(g(s), g () =),
§2. We shall prove

THEOREM 1. Iff € A} andf(n®>+a) — 0 asn — oo, then f(n®>+a)=0
for everyn € N,

Ifg e M} andg(n®+a) — 1 asn — oo, then g(n®*+a)=1 (n € N).

The proof is based upon the following lemmas:

Let F(n) := n?+a.

LEMMA 1. We have
(2.1) F(n+ F(n))=F(n)F(n +1).

PROOF. Obvious. 1

LEMMA 2. Assume that1 < M € N, M is not a square and the equation
2.2) u2+a:M(v2+a)

has at least one solution in u,v € N. Then there is a sequence of couples of
positive integers xy,yy such that x,,y, — oo and

(2.3) x2+a=MGy.+a).

PROOF. Let us write (1.2) in the form u? — Mv2 = (M — 1)a. The

Pell-equation u? — Mv? =1 has infinitely many positive solution, (§,,%y).
Then the pair, xy,yy counted from

xy +V My, = (Ev +\/1\_/va> (u +\/Mv)

satisfies (2.3).
The proof of Lemma 2 is finished. |
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LEMMA 3. The values F(n), F(n + 1) cannot be squares simultaneously.

PROOF. Assume indirectly that n?+a = U?, (n+ 1)2 +a = V2. Then

V > U + 1. Furthermore, 2n + 1 = v2_ py? >V+UH+1, whencen > U.
But it is impossible. |

LEMMA 4. If F(n + F(n)) is a square, then none of F(n), F(n + 1) can be
squares.

PROOF. Obvious. If either F(n), or F(n + 1) would be a square, then the
other would be a square as well, which contradicts to Lemma 3. ]

PROOF OF THEOREM 1. We shall prove the first assertion. The second
assertion can be proved completely on the same way.
We can apply Lemma 2 for M = F(n) if M is not a square. We obtain

thatf(n2+a) =0ifn+a # square. Assume that F(n) = square. Since F(n+1),
F(n + F(n)) are not squares, therefore f(F(n + 1)) =0, f(F(n + F(N))) =0,
from (1.1) we obtain that f(F(n)) = 0.

The proof of Theorem 1 is completed. |

3. A subset E(C Qx(&,)) is called a set of uniqueness (for the class of
functions f in }), if f € A, f(E) = 0 implies that f (Qx(84)) = 0.

Similarly, a subset F C Qx(&,) is called a set of uniqueness mod 1
(for the class of functions g in Jly), if g € M}, g(F) = 1 implies that
g(Qx(8)) = 1.

It is known that &, is a set of uniqueness mod 1, if and only if

(3.1 Qx (T a) = Qx(8q),
and that &, is a set of uniqueness, if
(3.2) Bx(Jq) = Qx(8a).

The notion of “set of uniqueness” for completely additive functions was
introduced by Katai [1]. The assertion formulated in (3.2) is proved by
D. Wolke. Relation (3.1) was proved in [4], [5], [7].

We can suggest to read the relevant further papers [8], [9], [10], [11].

64. The assertion, formulated in the next lemma, is clear.
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2v/a [ —a
LEMMA 5. Letp € P, p > i, (—) = 1. Let xq be the smallest pos-
V3T\p
2
s . 2 o) Xy ta
itive integer, for whichp |x~+a. Letxj+a = K -p. Then K}, = P <p.
PROOF. We have xj < p/2. The assertion is obvious. 1

LEMMA 6. Leta = b?c. Then a,b?,¢c € Qx(9,).

PROOF. Let ¢p(x) = x2 +a. Then o(l)=1+a, p(a) = a? + a, whence

a= zicg € Qx(Jy). Since ¢ (b) = b2(1+c), p(bc) = b2c2 +b2c = b2e(l +¢),
we have that ¢ = 2P ¢ 9 (7,). Thus b2 = & € 0x(T). i
¢ (b) c

THEOREM 2.
1. We have Qx(91) = Qx(81), i.e. I is a set of uniqueness mod 1.

2. Leta =b? :p%a1 ...pHr -qlzﬁ1 ...qszﬁs, where

Then
4.1 Qx(Ja) = Qx(J 1) x Ha,
where Hy is the group generated by {qlz, g2

PROOF. To prove the first assertion, we observe, that 12+1 ¢ Q< I,
2241 € QO (J1) and by Lemma 5, if p € 821), p > 2, by using induction,
then K, € Qx(J) can be assumed. This completes the proof.

Let us consider now the assertion 2. We have 1 +a € Qx(J,), a’ +
+a=ala+1) € Qx(J,), whence a € Qx(J,). Observe furthermore that
b29| C J,. If a prime 7t has a representation

w=TL(F )"
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then
&
mo=a 2 H ((bnj)2 +a> ,
which by a € Qx(9,) implies that 1 € Qx ().

If gla, g = —1 (mod 4), then g” |n%+a implies that v is an even number.

2
b
Let n = g. Then g% +a = g2 <1 + (—> ) We have g2 +a € Qx(J4), and
q

2
t (§> C Qu(T1) € Qx(Ta), thus g% € Qu(Ta).

Consequently, we obtain the second assertion immediately. The theorem
is proved. |
65. Assume that

2 2yr 201+1 205+1
(5.1) a=m" " 0L pBst

where 71, ...,7r, P1y---sps € P,y €N, 9, € Ny =NU{0}.
By choosing first b = m;, ¢ = ;—2, from Lemma 6, we deduce that
njz € Qx(84) (j = 1,...,r). Similarly, we can choose b = p; if 6; > 1, and

deduce that pj-2 € Qx(6,). Hence, the next assertion it follows immediately.

THEOREM 3. Let a as in (5.1). Let H be the group generated by .7[12, ..
,nrz and thosepjz, for which (3j > 1.

Let C=py...ps. Then
(5-2) Qx(Ja) 2 H x Qx(J ¢).

6.

THEOREM 4. We have

0 (Qx(85)/ Qx(Ts)) =2.
The number 2 does not belong to Qx(Js).

PROOF. Let ¢ (n) = nZ+5.1If 2|¢(n), then n is an odd number, n = 2k +1,

and ¢(n) = 2(3 + 2k(k + 1)), i.e. @ = —1 (mod 4). If n is even, then

@) =1 (mod 4).
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Assume in contrary that 2 € Qx(J5). Then

5= pn)...pmy) pup..pw) A C
P(ND)...p(Ns) @(1)...o(vy) B D’

say, where n;, N; are odd, u;,v; even numbers.

(6.1

Thus
2BD = AC,
B A
s+1 _ A"
AR 2—SD =2 o C.
. B A
Since 2—S,D, 7 C are odd numbers, therefore r = s + 1. Furthermore

B A
D,C = 1 (mod 4) > = (—1)’ (mod 4), > = (—1)" (mod 4), this is
impossible.

To finish the proof, we observe that ¢ (1) = 2 - 3. Let us consider the
group # generated by the union of 5 and {2}. Then 2 € #, 3 € #. By

2
using Lemma 5, <5 > %) , we obtain that /£ = Qx (E5).

The proof is completed. |
By the method used above we can prove the following
LEMMA 7. Assume thata = 5 (mod 8). Then 2 & Qx (I ).

The following remark, which we formulate now as Lemma 8, is obvious.
LEMMA 8. If2?%|ja + 1, then 2 ¢ Qx(T4).

PROOF. This is clear. If 2|)c2 +a,then x =2k + 1, and

+1

22|(a+1)+4k(k +1) =22 {“ +k(k + 1)}.

h
Thus in each expression [] (ni2 +a)fi the exponent of factor 2 is an even
i=1
number, consequently 2 cannot be represented in this form. |
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b
LEMMAY. Leta = bq, q a prime, such that <g) =1. Thenqg € Qx(J,).

gm? + b,

PROOF. Let ¢(n) = n? +a. Let us observe that lgm) =
q

consequently the left hand side is a quadratic nonresidue mod g . Furthermore,

if g 1 n, then p(n) (mod q) = n2, thus it is a quadratic residue mod gq.
Assume indirectly that ¢ € Qx(J4). Then @(uy)...ou)p(gny)...

pqns) = qpvy)...ov)p(gmy)...p(gmy), where (uy...ur vi...v,q) =

= 1. Since qllp(gm;), glp(gn), and (@) q) = 1, (p()q) = 1, we
obtain that s = k + 1, and that

(6.2) o) .e..pUp) y1 ... 95 =21 -2 POV ... p(Vy),
where y, = ‘P(C;”h)’ ;= <P(‘i]mj).

The value of the Legendre symbol <—) for the integer standing on
q

the left is (—1)%, while the same for the right hand side is (=DX. Thus
(—1)° = (= 1)k, which is impossible. |
7.

THEOREM 5. Foreverya € N, Qx(6,)/Qx(94) is a finite group, conse-
quently

Bx (ga) = Qx (ga)-

PROOF. The assertion is a direct consequence of Lemma 5, whence we
obtain that

1 1
U (voxwa)u;ox(ﬂa)) U(pox(mugox(ffa))

1<v< % pla
covers the group Qx(6,). The proof is completed. |

REMARK. Similar theorem can be proved for ¢, 2(n) = An’+a,ifa € Z,
a#0,A=1,2,3,4.
Let
_ Ox(8a)
T OxTa)
and for some r € Qx(&,), let 7 = rQx (I ).

Sa
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THEOREM 6. Fora € [1,20], we have
Sa = {1}, ifa=1,2,4,7,8,16,18,
S, ={1,2}, ifa=23,5,6,10,11,12,13,19,20,
Sa =1{1,3}, ifa=9,14,17.

2\/a

V3

numbers g from 2, 3,5 for which either ¢g|a, or (—_a) = 1. Then, by Lemma
q

PROOF OF THEOREM 6. For a < 20, < 6. Let L, be the set of those

5, we obtain immediately, that Qx (I, U L) = Qx(6,). Thus, to prove the
theorem, it is enough to decide, which elements of L, do belong to Qx (7 ,).

We proved that Qx (84) # Qx(T4) if 22|la + 1, (Lemma 8), or if a = 5
(mod 8) (Lemma 7), or if a = bg, where g is a prime, <§) = —1 (see
Lemma 9).

We shall use Lemma 5.

For shortening we write # = Qx(74), p(x) =x2 +a.

1. CASES a = 1,4,9,16,25,36. See Theorem 2.

2.CASEa =2. p(1)=3€ %,2 € %, apply Lemma 5.

3.CASEa =3.3€F, (1) =4, p(2) =7, ¢p(5) = 28, whence 2% € 7.
Thus Qx (&3) = {1,2} © Qx(T3).

4. CASE a = 5. See Theorem 4.

2
5. CASE a = 6. Since <§) = —1, from Lemma 9 we obtain that S,

contain at least two elements, furthermore that ¢ = 3 ¢ %. Since 6 € %,
therefore 2 = 6/3 is in the same residue class mod Q(J¢) as 3.

Since

o) _ U 0@ - 112¢g,

p2) 27 p2)

we obtain that 22 € .
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6
Since 2\/; = 2v/2 < 3, therefore by Lemma 5 we obtain that each

prime p, such that ( ) =1, belongs to Qx(J4) U20Qx% (T ).
p
Hence the assertion follows.
6. CASEa = 7. Since (1) = 23, ¢(3) = 11, therefore 2 € . 3 1 ¢(n),
-7 2
since (—) = <—> = —1. We can apply Lemma 5, and deduce the

3 3
Qx(Ta) U20Qx(Ta) = Qx(Ea).

4
7.CASEa = 8. (1) = 9, p(2) = 12, p(4) = 24, thus 2 = A

p(2)
p4)
=05
8. CASEa =9. See Theorem 2.

3= € ¥. We can apply Lemma 5.

2 10
9. CASE a = 10. Since (§> = —1, therefore 5 ¢ % . Thus 2 = 5 ¢,

5 = 2 (mod %). Since 2\/; < 4, from Lemma 5 we obtain the assertion,
stated.

10. CASE a = 11. We have 2%||a + 1, thus by Lemma 8, 2 & Qx(71}).
Since ¢ (1) = 12, ¢ (5) = 36, we have 3 € Qx(91}), <p( ) =5€ Qx(J11)-

Apply Lemma 5.
11. CASE a = 12. Observe that, if 2¢||p(n), then a = even, thus 2 ¢ Z.

p) _ 28 4 41 _ 1 2 p(10) _ 112
<p(3)_21_3€g’3a 32693 g’(p(4)_28_4€g’
%=3€9,@=7€9’.

Since 2\/§ =2-2 < 5, therefore, by Lemma 5 we obtain the assertion.

12. CASE a = 13. Since a = 5 (mod 8), therefore 2 ¢ . Since

8 711 11

?®) = —— = € %, 7-11 € &, we obtain that 112 € %, and that
v (6) 72 7
72 € . Since <p2(1) =22 .72 therefore 22 € 9.
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To finish the proof, use Lemma 5.

13.CASEa=14. 14 € F,p(1)=15€ F,p(4)=30€ %, (pili 2¢€ 4,
2
%:7 € g, % =32cF, 9p6)=2-2552€cF, ¢p(18) = 182 + 14 =
=2.[2-9247]=2-[169] = 132 € F, p(20) =414 =2-207 =2-9 - 23,
23 e 4.
. 30 14

Since 14, 15,30 € &, therefore 5= 2¢%,7= 5 € &. Furthermore
18 € F, 18/2 = 32 € F. By using Lemma 5, we obtain that each p € &4
can be written as

p=2%-3p,

where p € Qx(8,). Thus Sj4 = {1} if 3 € Qx(814), and Sy4 = {1,3}, if
3 € Qx(&14). We shall prove that the last assertion is true.

Assume that 3 € Qx(814), i.e. that

h
(7.1) 3:H(ni2+14)8i, g €{-1,1}.

i=1

+14 = 7{Tm? + 2},

(Tm?+2,7) = 1.

We can rewrite (7.1) in the following form:
t N 5
3=T] (n?+ 14) 17 (mf+2)”
i=1 Jj=1

where (n;,7) = 1, ¢, d; € {—1,1}. Furthermore, 01 +...+0d5 = 0, conse-
quently

3= [Jn? + 145 [Jm? +2)°%.

Thus, by the Legendre symbol <?), we have

()-n(7) m6)”
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2
n; 3
Since » 9; = 0, <7’> = 1, we obtain that <7) = 1, but this is not

true.

The assertion is proved.

3
14. CASE 15. From Lemma 9, with ¢ = 5, b = 3, ((—) = —1) we

5
obtain that 5 ¢ &, consequently 3 ¢ . Since ¢(1) = 16, ¢ (3) = 24, we
p3) _3 3 20, 15-9(5)
obtainthat —= == € %, p(7) =64 =2 =2¢c¥ ———~"=5c ¥,
p() " 2°7° '8 p0)

2
3 o

(§> .22 =32 ¢ %. Thus 2 = 3. By Lemma 5 we deduce that S;s has two
elements.

The assertion is proved.
15. CASE 17. We obtain that ¢ (1) = 18, ¢ (2) = 21, ¢(5) = 42, and so

5
AS) =2¢ F,3%cJ. We shall prove that 3 ¢ Qx (7). Assume indirectly

p(2)
that

h k
6.
3=T] (n + 17) TI ((17ml-)2 + 17) 7

i=1 j=1

where (n;,17) = 1. Since
(17m;)? +17 = 17(17m? + 1),

we obtain that
(6.2) 3=A-B-17,
where

y :iéj, A=H(ni2+17>8i,

j=1

0
B=T] (17m?+1)”

Jj=1
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Let us consider the Legendre-symbol <ﬁ> Since (A,17) = (B,17) =
= (3,17) =1, therefore y = 0, furthermore

B)-(3)®)
(#)-n()- (5)-n6)-

we deduce that

Since

but this is not true.

Hence we obtain easily the assertion.

16. CASE 18. Since 18 € #, p(2) =22 € F, ¢(3) = 27 € &, we obtain

4
that P (3) = 3 € Z. Furthermore »© = >4 =3€ %, andso 2 € ¥. By
18 2 a 18

using Lemma 5, we deduce that S;g is trivial.

17. CASE 19. From Lemma 8 we obtain that 2 ¢ Qx(J9). Furthermore,
3 4
p(11) = 140, ¢(1) = 20, hence 7 € ¥, @ =22 ¢ 4, Q =5€¢4,

p3) _3
13 —269.

Thus 2 = 3, and by Lemma 5, the assertion follows.

18. CASE 20. From Lemma 6 we obtain that 5 € %, 22 € %. Furthermore,
¢(4)/22 = 32 ¢ F. Hence, by Lemma 5 it is clear that Sy contains one or
two elements. We shall prove that 2 & % 4.

Let us assume indirectly that 2 € #14. Then

2=[[em)i =U;- U, Us



ON SETS OF UNIQUENESS FOR ADDITIVE AND MULTIPLICATIVE FUNCTIONS 15

where

U= 1] ¢ ),

22|nj

U2 = H ‘Pej (l’lj),
2||n;

Us = [[ % ().
2n;

Since ¢(n) = 1 (mod 4), if (n,2) = 1, therefore U3 = 1 (mod 4).
4
Furthermore ¢ (4m) = 4((2m)2+5), @ = 1 (mod 1), and so U; =

=222 Vi, where > = 3 ¢, Vi =1 (mod 4). Finally,
22|nj

022k + 1)) = 22 {(2k +1)% + 5} = 22(6+4k(k + 1)} = 23{3 4+ 2k(k + 1)},

o PRCKH)

an 3 = —1 (mod 4).
Thus Uy = 2222 - Vy, where 3, = 3 ¢, Vo = (— D22 (mod 4).
2||n;
Consequently

2=2221120. v, V- Us,
(ViVUs,2) = 1. Thus 2>, +3>, =1, and so ) , = odd. Hence 1 =
=ViV,U;, 1 (mod 4) = (—1)22 (mod 4), which is a contradiction.
The assertion is proved. |
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1. Introduction

Let E be a set of positive integers. We say that E is a set of uniqueness
modulo 1 if for each completely additive function f : N — R/Z for which
f(e) = 0 (mod 1) for every e € E, we necessarily have that f(n) = 0
(mod 1) for each positive integer n. Here and in what follows, we let N, Z,
Q and R stand for the set of positive integers, all integers, rational numbers
and real numbers, respectively; also p always stands for a prime number. It
is clear that the domain of a completely additive function f can be extended
to the multiplicative group of positive rationals, simply by setting

f(m/n)=f(m)—f(n) foreach m,n € N.

Let Q" be the multiplicative group of positive rationals, and for each
positive integer h, let

Q= {% :m,n €N, (mn,h)= 1}.

Let E* be the multiplicative group generated by E. It was proved in-
dependently by several authors that E is a set of uniqueness mod 1 if and
only if E* = Q*; see for instance Indlekofer [5], Hoffman [3], Elliott [4]
and Meyer [9]. It is not known whether the set of shifted primes is a set of
uniqueness mod 1.

In Katai [7], it was proved implicitly that the set of “primes + one”
enlarged by a suitable finite set of primes is a set of uniqueness mod 1.

* Research supported in part by a grant from NSERC.
Mathematics Subject Classification (2000): 11E16, 11E25, 11H55, 11J71, 11K65
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Elliott [2] proved that the set of primes up to 10337 together with the set
of shifted primes forms a set of uniqueness mod 1.

Given a binary quadratic form ax?+bx y+ cy2, let —D = 4ac — b? stand
for its discriminant. Now assume that D is equal to 4 or 8 or an odd prime.

Letyp(n) = (%) be the Kronecker character and B(D) be the multiplicative
semigroup generated by the union of the following four sets:

{p:pID},  {r?:r=123,..3 {p:x-p@=1}, {0}

From here on, when the context is clear, we shall write y instead of ¥ p. Now
let

2.1 wn)=> xd)= [ A+x@)+...+xp").

din p%||n

It is clear that an integer n coprime to D belongs to B(D) if and only if
w(n) > 0. Furthermore, if (n, D) = 1, then it is well known that the number
of representations of n by classes of binary quadratic forms with discriminant

—D is aw(n), where
2 if D>4,
a=144 if D=4,
6 iftD=3
(see Landau [8]). Assume that A is a positive integer and set
E(D,A):={n+A:n € B(D)}.

Let furthermore #(D, A) be the multiplicative group generated by E(D, A).

In this paper, we study the set #(D, A) in the cases where D is 4, 8 or
an arbitrary prime number larger than 3.

REMARKS.

(a) Fehér, Indlekofer and Timofeev [6] investigated the case D = 4 and
proved that #(4, A) = Q¥, if A is the sum of two squares.

(b) Indlekofer and Timofeev proved a more precise result for the set
{n+A|ne€ B4} [10], namely that for a, b € N (a,b) = 1 (ab,2A) =
= 1, there are infinitely many n, m € 5(4), such that a(n+A) = b(m+ A),
(a,n+A)=1.

(c) If the class number h(—D) = 1, then D = 4,8 or an odd prime, and B(D)
can be interpreted as the set of those integers which can be written as the
values of one binary quadratic form of discriminant —D.
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2. Main results

THEOREM 1. Let D > 3 be an arbitrary prime and let A be any given
positive integer. Then

_JQp ifyp(A)=-1,
H(D,A) = { Q* otherwise.

THEOREM 2. Let D = 4 and let A be an arbitrary positive integer. Then
H(4, A) = Q*.

THEOREM 3. Let D = 8 and let A be an arbitrary positive integer. Then
H(8,A) =Q*.

3. Preliminary lemmas

LEMMA 0. Lety be the Kronecker character mod —D, where D > 0. Let
U >0andV # 0 be two integers for which there is an arithmetic progression
¢ (mod D) such that y(€) = 1 and such thatt := U{¢ + V satisfies y(t) = 1.
Moreover, let

alx):= g w(Up + V),
x<p<2x
p={¢ (mod D)

where w is defined by (2.1). Then a(x) is positive if x is sufficiently large.

We shall not prove this lemma. Indeed, the result can easily be obtained
by using the Bombieri—Vinogradov mean value theorem in the form

T
Z max max | (u,k, ) — 1()12) < xB
k< /F o) B2 n<x o (k) log” x

(see Elliott [1], Chapter 7), where li(x) stands for the logarithmic integral, and
the “enveloping sieve” given by Hooley (see [4], Chapter 5), which he used
to obtain an asymptotic estimate for the number of solutions of the equation

n=p+x2+y2 A more detailed argument is given in the proof of Lemma 1.

In the following lemmas, we assume that D is an odd prime and (A, D) = 1.
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LEMMA 1. Letk = 1 (mod D) and (k, A) = 1. Then k € #(D, A).

PROOF. In order to prove that k € #(D, A), it is sufficient to find ny,n, €
€ B(D) such that ny + A = k(ny + A). Let p run over the set of primes p = 1
(mod D) (so that p € B(D)) and consider the sum

ax):= Y wlkp+k—1A).

x<p<2x

It is enough to prove that a(x) is positive for some x.
To do so, we let £(p) := kp + (k — 1)A and observe that €(p) = 1

(mod D), so that X(@) = x(d). Consequently, using the definition of w
given in (2.1), we have

wl(p)=2 > x(d) +Ep,
dlep)
d<+\/€p)
where E, = 0 except when £(p) is a square, in which case E, = (\/ € )),
that is |E,| < 1.

Thus, given a large number B,

ar)= Y 2d)-#{p €[x,2x]: €(p) =0 (mod d)}
d<y/x/logB x
+ Z 2x(d) - #{p € [x,2x]: £(p) =0 (mod d), d? < €(p)}
Vx/logB x<d<\Zkx+(k—DA
+ O(Vx)
=Z; +Z + O(Vx),

say. Using the Bombieri—Vinogradov mean value theorem (stated above), one
can obtain that

. . x(d) X
T =2(li@2x) — liGx) Y —+0( B )
d<\/x/logB x ¢D) log™lx

where ¢ stands for the Euler function and where B can be taken arbitrarily
large provided B is large enough.
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The crucial step is the evaluation of X,. This can be done by using the
enveloping sieve of Hooley. We shall not go into details, but one can easily
obtain from this method that, as x — oo,

a(x) = C(D)- = +0< a >
logx log x
x(d)
¢(dD)’

oo
where C(D) = Z which proves Lemma 1. ]
d=1

LEMMA 2. Letk = ¢ (mod D) and (k¢, AD)=1. Thenk /¢ € #(D, A).

PROOF. Since both k=1 and ¢2(D) are = 1 (mod D) and are co-
prime to A, then they both belong to #(D, A), from which it follows that
their ratio k /¢ also belongs to #(D, A). ]

LEMMA 3. Let ZB be the set of reduced residue classes mod D and let
J be its subgroup generated by

(3.1) {v+A:v =0 orv = quadratic residue mod D} \ {0}.
Then I =77,.

PROOF. Assume that J is a proper subgroup of Z},. Then #7 < D — 1,

so that #7 < (D — 1)/2. On the other hand, since the set of its generating
elements contains (D — 1)/2 members, then #J must be equal to (D — 1)/2,
so that J must be the subgroup of the quadratic residues mod D. This means
that v + A is a quadratic residue if v is equal to zero or to a quadratic residue,
except when v = —A. (Observe that, in the case y(—A) = —1, J always has
at least (D +1)/2 elements, so that #7 = D — 1, in which case J = Z7,.) Thus

D—1

(32) 2_%(;((;11) + DG+ A)+1) >2+4- ¥-

But, since
D1 D-1 D—1
S xm)y=> xm+A)=0 and D xmy(m+A)=—1,
m=0 m=0 m=0

it follows that the left hand side of (3.2) is D — 1 and therefore that D — 1 >
>2+4- 233 which is impossible if D > 3.
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It remains to consider the case D =3. If A = 1 (mod 3), then the set
{0+1 (mod 3),1+1 (mod 3)} generates Z3. If A= —1 (mod 3), then (—1)

(mod 3) € J and (—1)? (mod 3) € J, so that 7 = Z, thus completing the
proof of Lemma 3. |

LEMMA 4. Let y(—A) = —1. Then #(D, A) C Q%,.

PROOF. It is enough to show that (n + A, D) = 1 for every n € B(D).
Indeed, if n + A = 0 (mod D), then y(n) = ¥(—A) = 1 and consequently
(n,D) =1. But n € B(D) and (n, D) = 1 imply that y(n) = 1, thus proving
Lemma 4. |

LEMMA 5. Let S4 be the multiplicative group generated by E| U E,,
where

E ={p+A:x(p)=1, p#—A (mod D)},
E={D"+A:r=123,..}

Then, for everyv € Z7,, S contains infinitely many integers congruent to v
(mod D), all of which are coprime to A. Moreover, S4 C #(D, A).

PROOF. These results are direct consequences of Lemma 3. |
4. Proof of Theorem 1

Assume first that (A, D) = 1. Then it follows from Lemmas 2 and 5 that
Q%p C H(A, D).

Let A = n?lngz...ﬂf‘". We shall prove that r; € #(A,D) for j =
=1,2,...,r, which will imply that
4.1 Q*D C H(A,D).

So let r| be one of the prime divisors of A and write A = n?lAz.

Assume first that @y = 1. Then for m € B(D), we have
J(A, D)3 7?Dm + A =m (1, Dm + Ay).

Since (t1Dm + Ay, AD) = 1, it follows that 1 Dm + A, € #(A, D), and so
m € #H(A, D).

For a; > 1, we consider separately the cases ¢y odd and &] even.
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First assume that a; =2f + 1, with § > 1. Then we have
a2 Dm o+ 7 Ay = 2Py Dm + Ay) € H(A, D).

Since (m1Dm + Ay, AD) = 1, we obtain that 71Dm + Ay € #(A, D) and

consequently that n12,3 e (A, D). Furthermore, if m € RB(D), then

n?Dm + A € H(A,D) and xiDm + A = x3(Dm + nlﬂ A,), whence

nlz € #(A, D) follows by observing that (Dm + ﬂIZﬁ Ay, AD) = 1. Thus

2ﬁ+1

atp

Let us now consider the case ¢ = 26 with § > 1. Starting with m €
€ B(D), since

Ty = € #(A, D).

2B+2

H(AD)S 2P D+ A= (Dafm+ A7),

(Dry Zim + Ay, AD) = 1, it follows that Dnlzm + A, € B(D), and therefore that
7 e BD).

We shall now prove that Jtlz € #(A, D). Since we already proved this in
the case f = 1, we may assume that § > 2 and consider the integer nlzD +
+ A= nlz <D+n12(ﬁ_1)A2) Since nlD +A e H(A D), D +n2(ﬂ 1)A €
€ #(A, D), we obtain that ”1 € #(A, D), as claimed.

Finally, we observe that there is some m € B(D) such that 7{||mD +
+ Aj,. This is true if Dm + Ay = m; (mod .7[12), which defines an arithmetic
progression m = s (mod 7[12), where s = (1] — AZ)D_1 (mod .7[12), (s,m1) =
= 1. If m is a prime p satisfying p = s (mod nlz) and p =1 (mod D), then
it is a suitable choice for m € B(D), 71||Dm + A;.

Hence Dm + Ay = ryn with (y, DA) = 1 and 5 € #(A, D); furthermore,

nlzﬁDm + A = nlzﬁ(Dm + Aj). Thus my € #(A, D) and since 7ty was an
arbitrary prime divisor of A, our claim (4.1) is established.

Let us now investigate whether D belongs to #(A, D) or not. Since
we already proved that it does not if y(—A) = —1, we may assume that
x(—A)=1.Then p = —A (mod D) implies that p +A € #H (A, D). There are

infinitely many primes p such that D||p+ A, that is 25~ =, with (37,, D) = 1
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and 17, € H (A, D), and consequently D € #(A, D). Thus the theorem is
proved in the case (A, D) = 1. Hence we shall now assume that A = D" B
with (B, D) =1 and r > 1. We shall try to find integers ny,n, € B(D) such
that ny + A = D(ny + A), that is ny — Dny = (D — 1)A. We shall find these by

looking for my, m,’s such that n; = D"my, n, = D" ~!m,, which leads to the
equation
(4.2) my —my =(D — 1)B.

Let v run over zero and the quadratic residues mod D, that is over %

integers, and let (H, D) = 1. Then the set {v + H} contains either a quadratic
residue or zero. This is true in particular if we choose H = (D — 1)B. So let
v, be such a couple of residues for which

v—u=(MD-DB, 0 =-1, @ =1
If u #0 (mod D), consider the sum
(4.3) > we+D-DB).

x<p<2x
p=u (mod D)

If u =0 (mod D), then consider the sum

(4.4) > w(Dp+(D-1B).
x<p<2x
p=1 (mod D)
By using the Bombieri—Vinogradov mean value theorem and the evaluating
sieve of Hooley mentioned in Lemma 0, one can deduce that both expressions
(4.3) and (4.4) are positive provided x is large enough, in which case there
exists at least one pair of integers ny,n, € B(D) for which

_n1+A
_n2+A'

The proof of Theorem 1 is thus complete. |

5. Proof of Theorem 2

Assume first that A is odd. We shall prove that

k=n1+A

5.1
( ) n2+A’

ny,ny € B(4)
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can be solved if k = 1 (mod 4), (k, A) = 1. Let ny run over the primes p = 1
(mod 4) and n| = kp + (k — 1)A. By using the method of §4, one can prove
that

> wlkp+k—1)A)>0
p<x
p=1 (mod 4)

provided x is large enough, in which case (5.1) has a solution.
Hence we can deduce that for k = ¢ =3 (mod 4), (k¢, A) =1, we have

(5.2) k/¢ € @4, A),

simply by repeating the argument used in the proof of Lemma 2.

Since A+4,A+2 € H(4, A), there exists at least one v € H(4, A) for
which v =3 (mod 4) and (v, A) = 1. Hence we obtain as earlier that

Let A = nlalAz, (Ay,my) = 1, my prime. We shall prove that 7y € #(4, A).
Since 7y is an arbitrary prime divisor of A, it will be true for each prime
divisor of A, which implies that

(5.3) Q) CH(4, A).

Assume first that ¢; = 1. Then 47[12 + Ay = (4 + Ay) with (4 +
+ A,,4A) =1, whence m; € #(4, A).

Now consider the case a; =26 + 1, f > 1. By setting 47[12 + Aznlzﬁ+1 =
=7 12(4 + Apm 12[3_1), we obtain that 7512 € #(4,A). Then by considering

4P 20 Ay = P4 (4 + Ay) and observing that 471+ A, € H (4, A),

it follows that n12[3 e (4, A), and hence that T € #(4, A).

Finally, let @ =28, B > 1. Similarly, by choosing the numbers 47 12[3 +2 +

+ A and 47[12 + A, we first deduce that nlz € H4,A).

Arguing as in the proof of Theorem 1, we first prove that there is at least

one (actually infinitely many) m € $(4) such that Dm + A, = 7r; (mod Jtlz).

Dm+A,

If such an integer m exists, then the integer n,, = 7

is coprime to AD.

Consequently #,, € #(4,A) and furthermore n12[3 +117m = Dmnlzﬂ + A €
€ #(4, A), whence n12ﬁ+1 € #(4,A), and so m € H(4, A).
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It remains to prove the existence of such an integer m. To do so, it is
enough to observe that there is at least one (actually infinitely many) prime

p =1 (mod 4) such that 4p + A, = 711 (mod Jtlz). Since this clearly holds,
we have thus established (5.3).

We shall now prove that 2 € #(4, A).

If A =1 (mod4), then 2||l + A and 1 + A € #(4,A) imply that
2 € H(4,A).

If A=3 (mod 4), then A = —1+2" B, with B odd and y > 2. For every
€ >, the number of primes p < x for which 2¢||p+ A is (1+0(1))li(x)/28_1,
which means that there exists a prime p and an odd integer n, € #(4, A)
such that p, + A = 2¢n,. It is obvious that p. = 1 (mod 4) and thus that
pe + A € #H(4,A). Hence

28+1 1
P T g, ),
2 Ne+l  Pe+1

We have thus proved that #£(4, A) = Q* if (A,2) = 1.

Assume now that A = 2V B with B odd and y > 1. We already proved
that #(4, B) = Q*, that is that each rational number m /n has a representation

2

;
m . e
—= H(nj + B,
Jj=1
where ¢; € {—1,1} and n; € B(4), and so

-
m .
T _ Ay(eg+..ter) Y. £
— =2 [@"n; + Ay
Jj=1

To complete the proof of Theorem 2, it is enough to show that 2 € #(4, A).
But this is true if

np+A=2ny + A), ny,ny € B4)

can be solved. By writing n; = 2"my, ny = 2mj, it follows that the existence
of my,my € B(4), with m; — 2my = B, would be enough.

Now if B = 1 (mod 4), then let m, run over the set {2p : p = 1
(mod 4)} and consider the sum

> wlp+B),

p<x
p=1 (mod 4)
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which is surely positive if x is large enough.

On the other hand, if B = —1 (mod 4), then let m; run over the set
{2p :p =1 (mod 4)} and consider the slightly different sum
> w@p+B),
pP<x
p=1 (mod 4)

which again is surely positive if x is large enough.
This completes the proof of Theorem 2. |

6. Proof of Theorem 3

Since the proof is very similar to that of Theorems 1 and 2, we shall only
give a sketch of it.

Observe that now D = 8 and

x(D=xB3)=1, xO)=x()=~-1.

Assume first that A is odd. Arguing as earlier, we can deduce that

Q54 C H(8, A).
Repeating the argument used before, one can also prove that 7 € #(8, A) if
7 is a prime divisor of A. Consequently,

Q5 C #(8, A).
Since A+ 1, A+3 € #(8, A) and since either 2||A + 1 or 2||A + 3, we obtain
that 2 € #(8, A), and so

Q) C H(8, A).
The theorem is thus proved for A odd. So let A = 2" B with B odd andy > 1.
As earlier, we can deduce that each rational number m /n can be written as

Z — Zl"(m,n)a(m’n)’

n
where I'(m,n) is a positive integer depending on m and n, and a(m,n) €
€ H(8, A).

Thus it remains to prove that 2 € #(8, A). For this we try to solve the
equation nj+A = 2(ny+A), thatis ny —2ny = A. So let ny = 2Vmy, np =2V my,
that is m| — 2my = B. Let us now choose m; as follows

2p+B withp=1 (mod8)if B=1 (mod 8),

e = 2p+B withp =3 (mod 8)if B=5 (mod 8),
1 8p+B withp=1 (mod 8)if B=3 (mod 8),
2p+B withp =1 (mod 8) if B=7 (mod 8).
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Since each of the above choices has at least one solution m; € JB(8), this
completes the proof of Theorem 3. |
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1. Introduction

According to a theorem of H. Maier and G. Tenenbaum [1] (see [2], also)
for all but o(x) of integers n < x always there exist divisors d; < d, such
that dy < 2d;. See [2] as well.

Indlekofer and Timofeev [4] proved the same for the set of shifted primes.
Namely they proved something more:

The number of primes p < x, such that p — 1 does not have a couple of
divisors dy,d, such that d; < d < 2dy, is less than

(logloglog x )4ﬁ

cr () (loglog x)#

1 +loglog3

where f =1 — Ton3
og

Our purpose here is to give a simple proof of the analogon of the theorem
of Maier and Tenenbaum. In the proof we shall use only some simple sieve
results and the Siegel-Walfisz theorem.

THEOREM (INDLEKOFER, TIMOFEEV). With the exception of at most
o(lix) primes p < x there exist divisors d| < dy(< 2dy) of p — 1.

* The paper was written while the first named author visited Edmonton as a research
professor invited by M. V. Subbarao funded by his NSERC grant. Financially supported also
by the research group Applied Number Theory of the Hungarian Academy of Sciences.

t Supported by the NSERC grant of the author.
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2. Proof

Let p,q with suffixes and without suffixes denote prime numbers, let P
be the whole set of primes. Let P(n) be the largest prime divisor of n.

Assume that t = t(x) — oo very slowly, t = O(logloglogx), say.
Let B; = {n, P(n) <t}.

For some integer n let

2.1) M) =[] p* Em=]]p"
p”|In P |In
p<t p>t

We know that

;

2.2) 0k, 1) < c(e)—— for k <x!7%,
¢ (k)

and

(2.3) 70k, 1) < ’kﬁ if x17f <k <x.

According to Lemma 5.2 in K. Prachar [3],
#{n <x|Pn)>y}<
0g3

1 1
< Xx exp (— log; logx +1og,y + O (1Z§§§)> .

(2.4)

From (2.4) we can get easily that

n(lx)#{p <x|M@p+1)> ta} < c(a),
where c(a) — 0 if a — .

Let a be fixed, m < t%, m € %;.

Let

(2.6) Hm(x) =#{p <x | Mp+1)=m}.

(2.5) lim sup
X—00

Let

o=]]r

p<t



ON A NEW PROOF OF A THEOREM OF INDLEKOFER AND TIMOFEEV 31

We have

_ (P2 o) -
Hm(x>—#{ps)c, m|p 1,( — ,Q>—1},

and so
Hm(x) = ZM((S)JT(X,(Sm; 1)
0|Q
=f(m)lix + O (%(logx)_f‘) ’
where
- p@) _ 1 R
19 i

where 7 runs over 2.
Note that 2|m always holds. We can rewrite (2.7) as

*

c
fim)=a(m)(1 +0x(1))1 ,
ogt
where
1 -1
am)=— [] =,
m T —2
7T|m
a>2
and c¢* is defined from
c* T —2
1+ 1)) = .
fogny (1 o) Il -—
2<p<t

Let E, be the set of those integers n, for which no divisors d;,d, exist
with dy < dp < 2d;. According to the Meier—Tenenbaum theorem,

(2.8) #(Ep N [1,x]) < p(x)x,
where p(x) | 0 as x — oo.
Let

T(x):=#{p <x|p+1€E)}.

Ty < Y J[ o0=>+> .

mekK,
where in )y, m <t%, andin ), :m > 1.

Then
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As we noted, >, < 2c(a)lix, if x is large.

We have
2C* a(m)
2.9 < .
m<t
mekK,

P(m)<t

Let H be a large constant and observe that

a(m) 1 az(m) 1 az(p) ]
Z " <ﬁ Z " <EH 1+T Sﬁlogt
a(m)>H P(m)<t p<t

P(m)<t

Thus

2 *
Z1 = CHC1 +Z3’

where

From (2.8) we obtain that,

2Hc*
. < logct (log log 7 + p(log log 1)(c log 1))

consequently » 3 — 0 as x — oo.

Hence we deduce that

2c*cy

(2.10) limsup —&2 < 2¢(a) +

x—oo 11X

Since H and a are arbitrary, c(¢) — 0 (@ — oo) we obtain that the left
hand side of (2.10) is zero.

The proof is completed. |
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3. Further remarks

We would be able to prove the following statements.

1) There exists a sequence py " oo, such that the number of those
primes p < x for which p + [ has a couple of divisors dy,d>, such that
px <dy <dp <2dy,is (1 +o0(1))m(x).

2) The same assertion remains true for the unitary divisors instead of the
divisors.

3) The relative density of the primes p for which p +1 has three divisors
d| < dy < d3 (< 2d)) exists, and smaller than 1. The same assertion for the
whole set of the integers was proved by P. Erdés.
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BIFURCATION IN A PREDATOR-PREY MODEL WITH CROSS

DIFFUSION
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1. Introduction

In [1] we considered a predator—prey system of Cavani—Farkas type

(see [2]) living in a habitat of two identical patches in which the per capita
migration rate of each species is influenced only by its own density and we
have shown that at a critical value of the bifurcation parameter the system
undergoes a Turing bifurcation (see [7]), pattern emerge. In population dy-
namics there are a lot of problems which are described by a cross-diffusion
system (see [3], [4], [5], [6]). In this paper, we consider the case when the
per capita migration rate of each species is influenced not only by its own but
also by the other one’s density, i.e. there is cross diffusion present.

Let u;(¢,j) := density of prey in patch j at time ¢ and u,(¢,j) := density

of predator in patch j at time ¢, j = 1,2; ¢+ € R. The interaction between two
species is described as a system of differential equations as follows:

)

uﬂn1)=8uﬂnl)(l—

u(t,2) =euy(t,2) (1

up(t, 1) Puy(t, Duy(t, 1)
K B +uy(t, 1)
+ dl(pl(MZ(taz))ul(taz) _pl(u2(t7 1))Ml(t, 1))7

_ua(t, Dy +0uy(t, 1) | pun(t, Dua(t, 1)
I +uy(t, 1) B +u(,1)

+ dz(pZ(u] (ta 2))”207 2) - pZ(ul (ta 1))”207 1))7

- ul(ta 2)) _ ﬁl/i](t, 2)”2(t72)
K B +u(t,2)

+ d](pl(MZ(ta 1))Ml(t, 1) _pl(u2(t72))ul(t7 2))7
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. __wp(t,2)(y +0un(t,2))  Puy(t,2ux(t,2)
G PO LG) T Brwo)
+ dZ(PZ(Ml (ta 1))”207 1) _p2(u](t7 2))”207 2))7

where ¢ > 0 is the specific growth rate of the prey in the absence of predation
and without environmental limitation, § > 0, K > 0 are the conversion
rate and carrying capacity with respect to the prey, respectively, y > 0 and
0 > 0 are the minimal mortality and the limiting mortality of the predator,
respectively (the natural assumption is y < ¢). The meaning of conversion
rate or the half saturation constant is that at u; = 8 the specific growth rate

Buy

Bu; (called also a Holling type functional response) of the predator is equal

to half its maximum . The advantage of the present model over the more
often used models is that here the predator mortality is neither a constant nor
an unbounded function, still, it is increasing with quantity. d; > 0, (i = 1,2)
are the diffusion coefficients and p; € C! is a positive increasing function of
u,, the density of the predator, ,0’1 > 0 and p, € C! is a positive decreasing
function of u; the density of the prey, pé < 0. The idea is that the dependence
of the diffusion coeflicient on the density of the other species reflects the
inclination of a prey (or an activator) to leave a certain patch because of the
danger (or the inhibition) and the tendency of a predator (or the inhibition) to
stay at a certain patch because of the abundance of prey (or an activator). The
functions p; model the cross-diffusion effect. We say that the cross diffusion

/ / . .
S m Piu; (i #k)is
increasing then we say that the cross diffusion effect is increasing. If p; = 1,
i = 1,2 then we have mere “self-diffusion”.

is strong if (i # k) is large. If by varying a parameter

First we consider the kinetic system without migration, i.e. dj =dy =0 :

- I/l](t, 1)) _ ﬁl/i](t, I)MZ(ta 1)

u(t, 1) =euy(t,1) (1

K B +uy(t, 1)
, _ @, Dy +0ux(t, 1)) - Buy(t, Duy(t, 1)
) it == 1+ uy(z, 1) * B +u(t, 1) 7
. _ up(t,2)\  Puyt, 2uy(t,2)
M](t,2)—8bl1(t,2) (1_ K ) - ﬂ+u](t,2)

_ w2 +0uwy(t,2))  purt,Duy(t,2)

i (t,2) = 1+ uy(t,2) ﬂ +u(t,2)
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The following conditions are reasonable and natural:

3 y<p <0,

4) B <K,
BK

5) <3k

Condition (3) ensures that the predator mortality is increasing with density,
and that the predator null-cline has a reasonable concave down shape; (4)
ensures that for the prey an Allée-effect zone exists where the increase of
prey density is favourable to its growth rate; (5) is needed to have a positive
equilibrium point of system (2) (see [1]). System (2) is made up by two
identical uncoupled systems. Under these conditions each has (the same)
positive equilibrium which is the intersection of the null-clines:

©6) @=mwo=;%m—mwhmx
_ (B =y —py
(7 uy = Hy(uy) := © P B0

Thus, denoting the coordinates of a positive equilibrium by (i, up,u;,u>),
these coordinates satisfy uy, = Hy(uy) = Hy(uy).

Note that if K > f, we have an interval u; € (0, KT_ﬂ), where the
Allée-effect holds, i.e. the increase of the prey quantity is beneficial to its
growth rate.

The Jacobian matrix of the system (2) linearized at (i}, up,u,u3) is

© -0 0 0
© -0, 0 0
0 0 0 -6,
0 0 ©; -0,

The characteristic polynomial is

(8) Je =

9)  Dy) = (Dy(W)%, DoA) = A2 +A(O4 — O1) + 0,03 — ©,0,,

where
_eu (K —pB —2uy) _ Puy
1o O T kG T
2_ _ —
O = B ur o RO

B+up? T A+mpp
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The equilibrium point (i1, Uy, u1,uy) lies in the Allée-effect zone if

k — k —
(11) H, (Tﬂ> < H, <T'3) ,
1.e.
(12) & KapRa-14+0VK

48K B2 -BK+6K’
Assume that
(13) 04 —0; >0 and @2@3 — 0,04 >0,

then the coexistence equilibrium point (i1, u,,u ,uy) is linearly asymptoti-
cally stable.

2. The model with self-diffusion

Model (1) with self-diffusion (i.e., p;(u) = 1, i = 1,2) can be written as
follows:
(14)

I/.l](t, 1) =8M](t, 1) <1 -

ul(t,l)) _ Bl D@ D) |2 @)

K B +u(t,1)

Dy +w, D) Bur, Dus(t, 1)

“2(% 1)_ - 1+M2(t, 1) + ﬁ"’ul(t, 1) +d2(“2(t72)_u2(t7 1))7
2 st 2

in(1,2) = eur(1,2) (1 -l )) —ﬁ“ﬁl(im):‘z(;) ) dy e, D=y (1,2),

7)o DG HOBED) fu D)

1+ uy(t,2) B +u(t,2)

We see that (i1, u,,u,u5p) is also a spatially homogeneous equilibrium of the
system with self-diffusion. The Jacobian matrix of the system at (uy,uy,uq,
u,) can be written as:

0,-d -6, d, 0
(3) Ip = (313 o o, ’ d —dcg)2 )
(16) 0, —d; —A -0, d; 0
det(Jp —AT) = 2’13 "G4 A2 A o _%l —/1 _‘gz

0 dy O3 —O4—dy—4



BIFURCATION IN A PREDATOR-PREY MODEL WITH CROSS DIFFUSION 39

Using the properties of determinant we get

0 -1 -6, d 0
0, —0,-1 0 d
a7 0 0  ©—2d -1 ~O,
0 0 0, —@—2dy 1

= Dy(WA? +A(O4 — O +2(d] +dy)) + (0,05 — OO+
+ 2d1®4 — 2d2(®] — Zdl).

We know that D,(4) has two roots with negative real parts. By (13), clearly,
B4 — ©1 +2(d; +dp) > 0. The other polynomial will have a negative and a
positive root if the constant term is negative. By the properties of the model
and condition (12) the first two terms of the constant are positive. If (12)
holds and the parameters have been chosen so that

(18) ®; —2d; > 0.

we may increase d, and the constant term becomes negative, i.e. the equilib-
rium (uy,uo,u,uy) becomes diffusively unstable. The calculations lead to
the following Theorem.

THEOREM 2.1. Under conditions (12), (13), (18) if

(0,03 — 0104 +2d,0y)
2(01 —2dy) ’

(19) d2 > d2crit =

then Turing instability occurs.

REMARK 2.2. If (12) and (13) hold and the parameters have been chosen
so that
(20) 0 —2d; <0,

then self-diffusion never destabilizes the equilibrium (it1, u5, u1, ) which is
asymptotically stable for the kinetic system, i.e. the equilibrium (z, w5, u |, us)
is diffusively stable for all values of d5.
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3. The model with cross-diffusion

For model (1) with cross-diffusion response (i.e., ag"—u(.") #= 0,i #j)we
'

see that (u1,up,u,up) is also a spatially homogeneous equilibrium of the
system with cross-diffusion.

The Jacobian matrix of the system with cross-diftusion at (z,up,u, 1)
can be written as:

1)
O —dipy  —0, —dipiu; dipi d\pii
g | @3- dwpyiin —O4—dypy dapyity dp>
b dipy diphiry O —dip;  —0; —d\piH,
dop’ii dopr O3 —dyphiiy  —Oy —dypy

where p| and p’1 are to be taken at u, and p,, p’2 atuj.
THEOREM 3.1. Under conditions (12), (13) if

(22) @] — Zdlp] >0

and p,(uy) is sufficiently large then Turing instability occurs.

PROOF. det(Jp — AT) =

(23)
O —dip1 =4 =B —dipii dipi dipiy
O3 — dyphiy  —O4 —dopy — 4 dyp'yiiy dop>
dip1 dip\uy O —dip) —4 —O, —dipiu
dop’sii dop2 O3 —dypyily  —O4 —dypy — 4
Using the properties of determinant we get
0,-4 -6, dipi dipity
(24) 03 —0O4 -4 dzplzﬁz drpr
0 0 @1 — 2d1p1 -1 —@2 — 2d1p/]ﬁ1
0 0 @3 — 2d2p/2ﬁ2 —@4 — 2d2p2 —A

= D,(W{A* +A[04 — Oy +2d1p1 + dop))] + 0,03 — 0,0y
+2d104p| — 2dopr(©) — 2d1py) +2d11 O3p)
(25) — 2dophiir (O, + 2d1p] i)}

We know that D,(A4) has two roots with negative real parts. By (13), clearly,
04— 01 +2(d1p1 +dypy) > 0. The other polynomial will have a negative and
a positive root if its constant term is negative. This can be achieved if p,(u)
is increased. 1
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REMARK 3.2. As we have mentioned, if (20) holds and there is no cross
diffusion then the equilibrium remains stable for any d, > 0. Still, (22)
may hold, i.e. in this case only the cross diffusion effect may destabilize the
equilibrium.

REMARK 3.3. If the parameters have been chosen so that
(26) @1 — 2d1 > 0 and @1 — 2d1p1 <0,

then the equilibrium (&7;,u,,u,u,) remains asymptotically stable for any
dy > 0 and p, > 0 in the cross diffusion case while, as we have seen, it
will undergo a Turing bifurcation in the absence of cross diffusion.

4. Numerical investigations

In this section we illustrate the results by the following example and we
are looking for conditions which imply Turing instability (diffusion driven
instability).

EXAMPLE. We choose

—Uu

mu
22 paluy) = myexp (m—zl) ,  my, my > 0.

1+u2

If  =0.1,y =0.01, 6 = 0.1055, ¢ = 1, K = 1. The unique positive
equilibrium is (w, w5, u |, us) = (0.4486, 3.0250, 0.4486, 3.0250). We see that
this point is in the Allée-effect zone (0.4486 < 0.45) and it is asymptotically
stable with respect to the kinetic system (2).

@7 pilup) =

For the self-diffusion system (14 ) we considered d, as a bifurcation
parameter. In this case at d; = 0.0001 we have dp.,;; = 2.024478.

If dy =1 (resp. 2.5) then, (uy,uy,uy,uy) is asymptotically stable (resp.
unstable).

For the cross-diffusion system we consider m, as a bifurcation parameter.
In this case at d| = 1, dp = 1, m; = 0.001 and my,,;; = 350.7, we have four
eigenvalues A;(i = 1,2,3,4) such that Red; <0, (i =1,2,3) and A4 =0.

If my < my.ri; = Red; <0, (i =1,2,3,4), (uy,uy,uy,up) is asymptoti-
cally stable.

If my > myepip = Red; <0, (i =1,2,3) and A4 > 0, (uy,up,uy,up) is
unstable.
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If d] = 0.0001, dZCrit = 2.5 and mp = 100, then, (ﬁ],ﬁz,ﬁl,ﬁz) is
asymptotically stable for all m,.

n

m2>. As we see if my is in-

In this example ‘p’zul(ul,uz)‘ = exp <—

creased for fixed u this derivative is increasing, i.e. the cross diffusion effect
is increasing and the spatially homogeneous equilibrium loses its stability.
Numerical calculations show that two new spatially non-constant equilibria
emerge (see the Table and the Figures), and these equilibria are asymptotically
stable.

5. Conclusions

In the present article our interest is to study a prey—predator system of
Cavani—Farkas type in two patches in which the per capita migration rate of
each species is influenced not only by its own but also by the other one’s
density, i.e. there is cross diffusion present. Our main result is that a standard
(self-diffusion) system may be either stable or unstable, a cross-diffusion
response can stabilize an unstable standard system and destabilize a stable
standard system. We conclude that the cross migration response is an impor-
tant factor that should not be ignored when pattern emerges.
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TABLE. Equilibria of the Example before and after bifurcation.

mp

350

355

365

375

385

400

uy(t,1)

4486421535

4378285520
4486421535
4594667816

4293426859
4486421535
4679770577

4239447856
4486421535
4733980189

4198086580
4486421535
4775559683

4149242890
4486421535
4824709584

up(t, 1)
3.024981563

3.023718369
3.024981563
3.023905740

3.021090741
3.024981563
3.021415850

3.018670501
3.024981563
3.019075240

3.016422000
3.024981563
3.016882011

3.013326528
3.024981563
3.013843903

uy (t,2)

4486421535

4594667816
4486421535
4378285520

4679770577
4486421535
4293426859

4733980189
4486421535
4239447856

4775559683
4486421535
4198086580

4824709584
4486421535
4149242890

us(t,2)
3.024981563

3.023905740
3.024981563
3.023718369

3.021415850
3.024981563
3.021090741

3.019075240
3.024981563
3.018670501

3.016882011
3.024981563
3.016422000

3.013843903
3.024981563
3.013326528
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FIGURE 1. Graphs of the coordinate u; (¢, 1) of two solutions of the Exam-
ple corresponding to the respective initial conditions (0.33, 2.85, 0.5, 2.91),
(3.332, 2.88, 0.542, 2.85); (a) for self-diffusion at d; = 0.0001, dp = 2.5, (b)
for cross-diffusion at d; = 0.0001, dp = 2.5, m; = 100 and m, = 1, (Figure
produced by applying PHASER).

Xi vs, Time: 1.000000
i i | i i } i i } t
1 2. 000000
LAST Xi:
Ic Time ® ¥ z
1 199998.14 @.448642 3.824982 0.448642
2 199998.14 @. 448642 3.@24982 9.448642
1 199998.69 @.448642 2.@24982 @.448642
2 199998.69 @. 448642 3.824982 0.448642
1 199999.24 @.448642 3.@24982 9.448642
2 199999.24 @.448642 3.@24982 9.448642
1 199999.79 @. 448642 2.@24982 9.448642 (=)
2 199999.79 @.448642 3.824982 0.448642
¥i vs. Time: 1.000000
— . . , . , . , . t

=1 0. 900600
LAST Xi:

1c Time ® ¥ z

1 698.50000 0.448430 3.824739 9.448430

2  698.50008 0.448792 3.824567 0.44879z2

1 699.00008 0.448439 3.824731 0.448439

2  699.00000 0.448809 3.824578 9.44a8809

1 699.50800 9.448450 3.824723 9.448450

2 699.50000 0.448825 3.824591 9.4aasg2s

1 700.00000 ©.448460 3.024716 ©.448468 ib)

2 700.00000 9.448841 3.024604 9.44a8841
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FIGURE 2. Graphs of the coordinate u(z, 1) of two solutions of the Ex-
ample corresponding to the respective initial conditions (0.423, 3.018, 0.473,
3.02), (0.4733, 3.018, 0.423, 3.0186); (a) for self-diffusion at d| = 1, dp =1,
(b) for cross-diffusion at d| = 1, dp = 1, my = 0.001 and my = 375, (Figure
produced by applying PHASER).

¥i vs., Time: 3, 480088
t

xl 9. 420000
LAST Xi:

Ic Time b b z

1 498.30008 ©8.448717 3.024905 @8.448717

2  498.30000 08.448728 3.024900 0.448728

1 498.85000 ©8.448720 3.824910 0.448720

2  498.85000 ©.448732 3.024906 ©.448732

1 49940000 09.448723 3.824915 9.448723

2 49940000 ©8.448735 3.824912 ©.448735

1 499.95008 ©9.448726 3.024920 ©.448726

2 499.93000 ©9.448738 3.0824918 ©.448738 (g)
Xi vs. Time: ©.480000

. . . : . . : . : €

*1 ©.420000
LAST Xi:

Ic Time b b z

1 999.99400 ©9.423511 3.@18450 ©8.473834

2 999.99400 ©9.473667 3.018944 ©8.423677

1 999.99600 ©.423511 3.018450 ©8.473834

2 999.99600 ©9.473667 3.@18944 ©9.423677

1 999.99800 ©.423511 3.018450 ©8.473834

2 999.99800 ©.473667 3.018944 ©.423677

1 19068.0000 ©9.423511 3.@18450 ©8.473834

2  1000.0000 @.473667 3.018944 @.423677 (b)
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RELATIONAL STRUCTURES, MULTIALGEBRAS
AND INVERSE LIMITS

By
COSMIN PELEA

(Received: August 8, 2004)

1. Introduction

The study of multialgebras (hyperstructures) began more than 65 years
ago and they were used in different areas of mathematics and in some ap-
plied sciences (see [2]). Multialgebras are particular relational systems which
generalize the universal algebras. The starting point of this paper is in [6],
[7] and [15]. The papers [6] and [7] present the construction of the inverse
limit for particular inverse systems for some cases of (semi)hypergroups. The
construction is a generalization for the same construction made for corre-
sponding universal algebras as well as a particularization of the construction
mentioned in [4] for relational systems. In [15] is proved that the category of
multialgebras (with the homomorphisms obtained from the relational systems
homomorphisms) has finite products and equalizers, hence it is finitely com-
plete. With no major changes in the proof it can be shown that the category
studied in [15] is a category with products, hence this is a complete category.
But the notion of multioperation used in [15] does not exclude the empty
set from its range and the proof that these multistructures form a category
with equalizers uses this fact. Such a multistructure does not satisfy the
characterization theorem given by G. Grétzer in [3]. A natural question is if
the subcategory whose objects are the multialgebras characterized by Gritzer
is closed under the formation of limits in the category studied in [15]. We
will show that the answer is negative by proving that the subcategory of the
multialgebras of type (ny), <,(r) 1s not closed under the formation of (inverse)
limits of inverse systems in the category of the relational systems of type
(ny + 1)y <o(r)- We will also examine the conditions under which the inverse
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limit of an inverse system of multialgebras (considered in the category of
relational systems) is a multialgebra.

The main results of this paper are presented in Section 4 and Section 5.
The first important result in Section 4 is Proposition 4.2. This proposition
states that if we consider an inverse system of multialgebras for which the
carrier has a cofinal subset for which the resulting inverse system of multi-
algebras has an inverse limit which is a multialgebra, then the inverse limit
of the given inverse system of multialgebras is also a multialgebra and the
two inverse limit multialgebras are isomorphic. As we will see, some of
the results presented in [2], [6] and [7] can be easily obtained from this
proposition. In the same section we will prove that a class of multialgebras
closed under the formation of the isomorphic images and under the formation
of the inverse limits of inverse systems with well-ordered carriers is closed
under the formation of the inverse limits of arbitrary inverse systems.

As it is shown in [14], an important tool in the hyperstructure theory is
the fundamental relation of a multialgebra. The factorization of a multialgebra
with the fundamental relation gives a universal algebra. As we have seen in
[10], this way we obtain a functor from the category of the multialgebras of
a given type into the category of the universal algebras of this type. Another
purpose of this paper is to find some conditions for this functor to preserve
the inverse limits of inverse systems of multialgebras. Some results in this
direction will be presented in Section 5.

2. Preliminaries

Let T = (ny), <o) be a sequence over N = {0,1,...}, where o(r) is an
ordinal and for any y < o(7), let f, be a symbol of an ny-ary (multi)operation
and let us consider the algebra of the n-ary terms (of type 7) P (r) =
= (P@), (yly<o)-

Let A be a set and let P*(A) be the set of nonempty subsets of A.
Let 2L = (A, (fy)y<0(r)) be a multialgebra, where, for any y < o(7), f, :
A" — P*(A) is the multioperation of arity n, that corresponds to the symbol
f,. An empty set A is admissible if there are no nullary multioperations
among the multioperations f,, y < o(r). Of course, any universal algebra
is a multialgebra (we can identify a one element set with its element).

We remind the reader that if 2 = (A, (fy),<o(r)) 1s @ multialgebra and
B C A, we say that ®B = (B, (fy )y <o(r)) is @ submultialgebra of 2l if for any
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y < o(r) and bo,...,bny_l € B, we havefy(bo,...,bny_l) CB.Ifn €N,

p € P(@) and b,...,b,_; € B then p(by,...,b,_;) C B (see [1]).

As in [13], we can see the multialgebra 2 = (A, (fy )y <o(r)) as a relational
system (A, (ry )y <o(r)) if we consider that, for any y < o(t), ry is the n +1-ary
relation defined by

(1) (@0s- -1y 1 ny)) € Ty S iy € Fy(@0s sy ).

Of course, if we keep unchanged some of the multioperations which are oper-
ations, we can see 2 as a first order structure. It is clear that a submultialgebra
of the multialgebra 2 is a substructure of the first order structure obtained this
way, but not any substructure of 2l is a submultialgebra. Such an example can
be found in Section 4 (but it is not difficult to find easier examples).

We mention that the objects of the categories studied in [15] are obtained
by seeing each relation ry, of a relational system (A, (r;,)y< o(z)) Of type (ny +

+ Dy <o(r) as a function A™ — P(A) by using (1).
If we define for any y < o(t) and for any Ag,..., A, _1 € P*(A)

>y

FrAoses Ap ) = U @0, s an,—1) | ai € Ay, i €40,..my — 1},

we obtain a universal algebra on P*(A) (see [11]). We denote this algebra

by B*(A). As in [4], we can construct the algebra P (P*(A)) of the n-ary
term functions on P*(A) for any n € N.

The fundamental relation of the multialgebra 2{ is the transitive closure
a™ of the relation @ given on A as follows: for x,y € A, x « y if and only if

x,y € pag,...,a,_1) forsomen € N, p € P™(r) and ag,--.,a,_1 € A,

where p € PU(PB*(A)) is the term function induced by p on PB*(A). The
relation o™ is the smallest equivalence relation on A with the property that
the factor multialgebra 2(/a™* is a universal algebra (see [9] and [10]). The
universal algebra 2(/a* is called the fundamental algebra of the multialgebra
2. We denote by 2l the fundamental algebra of 2. We also denote by ¢ 4 the

canonical projection of 2 onto 2 and by @ the class a*(a) = ¢ o(a) of the
element a € A.

We remind that for an equivalence relation p on A we obtain a multial-
gebra on A/p by defining the multioperations in the factor multialgebra 2(/p
as follows: for any y < o(7), f,(p(ap), - --,p(an,—1)) is the set

{p<b> | b Efy(bo,...,bny_l), al-pb,-, i€ {0,...,”7 — 1}}
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(p{x) denotes the class of x modulo p (see [3])).

A map h : A — B between the multialgebras 2 and ‘B of type 7 is called
homomorphism if for any y < o(t) and ay,... san,—1 € A we have

h(fy(@gs .. any—1) € fy (h(@p), ... W@y, —1))-

It is easy to see that the multialgebra homomorphisms are obtained from
the homomorphisms of relational systems using (1). The definition of the
multioperations of 2 /p allows us to see the canonical map from A to A/p as
a homomorphism of multialgebras. The map h is called an ideal homomor-
phism if for any y < o(r) and for all ay, ... »ap,—1 € A we have

h(fy(ao, e ,any_])) =fy(h(a0), e ,h(a,,y_l)).

A bijective map & is a multialgebra isomorphism if both 4 and 2! are multi-
algebra homomorphisms. As it shown in [11], the multialgebra isomorphisms
can be characterized as being those bijective homomorphisms which are ideal.

REMARK 1. From the steps of construction of a term (function) it fol-
lows that for a homomorphism & : A — B, if n € N, p € P™(r) and
ap,...,a,_1 € A then

h(p(ag, .. .,a,—1)) € p(h(agp), ..., h(a,_1)).
If h is an ideal homomorphism then

h(p(ag,...,a,_1)) =p(h(ag),...,h(a,_1)).

In [10] we proved the following:

THEOREM 2.1. IfQ, B are multialgebras and 2, B respectively are their
fundamental algebras and iff : A — B is an ideal homomorphism then there
exists only one homomorphism of universal algebrasf : A — B such that the
following diagram is commutative:

——— B
@ i
B

A———

The proof uses only the fact that f is a homomorphism, so the statement
holds if we drop the property of f being ideal.
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COROLLARY 2.2. a) If is a multialgebra then 1 4 = 1.

b) I, 5B, & are multialgebras of the same typet and iff: A— B, g:
B — C are homomorphisms, then g of =g of.

We can easily construct the category of multialgebras of the same type
7 where the morphisms are considered to be the homomorphisms and the
composition of two morphisms is the usual map composition. It is known that
the universal algebras of the same type 7 together with the homomorphisms
between them form a category which is, obviously, a full subcategory in the
category of the multialgebras introduced above. We will denote by Malg(t)
the category of the multialgebras of type v and by Alg(r) the category of the
universal algebras of type 7.

REMARK 2. From Corollary 2.2 it results that we can define a functor
F from Malg(r) into Alg(r) as follows: F() = A, for any multialgebra
A of type v, and F(f) = f which makes diagram (2) commutative for any
homomorphism f between the multialgebras 2 and B of type 7.

3. Direct products of multialgebras

If we consider a family (2; | i € I) of multialgebras of type 7 using (1)
and the definition of the direct product of a family of relational systems pre-
sented in [4], we can organize the Cartesian product [[;c; A; as a relational
system which is a multialgebra [];.;%; of type T with the multioperations
defined as follows:

Fr (@) jep - (a?y_l)iel) =11# (a,o,...,a;w_l),

iel

for any y < o(r). This multialgebra is called the direct product of the

multialgebras (2(; | i € I). We observe that the projections of the product,

el

P S 1, are multialgebra (ideal) homomorphisms. So, we have:

I

PROPOSITION 3.1. The multialgebra [ [;; 2;, with the projections e; , is

the product of the multialgebras (2; | i € I) in the category Malg(t).
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4. Inverse limits of inverse systems of multialgebras

Let (I, <) be a preordered directed set and let us consider an inverse sys-
tem (2; | i € I) of multialgebras of type 7 together with the homomorphisms

(<pi P A — A | j,k € I, j > k). We remind the reader that for any i € I,

<pl.i =1y, and if j > k > 1, we have <plk o <pi = <p{. We consider the inverse
limit of the inverse system of sets (A; | i € I)

4% ={@er € [T A 1¥i.k € 1 j <k, pf@)=q;}.
iel

In [4] it is mentioned that the inverse limits for first order structures are
defined the same way as for algebras, as suitable substructures of the direct
product. If we see each ny-ary multioperation in each 2(; as an (ny + 1)-ary
relation rp, as in (1), we obtain the definitions for the relations on A : given

ny—1

y < o(tr) and (a?)iel,..., (al.y )iel’(ai)iEI € A™ we have

0 ny—1 0 ny—1 .

((ai )iel"“’ (aiy )iel’(ai)iGI) €Ery & aq Efy(al- ,...,aiV ), Vi € 1.
Since we are dealing with multialgebras our question is whether the relational
system obtained in this way is a multialgebra. If the answer were affirmative
then, using again (1), it would follow that its multioperations would be defined
by:

-1 -1
3 K@) @) ep) =115 (@ a7 ) nA>,
iel
for every y < o(r) and (azo)iel""’ (al{ly_l)l.el € A™®.

REMARK 3. Let us remark that the inverse limit of an inverse system of
sets (A; | i € I), A is not necessarily a submultialgebra of [[;-; ;. so,
the intersection with A°° cannot be omitted in (3).

EXAMPLE 1. Let us consider the finite set of positive integers I = {1,2}
ordered with the usual relation <, induced from N, let us consider the hyper-
groupoids (Hj, o), (Hp, o) defined on Hy = H, = {x,y} by

xox=xoy=yox=yoy={x,y}

and let us consider the (ideal) homomorphisms (pll =1g, <p§ =1p, and

0} Hy — Hy, p3(x) =y, pI() =x.
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Then A% = {(x,y),(y,x)} is not a subhypergroupoid in H; x H,.

REMARK 4. The functions f, given by (3) are not always multiopera-
tions on A®°. Even if A #(), the intersection in the second member of the
equality can be the empty set. As a matter of fact, since for any y < o(7),

(aio)iel""’ (a?y_l)iel € A and for any j,k € I,j >k,

PG (@ sa ™)) Cfy (sl ™),

ny—1

it follows that for a given y < o(7), and (aio)iel’ e, (al.

)ics € A%, the
family

(% (al,....a" ") i)

of sets together with the restrictions of the maps (pi to these sets form an
inverse system of sets and the second member in (3) is the inverse limit of
ny—1

this inverse system of sets. So fV((azQ)ieI"“’ (ai )iel) can be empty

even if A is not.

EXAMPLE 2. In [5], Higman and Stone present an example of an inverse
system of (countable) sets, with surjective maps and empty inverse limit: let
1 be the first uncountable ordinal and for a < wy,

E,={y |y <a}, E, ={f € R | f is strictly increasing};

and for ¢ < 8 < wy, let

05 : Fy — Fg, Gg(f) =f|g, (the restriction of f to Ey).
The authors define by transfinite induction a family of subsets S, of F, for
which |Sy| = N and 65 (Sg) = Sy whenever a < B, such that the inverse
system (Sg | @ < wq) (with the corresponding restrictions of the functions
65 ) has the desired property.
Starting from this example, we will consider for each 1 < a < w1,
Aq =S4 U{0g, }, where Og,: B, — R, Og,(y)=0.

We define a hyperproduct o on A, by taking

Se, iff =0, =g orf#0g, #g
feog= Og, otherwise.
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The maps
ot A — Aa, PN =5, (@ <P)

are surjective (ideal) homomorphisms. Thus we obtain an inverse system of
hypergroupoids.

We observe that <pg| Sy = 6g| s, and that A is not empty since
Op)1<a<w, € A*. In fact A> = {(0g,)1<q<p,}> for if A had an
element different from this, it would follow that this element belongs to the

inverse limit of the inverse system of the sets (Sy | | < a < wp), which is
impossible, since this inverse limit is empty.

Now it is easy to see that (3) is not always the definition of a hyperproduct
on A since in our case (0g,)1<q<w; © OF,)1<a<w, = 0.

REMARK 5. In order to obtain a multialgebra 20> on A®° #() as above it

would be required that for any y < o(7) and <ai0)iel’ cees (a?y_l)iel € A,

0 ny—1 T 0 ny —1
fV((ai)ieI"“’(ai )iez)—@ielfv(aiv--’ai )= 0
hold. As it is shown in [4, §21, Theorem 1], a case when this happens is

ny—1 c A
. i»

given by the condition that for every i € I,y < o(r) and aio, cesdy

-1y . .
Jy (al.o, e, alfly ) is nonempty and finite.

REMARK 6. This is the case of universal algebras for which the sets

—1 . .
¥ (al.o, ... ,a?’/ ) are one-clement sets. It is also clear that if for some y <
< o(1), fy is an operation in all the multialgebras 2;, then f, is an operation
in 2°°. In this case, the definition of f, is the one in [4, §21].

REMARK 7. If  is the category associated to the preordered set (I, <),
we can see (as in [12]) the inverse system of multialgebras (2; | i € I),

with the homomorphisms (<pf; | j,k € I, j > k), as a contravariant functor
G: ¥ — Malg(t).

REMARK 8. If (A%, (fy )y <o(r)) is @ multialgebra then, for any j € I,
Q7" AT = Aj, 9 (@)ier) = a;

is a multialgebra homomorphism.
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Indeed, since the map <pjf’° is the restriction of ejI to A, if we take

y < o(1), (a?)iel,...,(a?y_l),-el € A we have
—1 —1
07 (00)sapreons (@), 1)) = 9 (ny (@) rmoo)
iel

—1
ce (114 (a).....a" ))

iel

=5 (07 (@) 1) 072 (@ ) er)):

REMARK 9. As it can be easily seen from the previous examples, the
problems which appear when asking for the inverse limit of an inverse system
of multialgebras to be a multialgebra are not solved if we are dealing with
ideal homomorphisms. Moreover, in this situation new problems arise since
the maps <ij° (j € I) are not always ideal homomorphisms.

To illustrate this, we built up an example starting once again from the
example of Higman and Stone, as in Example 2.

EXAMPLE 3. Take the sets (A, | @ < @), the maps <pg as in Example 2

and define on each A, the hyperproduct o by
fog=Aa.

Then, using (3), we obtain a hypergroup(oid) on A = {(0g,)a<w,} With
the hyperproduct

(OEa)a<w1 o (OEZ)a<w1 = (OEa)a<w1-
B

The maps ¢, are ideal homomorphisms of hypergroupoids and for any 1 <
< f < w; the map

p5°: A = Ag, 95°(O0R,)a<w,) = Og
is not an ideal homomorphism because
05" (05, )a<w, © O Ja<w) = P5°(OF u<w;) = Og; # Ag = O, © O,
=5 (0E, a<w)) © 95 (0F, a<o))-
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Note that in Remark 5 we presented a necessary and sufficient condition
for a category of multialgebras (of type 7) to be a subcategory of the category
of the relational systems (of type (1 +1), <(r)) closed under the inverse limits
of inverse systems. Thus we have:

THEOREM 4.1. If A% = (A%, (fy)y<o(r)) Is a multialgebra then, together
with the homomorphisms (¢ joo | j € I), it is the inverse limit of the functor G.

The first of the following diagrams:
ok

wz\//

%AOO

is commutative and whenever a multialgebra ' = (A/, (fy)y<o(r))> together
with a family (¢; : Al — ; | j € I) of homomorphisms make the second

diagram commutative, there exists a unique homomorphism u : A" — A,
given by the equality u(x) = (a;(x));ecr, such that the third diagram is
commutative.

The last three results of this section are generalizations for some results
presented for universal algebras in [4, §21].

From now on we will consider that (I, <) is a directed partially ordered
set (unless we will specify something else). Let.d = (; | i € I) be an inverse
system of multialgebras and let us consider J C [ such that (J, <) is also a
directed partially ordered set. We will denote by . the inverse system of
multialgebras (2; | i € J) whose carrier is (J, <) and whose homomorphisms

are <p}, with i,j € J, i < j. If J is cofinal with (I, <), from the proof of
[4, 521, Lemma 7] it results that if we consider the inverse systems of sets
(A; | i € I)and (A; | i € J), the canonical projection (a;);e; — (a;)icr
furnishes a bijection ¢ between lim;cyA; and lim; ¢ A;.

PROPOSITION 4.2. Let A be an inverse system of multialgebras with the
carrier (I, <) and let us consider J C I such that (J, <) is a directed partially
ordered set cofinal with (I,<). The inverse Ilimit lgnd is a multialgebra if

and only if imd; is a multialgebra. If this happens, the two multialgebras
are isomorphic.
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PROOF. Of course, if the relational systems lim4 and limd; are mul-

tialgebras, then the isomorphism between them follows from the dual [8,
Proposition 2.11, Chapter II]. However, while proving that lim« is in Malg(r)

if and only if limd; is in Malg(r) we will find the form of this isomorphism,
so, we will also present a proof based on [4, §21, Lemma 7].

Clearly, lim;c7A; = 0 if and only if lim;cyA; = 0. So, lim4 and limd;
are multialgebras if and only if for any y < o(t), n,#0. If this is the case,
they are, trivially, isomorphic.

Let us consider that lim; ¢y A; # 0 #lim; c y A;. The limit limd is a multial-
gebra whenever for each y <o(7) and for all <ai0)iel’ cees (a?y_l)ielero,
the right member of (3) is not the empty set. According to Remark 4, this
happens exactly when the inverse system of the nonempty sets

—1 . . .. j
(fy(aio,...,a;ly )| i € I), together with the restrictions of the maps <pr,

Jj >k, to these sets, is not empty. It is easy to see from the definition of
Y that its restrictions

ny—1

. 0 . 0 ny—1
](Lnl'elf'}/(aia"'aai ) Hmie]f’y(aia"'aaiy )
are also bijective.

As for the multialgebra isomorphism between > and '~ = limd 7, let
us verify that ¢ is an ideal homomorphism of multialgebras.

Giveny < o(v) and (), ps- -+, (a7 '), € A we have
W (@ien - (@ )ep) =v (limierfy (af,....a" )
= lim;esfy (a¥,...,a" ")
=f7((alo)ie]"“’ (agly_l)iEJ)
=F W (@) v (@7 ien)s
and the proof is finished. 1

REMARK 10. Using this proposition, the constructions of inverse limits
from [2], [6] and [7], which are made for inverse systems of (particular)
multialgebras with (I, <) directed ordered set which has a maximum, are
isomorphic to the member of the system having this maximum as an index.
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It is clear that such an inverse limit exists and it has all the properties of this
member.

Let us consider that the support set I of the carrier (I, <) of the inverse
system 4 = (; | i € I) of multialgebras can be written as I = {U,¢p Ip,

where (I,, <) is a directed partially ordered subset of (I, <) for each p € P
and (P, <) is also a directed partially ordered set such that I, C I, whenever
p,q € P, p < q. We will denote

limd =A™ = (A%, (f, )y <o(r)> imAp, =A° = (A%, (<o) @ € P).
For any p,q € P, p < g we can define the map
Vgt AY — AYX, pl((@pier,) = @ier,-
In this way we obtain an inverse system of sets consisting of (P, <), the sets
A5, and the maps 1/);1 . We will denote it by /P.

THEOREM 4.3. Let us consider that all Q[SO, p € P, are multialgebras.
Then A/ P is an inverse system of multialgebras and limd is a multialgebra
if and only if limd/P is a multialgebra. In this case these multialgebras are
isomorphic.

PROOF. First we will show that for any p,qg € P, p < ¢, the map

¥, is a multialgebra homomorphism. If we take y < o(r), (a} ) iely”

ny —1 0o
(al. )ielq € Aq then we have

—1
Ql)p (fV (( )zEIq (alfly )lGIq Hf'}’ ai,.. nV ) N AZO
i€l
c [I4 (@ a” "y nay
lelp

=f (@) (@ iey)
=5 f ((@)ip)r 08 (@ )icp)).

We denote by A’™ the inverse limit of the inverse system of sets .4/ P
and we consider the map

Wi A® — A Y(g) = h,
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where hy € [],cp A;° is defined by

he(p) = g|1p € A;o-
By [4, §21, Theorem 3] 3 is a bijective map.
Note that A’> = () if and only if A> = (). Thus, if Ay° = () for some p
then A’°° = A = (). However, if A’°® = A% = () then limd and lim4/P are

multialgebras if and only if ny, # 0 for any y < o(7), and the two multialgebras
are trivially isomorphic in this case. So, we can assume that the sets A;°,

A’ A% are not empty.
The inverse limit limd = 2 is a multialgebra if and only if for any
y < o(r) and for all g,... »8ny—1 € A the inverse limit of the inverse
system of sets (fy (go(i), . . ., gny_l(i)) | i € I)is nonempty. But the restriction
of ¥ to this inverse limit of sets is a bijection between
Fy (8055 8ny—1) = limie1fy (80(0); - - > &ny—1())
and the inverse limit
lim, e p(lim; e 1,y (80 (D), - - -, 8y —1(D))) = limpe pfy (80 1,5 - - - > 8y —111,)
= h_mpePfy (hgo(p)a cees hgny_l )
=fy(hggs .- vs hgnyfl)'
Since
fr(8oltys-- - 8ny—111,) = limie 1, fy (801, (s - - -5 8ny—111, (D))
=lim;e 1,y (80(0), - - -, &y —1 (D)) =
it follows that f,, is a multioperation on A if and only if f, is a multiopera-

tion on A’°". Moreover, it follows that
Y 0s- -8y 1) =fyUrggs 5Py ) = Fr @ (@0)s -1 @y 1))
Thus ¥ is a multialgebra isomorphism. |

As in [4], we will use the term of algebraic class for those classes of
multialgebras which are closed under the formation of isomorphic images.
We will say that a class of multialgebras is closed under the formation of
inverse limits of inverse systems if for any inverse system of multialgebras
from this class the inverse limit is a multialgebra from this class. Now we
can prove the following theorem:
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THEOREM 4.4. If K is an algebraic class of multialgebras then K is
closed under the formation of inverse limits of arbitrary inverse systems if
and only if K is closed under the formation of inverse limits of well-ordered
inverse systems.

PROOF. The proof goes as in [4, §21, Theorem 4]. Assume that K is
closed under the formation of inverse limits of well-ordered inverse systems.
We take an inverse system .4 of multialgebras with carrier (I, <). If the
theorem were not true, then we could choose 2 such that |I| = m is the
smallest possible with the property that either the inverse limit of 4 is not
a multialgebra or limd ¢ K. From Proposition 4.2 we have m > R, and
using [4, Exercise 44, pp. 73] it follows that we can write I = Ué <alss
where « is an ordinal, (Iy, <) is directed, Is, € I, if 0y <0, < a, and
5| < [I| = m. From the minimality of m it follows that lim2,,, 0 < a, are
multialgebras from K, according to our assumption it follows that lim«/ P is
also a multialgebra from K and by Theorem 4.3 limd is a multialgebra from
K, a contradiction. 1

5. On the fundamental algebra of an inverse limit of multialgebras

In general, the fundamental algebra of a product of multialgebras is not
the product of their fundamental algebras, as it is shown by the following:

EXAMPLE 4. Let us consider the hypergroupoid (Z, o), where Z is the set
of the integers and the multioperation o is defined by

xoy={x+y,x+y+1}

for any x,y € Z. It is not difficult to prove that for any n € N*, (Z",0) is a
hypergroup with the fundamental relation § = Z" x Z". It means that for any
n € N* the fundamental group of (Z",0) is a one-element group. Now let
us consider the product (ZN, o). The fundamental group of this hypergroup
has more than one element. Indeed, f,g: N — Z, f(n) =0, g(n) =n+1
(n € N) are not in the same equivalence class of the fundamental relation of
the hypergroup (ZN, o).

EXAMPLE 5. An useful example of inverse limit of multialgebras can be
given in a similar way as Gritzer did in [4] for universal algebras. So, let us
consider a set I and a family (2; | i € I) of multialgebras of type . We
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can get an inverse system of multialgebras taking (J, C) to be the set of all
the finite nonempty subsets of the set I, ordered with the set inclusion, B; =

= Hiej 2;, for any j € J, and the canonical projections <pjj.? from Hiejo A
onto Hiejl ;, for any jo D j; from J. The inverse limit of this inverse

system of multialgebras exists and it is isomorphic to [[;<;2;.

REMARK 11. Using the previous examples we can obtain an example to
show that the functor F from Remark 2 does not preserve the arbitrary inverse
limits of inverse systems of multialgebras (hypergroupoids, in this case) even
if they exist.

Now we will find a condition for this functor F to preserve the inverse
limits of inverse systems of multialgebras from an algebraic class K closed
under the formation of the inverse limits of inverse systems.

Let 4 = (2; | i € I) be an inverse system of multialgebras with the
homomorphisms ((p; | i,j € I, i > j). We will denote by 4 the inverse
system of the fundamental algebras (2; | i € I) of the multialgebras from 4,
with the homomorphisms (‘P_} | i,j € I, i > j). So, if we see the inverse
system .4 as the functor G from Remark 7 then A is the functor FG.

In this section, we will refer to the inverse limit @uﬂ of the inverse
system « as the inverse limit (A%, (9 | i € I)) of G. Clearly, Ll_m.z =
= lim(FG). If we denote (A, (W | i € I)) by @ we can state the
following:

LEMMA 5.1. Let A be an inverse system of multialgebras with the carrier
(I,<) and let us consider J C I with (J, <) a directed partially ordered set
cofinal with (I,<). Assume that limd; is a multialgebra. Under these con-

ditions, lim« is the inverse limit of the inverse system of universal algebras
A if and only if limd; is the inverse limit of the inverse system of universal

algebras A .

PROOF. From the fact that limd; is a multialgebra it follows that limd is
a multialgebra, and, since they are isomorphic (Proposition 4.2), the functor
F induces an isomorphism from lgnd onto @uﬂ 7. Of course, the inverse
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system 4 of multialgebras determines an inverse system of universal alge-
bras ; = 4 and the inverse limit algebras ll_mz and ll_m.z 7 are isomorphic.
From the universal property that characterizes the inverse limit we obtain the
homomorphisms:

limd — limd, (a;)ier — @)icr;

limd; — limdy, (a;)ics — @)ier,
which, together with the above mentioned isomorphisms, make the following
diagram commutative:

imd —— Timd;

L

Since each one of the conditions for which we want to prove the equivalence
makes one of the vertical morphisms an isomorphism, the conclusion of the
lemma is immediate. |

LEMMA 5.2. Using the notations from the previous section, let us con-
sider that 911‘30, p € P, and A are multialgebras. Let us also assume that for

eachp € P, limd I is the inverse limit of the inverse system A—Ip of universal
algebras.

The universal algebra limd is the inverse limit of A if and only if
limd/P is the inverse limit of 4/P.

PROOF. Using the fact that for any p € P, limd I = M it follows

that /P = .4/P. From [4, §21, Theorem 3] it results an isomorphism from
li_mﬂ onto

lincd/ P = limd/P.

Using Theorem 4.3 and the universal property of the inverse limit, we obtain
the following commutative diagram:
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fimd ——> imd/P

.

limd —— limd/P
The conclusion follows as in the previous lemma. |

If K is a class of multialgebras of type T then we can obtain a subcategory
KX of Malg(r) if we consider morphisms only those homomorphisms which
are defined between two multialgebras from K. Consider the composition FU
of the functor F with the inclusion functor U : X' — Malg(r). Knowing the
definition of U, in the next theorem we may use F instead of FU.

THEOREM 5.3. Let K be an algebraic class of multialgebras closed under
the formation of inverse Iimits of well-ordered inverse systems. Then F pre-
serves the inverse limits of arbitrary inverse systems of multialgebras from K
if and only if F preserves the inverse limits of well-ordered inverse systems
of multialgebras from K.

PROOF. Clearly, X is a subcategory of the category of relational systems
of type (ny +1), < o(r) closed under the inverse limits of inverse systems. Let us
assume that F preserves the inverse limits of well-ordered inverse systems of
multialgebras from K. If F would not preserve the inverse limits of arbitrary
inverse systems of multialgebras from K then we could choose an inverse

system .4 of multialgebras from K with the carrier (I, <) such that lim« is

not ll_mﬂ and |I| = m is the smallest possible with this property. We will
continue as in the proof of Theorem 4.4, so we will use the same notations
as there. First we obtain (using Lemma 5.1) that m > X, and then, using the
minimality of m, our assumption and Lemma 5.2 it will result that

limd;, = limd;,,

for any 0 < «, and

limd = fimd/P = limd /P = limd /P = limd,

contradiction. |
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1. Introduction

Semi-open sets, preopen sets, ¢-sets and -open sets in topological
spaces play an important role in the researches on generalizations of conti-
nuity. By using these classes of sets, several authors introduced and studied
various modifications of continuity, in the setting of topological spaces.

V. Popa and T. Noiri observed that the analogy among the results con-
cerning these modifications of continuity suggests the need for a unified
theory. They introduced and studied the fundamental notion of M -continuity
[22], [23] and other related generalized forms of continuity: contra m-con-
tinuity [18], slightly m-continuity [24], weakly (r,m)-continuity [25], weak
M -continuity [26], faintly m-continuity [20]. The key concept of this ap-
proach is that of minimal structure, which led V. Popa and T. Noiri not only
to a unified theory of the modifications of continuity, but also to new concepts
and results. Another unified theory of several types of generalized continuity
has been obtained by Csédszar [9], by using generalized topology.

In this paper, we investigate several types of minimal structures, espe-
cially minimal structures on a cartesian product of sets endowed with min-
imal structures. We obtain characterizations and properties of some types
of M-continuous functions, unifying many known results concerning several
classes of functions: D-continuous, D-supercontinuous, & -precontinuous, Q-
irresolute, semi-a -irresolute, a -preirresolute, 3 -preirresolute.

2000 Mathematics Subject Classification: 54C08
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2. Preliminaries

In what follows, X and Y are always nonempty sets and P(X) (resp.
P(Y)) is the power set of X (resp. Y). If 8 C P(X), D C P(Y) and
f:X — Y, we will use the following notations: f(6) = {f(A) : A € 8}
and f~1(9) := {f_l(B) : B € D}. We will denote by U(8) (resp. by Up(6),
J(6), S p(6)) the family of all unions (resp. finite unions, intersections, finite
intersections) of all sets that belong to &.

Let (X,7) be a topological space and let A be a subset of X. The
interior and the closure of A are denoted by Inf(A) and CI(A), respectively.
The subset A is said to be semi-open [13] (resp. preopen [15], a-open [16],
p-open [2]) if A C Cl(Int(A)) (resp. A C Int(CI(A)), A C Int(Cl(Int(A))),
A C Cl(Int(CI(A)))). The family of all semi-open (resp. preopen, a-open,
p-open) sets in X is denoted by SO(X) (resp. PO(X), a(X), B(X)).

DEFINITION 2.1. (Popa and Noiri [23]) A subfamily mx of P(X) is called
a minimal structure (briefly m-structure) on X if ) € mx and X € my. Each
member of myx is said to be mx-open and the complement of an mx-open
set is said to be m x-closed.

By (X,mx) we denote a nonempty set X with a minimal structure m x
on X and we call (X,mx) a space with minimal structure.

Let A be a subset of X. The mx-interior of A, denoted by mx — In#(A),
is the union of all mx-open subsets of A, and the mx-closure of A, denoted
by mx — CI(A), is the intersection of all mx-closed supersets of A. The
properties of operators of my — Int and myx — Cl are stated in (Popa and
Noiri [23], Lemma 3.1) and parallel the properties of operators Int and CI of
a topological space.

LEMMA 2.1. (Popa and Noiri [25], Lemma 3.2) Let (X,mx) be a space
with minimal structure, let A be a subset of X andx € X. Thenx € mx —
— Cl(A) if and only if U N A= for every U € mx containing the point x .

REMARK 2.1. Let mx be a minimal structure on X. Then each of
the families U(my), F(mx), Upmx), Fpimx), UF(mx)), FUimx)),
URF(my)), Frlimyx)), Up(Ffp(myx)) and Fp(Up(my)) is larger than
my, in particular is a minimal structure on X. Denote by cx the family
of all mx-closed sets. Then ¢ x is a minimal structure on X.

DEFINITION 2.2. (Popa and Noiri [23]) A minimal structure my on X is
said to have property () if every union of m x-open sets is an m x-open set.
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We notice that m x has property (#) if and only if U(mx) C mx.

LEMMA 2.2. For every minimal structure mx on X, we have U(my) =
={A:ACX, ACmx —Int(A)} andF(cx)={B: B C X, mx —Cl(B) C
C B}.

PROOF. Denote ¥ := {A: A C X, A C mx — Int(A)}. Then ¥ =
={A: AC X, A=mx — Int(A)} C U(my), since mx — Int(A) C A and
mx—Int(A)=J{U : UC A, Uemyx} € Umy), forevery AC X.If B €
€ U(my), then there exist a subfamily {B; : i € I} of mx whose union is B.
Then {B; :i € I} C{U : U C B, U € mx}, therefore applying the union
it follows that B C mx — Int(B). Since X \ mx — Int(A) =mx — CI(X \ A)
for every A C X, we have f(cx) ={X \A: AcUmx)}={X\A: AC
C X, ACmy —In(A)} = {B: B C X, my — CI(B) C B). 1

COROLLARY 2.1. (Popa and Noiri [23], Lemma 3.2) For a minimal struc-
ture mx on X the following are equivalent:

(1) mx has property (%);
Q@) Ifmx —Int(V)=V,then V € mx;
(3) Ifmx — Cl(F)=F, then X \ F € mx.

PROOF. By Lemma 2.2, (2) & U(myx) C mx < (1). The equivalence
(2) & (3) follows using the identities my — CI(X \ A) = X \ mx — Int(A)
and my — Int(X \ A) = X \ mx — CI(A) for A C X (Popa and Noiri [23],
Lemma 3.1). |

The generalization of continuity in the setting of spaces with minimal
structures is the fundamental notion of M-continuity, introduced by Popa and
Noiri in [22], [23].

DEFINITION 2.3. A function f:(X,mx) — (Y,my) is said to be M-
continuous at x € X if for each V € my containing f(x), there exists U €
€ mx containing x such that f(U) C V. A function f: (X,mx) — (Y,my)
is said to be M-continuous if it is M-continuous at each point x € X.

LEMMA 2.3. (Popa and Noiri [23], Theorem 3.1) For a function
f:(X,mx) — (Y,my) the following properties are equivalent:

(1) f is M -continuous;
Q) f V) =mx — Int(f ~1(V)) forevery V € my;
B) fmx — Cl(A)) C my — CI(f(A)) for every subset A of X;
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4) mx — Clf ~Y(B)) C f~Ymy — CUB)) for every subset B of Y ;
(5) f~Ymy — Int(B)) C mx — Int(f ~\(B)) for every subset B of Y ;
(6) my — Cl(f_l(K)) :f_l(K) for every my -closed set K of Y .

LEMMA 2.4. A function f:(X,mx) — (Y,my) is M -continuous if and
only if f = (my) C U(mx).

PROOF. We use the equivalence (1) < (2) from Lemma 2.3 and the fact

that, according to Lemma 2.2, (2) means that f “LV) € Um x) for every
V emy. |

COROLLARY 2.2. A composition of M -continuous functions is M -con-
tinuous, if well-defined.

PROOF. Let f:(X,mx) — (Y,my) and g:(Y,my) — (Z,my) be two
M -continuous functions. Then the composition g o f: (X, mx) — (Z,mz) is
well-defined. Using Lemma 2.3 we obtain (g o f) " 1(my) = f (g~ my)) C
C r~YUmy)) = UFYmy)) C UU@myx)) = U(myx). This shows that
gof:(X,mx)— (Z,myz) is M-continuous, according to Lemma 2.4. ]

PROPOSITION 2.1. Let X and Y be nonempty sets with minimal struc-
tures mx and my, respectively, and let f: X — Y be a function. The
following properties are equivalent:

(D) f:(X,mx)— (Y,my) is M -continuous;

Q) f:(X,mx) — (Y,U(my)) is M -continuous;

3) f: (X, Umx)) — (Y,U(my)) is M -continuous.

PROOF. We use Lemma 2.4. The implications (2) = (1) and (3) = (2)
are obvious, since my C U(my) and UU(mx)) = U(my), respectively.
Assume that (1) is true. Then f~ Y U(my)) = UF Limy)) C UU(myx)),
i.e. (3) is true. It follows that (1) = (3). ]

ExXAMPLE 2.1. Let (X,7) and (Y,0) be topological spaces. Denote by
F(X), (resp. F5(X), Gs(X)) the family of all closed (resp. Fi;, Gg) subsets
of X. Let f: X — Y be a function. If f:(X,t) — (Y,0) is continuous,

then it is easy to see that f~1(F(Y)) C F(X), f~'(c N Gs(Y)) C 7 N
N Gs(X) and f_l(F(Y) N Fy(Y)) € F(X)N Fy(X), and so all the map-
pings f: (X, F(X)) — (Y,F(Y)), f:(X,1 N Gs(X)) — (Y,7 N Gs(Y)) and
[ (X, F(X)N Fy(X)) — (Y,F(Y)N Fy(Y)) are M-continuous.
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REMARK 2.2. V. Popa and T. Noiri have shown in [23] that semi-con-
tinuous, precontinuous, ¢-continuous, -continuous, s — 6-continuous, 0 -
almost continuous, J-semi-continuous functions between topological spaces
are examples of M -continuous functions.

Let (X,7) and (Y,0) be topological spaces. A function f:(X,7) —
— (Y,0) is said to be D-continuous if for each x € X and each open
Fy-set V of Y containing f(x), there exists U € mx containing x such
that f(U) C V (Kohli [11]).

Using Definition 2.3 we see that f:(X,7) — (Y,0) is D-continuous if
and only if f: (X,7) — (Y,0 N Fz(Y)) is M-continuous. It follows that
Lemma 3.1 from (Kohli and Singh, [12]) is a consequence of Lemma 2.3.

f:(X,t) — (Y,0) is H-almost continuous if and only if the inverse im-
age of every open subset of Y is preopen in X [20]. We see that f: (X,7) —
— (Y,0) is H-almost continuous if and only if f: (X, PO(X)) — (Y,0) is
M -continuous, by Lemma 2.4 and the fact that PO(X) has property (5).

REMARK 2.3. A function f:(X,mx) — (Y,0) is said to be contra m-
continuous iff_l(V) =mx — Cl(f_l(V)) for every open set V of Y, and
f:(X,mx) — (Y,0) is said to be contra m-continuous at x € X if for each
closed set F containing f(x), there exists U € mx containing x such that
f(U) C V (Noiri and Popa, [18]). We notice that f:(X,mx) — (Y,0) is
contra m-continuous if and only if f _1(0) C #(cx), according to Lemma 2.2.
If f:(X,mx) — (Y,0) is contra m-continuous, then f: (X, (cx)) — (Y,0)
is M -continuous, by Lemma 2.4. The converse is not true, even if mx =1
is a topology, since f(cx) = J(F(X)) = F(X) is different of U(F(X)) in
general.

It follows, by Definition 2.3 and Lemma 2.3, that f is contra m-con-
tinuous at every point x € X if and only if f:(X,mx) — (Y, F(Y)) is
M -continuous, i.e. f —L(F(Y)) C U(mx), which is equivalent, by taking
complementaries, to f ~1(6) C F(cx). Then f is contra m-continuous at every
point x € X if and only if f:(X,mx) — (Y,0) is contra m-continuous (this
is the equivalence (1) < (3) in Theorem 3.2 from (Noiri and Popa, [18]).

Recall that for A C Y the kernel of A is defined by Ker(A) = N{U €
€0 : AC U}. We notice that Ker(A) = my — CI(A), where my = F(Y).
Taking into account that f: (X,mx) — (Y,0) is contra m-continuous if and
only if f:(X,mx) — (Y, F(Y)) is M-continuous, we see that Theorem 3.2
from (Noiri and Popa, [18]) follows from Lemma 2.3.
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A function f: (X,mx) — (Y,0) is said to be faintly m-continuous [26]
if for each x € X and each O-open set V of Y containing f(x), there is an
open set U containing x such that f(U) C V (Noiri and Popa [20]). The
collection of 6-open sets in the topological space (Y, o) forms a topology oy
on Y [27]. We notice that f:(X,mx) — (Y,0) is faintly m-continuous if
and only if f: (X,mx) — (Y,0y) is M-continuous.

DEFINITION 2.4. A function f: (X, mx) — (Y, my) is said to be M-open
if f(U) € my for every U € mx, respectively is said to be almost M-open
if f(mx — Int(A)) C my — Int(f (A)) for every subset A of X.

REMARK 2.4. Let (X,tx) and (Y,7y) be topological spaces. f my =1y
(resp. my = SO(X), my =a(Y), my = fB(Y)), then an M-open function
f:(X,tx) — (Y,my) is called open (resp. semi-open [17], a-open [15],
p-open [2]).

LEMMA 2.5. A functionf:(X,mx) — (Y,my) is M -open (resp. almost
M -open if and only iff(myx) C my (resp. f(mx) C U(my).

PROOF. The characterization of M-open functions is clear from Defini-
tion 2.4. Let f:(X,mx) — (Y,my) be almost M-open and let U € mx.
Then U = mx — Int(U), hence f(U) = f(mx — Int(U)) C my — Int(f (U)).
It follows by Lemma 2.2 that f(U) € U(my), hence f(myx) C U(my). For
the converse, assume that f(myx) C U(my). Let A be an arbitrary subset
of X. Denote B = f(mx — Int(A)). Then B = f((J{U : U € mx, U C
CAH=U{f(U): Uemyx, UC A}. By our assumption, f(U) € U(my)
for each U € my. This yields B € U(U(my)) = U(my). By Lemma 2.2,
B C my — Int(B). |

COROLLARY 2.3. Every M -open function f:(X,mx) — (Y,my) is al-
most M -open.

COROLLARY 2.4. Let f:(X,mx) — (Y,my) be a bijective function.
Then f is almost M -open if and only if f 1 is M -continuous.

PROOF. By Lemma 2.4, f~! : (Y,my) — (X,myx) is M-continuous
if and only if (f~)"lmyx) C UGmy), ie. fmx) C U(my), which is
equivalent to the property of f:(X,mx) — (Y,my) to be almost M-open,
according to Lemma 2.5. |
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3. Some types of minimal structures

In this section we study some useful examples of minimal structures.

Given a topological space (X,7), let T be any finite composition of
operators /nt and Cl. Denote GOp(X)={S C X : S C T(S)}.

LEMMA 3.1. If (X,7) is a topological space and T is a finite composition
of operators Int and Cl, then GOr(X) is a minimal structure which has
property (B) andt C GOp(X).

PROOF. Let T = Tyo Tho---oT,, where T € {Int,Cl}, k € {1,2,...,n}.

Since for every A C X we have Int(A) C Ti(A) for k € {1,2,...
...,n}, and § C Int(S) for every S € 7, it follows that 1 C GOp(X),
hence GO7(X) is a minimal structure. Let {A; : i € I} C P(X). Obvi-
ously, U{Int(A;) : i € I} C Int (J{A; :i € I}) and J{CU(A}):i € I} C
C CI(U{A; :i € I}), whence it follows by induction on n that |J{T(4;) :
i €I} C T(UU{A; :i € I}). Then, for every family {S; : i € I} C GOp(X)
we have [J{S; : i € I} C U{T(S)) :i € I} C T(U{S; :i € I}), hence
U{S; : i € I} € GOp(X). This shows that GOp(X) has property (5). ]

REMARK 3.1. If for each A C X we denote T(A) = Int(A) (resp. T(A) =
= CI(A), T(A) = Cl(Int(A)), T(A) = Int(Cl(A)), T(A) = Int(Cl(Int(A))),
T(A) = Cl(Int(CI(A)))), then GOp(X) = t (resp. GOp(X) = P(X),
GOr(X) = SO(X), GOr(X) = PO(X), GOp(X) = a(X), GOr(X) =
=f(X)). By Lemma 3.1, the families SO(X), PO(X), a(X), B(X), are all
minimal structures with property (3).

THEOREM 3.1. Let (X,7x) and (Y,7y) be topological spaces and let
f:X — Y. LetT be any finite composition of operators Int and Cl. If
f:(X,tx) — (Y,ty) is continuous and open, then f:(X,GOr(X)) —
— (Y, GO7(Y)) is M -continuous and M -open.

PROOF. Let A C X. The continuity of f:(X,7x) — (Y,Ty) im-
plies f(CI(A)) C CIf(A)). Since f:(X,7x) — (Y,Ty) is open, we have
fUnt(A)) C Int(f(A)). Then f(T(A)) C T(f(A)). If A € GOr(X), then
f(A) C f(T(A) C T(f(A)), that is, f(A) € GOr(Y). This proves that
f:(X,GOr(X)) — (Y,GOr(Y)) is M-open.

Let B C Y. The continuity of f: (X,tx) — (Y,Ty) impliesf_l(lnt(B)) -

C Intf(f ~1(B)) and CI(f ~1(B)) C f~1(CUB)). Since f: (X,rx) — (Y,Ty) is
open, it follows that:
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i) fUni(f ~1(B))) C Int(f (f ~1(B))) C Int(B) and consequently f ~ ! (Int(B))
D Ini(f~1(B));
ii) X\ f~1(CUB)) =f~1(Y \ CUB)) = £~ (Int(B)) 2 Int(f ~(B)), hence
f=HCUBY) € X\ Inu(f ~1(B)) = Cl(f ~1(B)).
We conclude that the operator f —1 commutes with the operators Int and
Cl: f~Yn«(B)) = It(f~Y(B)) and f~1(CI(B)) = Cl(f~Y(B)) for every
B C Y. It follows that f~Y(T(B)) = T(f~(B)) for every B C Y. If
B € GOp(Y) then f~YB) C f~H(T(B)) = T(f~1(B)), hence f~1(B) ¢
€ GOr(X). This proves that f:(X,GOr(X)) — (Y,GOr(Y)) is M-
continuous, according to Lemma 2.4. |

Let X be a nonempty set with a minimal structure m x . Since the union of
all members of mx is X, we notice that mx is a subbase for a topology on X.
There exists a unique smallest topology including mx, called the topology
generated by m x, which we denote by 7 (mx). Namely, 7(my) = U(F p(mx))
and myx is a subbase for the topology 7(mx). In many important cases, a
minimal structure is not closed to intersection.

EXAMPLE 3.1. Recall that in every topological space (X,7) we have
SO(X)U PO(X) C B(X).

Let X = {a,b,c,d} and v = {0,{a},{b},{a,b},{a,c},{a,b,c}, X}.
Then 7 is a topology on X. Let S| = {a,c,d} and S, = {b,d}. Then S|
and S, are semi-open sets with respect to 7, since CI(Int(S;)) = Sk, k = 1,2,
while S| NS, = {d} is not S-open, because CI(Int(CI(S| N S,))) = 0. This
example shows that SO(X) and §(X) are not closed to intersection.

Now we study minimal structures having a weaker property than that to
be closed to finite intersections.

DEFINITION 3.1. A minimal structure mx on X is said to have property
(Fy) if for every U, V € mx such that U N V#{ and foreachx € UN V,
there exists W € mx suchthatx ¢ W C UnN V.

REMARK 3.2. If mx has property (1), n > 1 and U,k € {1,2,...
...,n}, are my-open sets having nonempty intersection, then for each x €
€ N{U, :k €{1,2,...,n}} there exists W € mx such that x €¢ W C

C{U : k =1,—n}

LEMMA 3.2. For a minimal structure mx on X the following properties
are equivalent:
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(1) mx has property ($1);

(2) I p(myx) C Uimx);

(3) IrU(mx)) C U(mx);

(4) U(mx) is a topology on X (the smallest topology on X including

mx);
(5) mx is a base for a topology.

PROOF. (1) = (2): Let U, V € myx. Assume that U N V # () (otherwise,
UNV =0 e myxy C Umy)). By (1), for each x € U N V there exists
Wy € mx suchthatx € W, CUNV. Then UNV = J{W, :x € UN
NV} € Ulmy). If mx has property (F;), we proved that U, V € mx implies
UNV eUlmy). Now (2) follows by induction.

(2) = (3): We have Fp(U((B)) C U (6)) for every € C P(X). Then
(2) implies  p(U(mx)) C UF R(mx)) C UU(mx)) = Uimx).

3) = 4): {0,X} € mx C U@my). Obviously, U(mx) is closed
to arbitrary unions (has property (8)). By (3), U(mx) is closed to finite
intersections.

(4) = (5): By the definition of a base of a given topology, mx is a base
for the topology U(mx).

(5) = (1): Let 7 be a topology on X having myx as a base, i.e. mx C
C 1 CU(my). Suppose that U, V e mxy andx e UNV.Then UNV €7,
therefore U N V is a union of mx-open sets and at least one of these sets
contains the point x. |

LEMMA 3.3. Let X be a nonempty set with a minimal structure mx . Then
the following statements are equivalent:

(1) mx is a base for a topology on X ;

Q) IfAC X and U,V € myx satisty the condition (U N V) Nmx —
— CI(A)#0D, then UN V N A=(.

PROOF. (1) = (2): Let A C X and U, V € myx satisfying the condition
(UNnV)YNnmy — Cl(A)#(). Pick x € (UN V)Nmx — CI(A)#(. According
to Lemma 3.2, mx has property (£1), hence there is W € myx such that
x € WCUNV.Sincex € mx —CI(A), we have WNA#(), by Lemma 2.1,
hence UN VN A=(.

(2) = (1): We assume that (1) is false and we prove that (2) is false. For
eachx € X, denote V(x)={V : V € mx, x € V}. We notice that V*(x) is
nonempty, since X € V*(x).
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By our assumption, there exist two mx-open sets Uy, Vy and xy €
€ Uy N V such that no member of ¥ (xg) is included in Uy N V. For each
W € W(xp) we find a point xyy € W\(UpNVp). Put A = {xy : W € VP(xp)}.
Then A C X\ (UyN Vy). For every W € T(x) we have xyy € WN A, hence
xg € mx —CI(A). We have x € (UyN Vo)Nmx — CI(A), but UyN VyNA = 0.
This shows that (2) is false. |

EXAMPLE 3.2. Let X = {a,b,c} and mx = {0, X,{a,b},{b,c}}. Then
Fr(mx) = mx U {{b}} and U(mx) = mx. It follows by Lemma 3.2 that
myx does not have property (f1). Let A={a,c}. Then b € mx — CI(A). Let
U ={a,b}, V={b,c}. Thenb € (UNV)Nmx —CI(A), but UNVNA=0.

Next we attach to any given minimal structure my on a nonempty
set X another minimal structure Inc(my), defined as follows: we say that
A € Inc(mx) if for every x € A there exists B € mx such that x € B C A.

PROPOSITION 3.1. Inc(my) = U(mx).

PROOF. Inc(mx) C U(mx): Let A € Inc(mx). For every x € A there
exists By € mx such that x € By C A. Then A = [ J{{x} : x € A} C
CU{Bx:x € A} C A hence A=J{By : x € A} € U(myx).

U(my) C Inc(mx): If A € U(my), then A = J{A; : i € I} for some
family {A; : i € I} of mx-open sets. For every x € A there is i(x) € I such
that x € A;(y). This shows that A € Inc(mx). |

COROLLARY 3.1. For every minimal structure myx on X, the minimal
structure Inc(mx) has property (B).

REMARK 3.3. Let (Y, 0) be a topological space. Denote by my = CO(Y)
the family of all clopen subsets of Y (sets which are simultaneously open and
closed in Y'). A subset G of Y is said to be 0 *-open if for each y € G there
exists a clopen set V such thaty € V C G. According to Proposition 3.1,
the family of all 4 *-open subsets of Y is Inc(CO(Y)) = U(CO(Y)). Since
FE(CO(Y)) = CO(Y), the set of all d*-open subsets of Y is a topology,
called the ultra-regularization of o, and denoted by o, [24]. A function
f:(X,mx) — (Y,0) is said to be slightly m-continuous if f:(X,mx) —
— (Y, CO(Y)) is M-continuous (Popa and Noiri [24]). By Applying Propo-
sition 2.1, Lemma 2.3 and Lemma 2.4 it follows that f: (X,mx) — (Y,0)
is slightly m-continuous if and only if f~NG) = mx — Int(f ~1(G)) for
every 0 *-open set G C Y (which is obviously equivalent to the fact that
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f~YK) =mx — Cl(f ~1(K)) for every d*-closed set K C Y). This result is
Theorem 3.1 from (Popa and Noiri [24]).

REMARK 3.4. A set G in a topological space (X, 1) is said to be d-open if
for each x € G, there exists an open Fy-set H such that x € H C G (Kohli
and Singh [12]). It follows, by Proposition 3.1, that the family of d-open
sets is Inc(t N F;(X)) = U(r N Fz(X)) C 7. A function f: X — Y from a
topological space (X,7) into a topological space (Y,7) is D-supercontinuous
if and only if inverse image of every open subset of Y is d-open in X (Kohli
and Singh, Theorem 3.1). Obviously, every D-supercontinuous function is
continuous. Lemma 2.4 shows that f:(X,7) — (Y,7) is D-supercontinuous
if and only if f: (X, N Fy(X)) — (Y,7) is M-continuous. We notice that
Theorems 3.1, 3.2 and 3.3 from (Kohli and Singh [12]) are consequences of
Lemma 2.3, and Theorems 3.6 and 3.10 from (Kohli and Singh [12]) follow
from Corollary 2.2.

We can introduce the notion of quotient minimal structure, a generaliza-
tion of the quotient topology.

Let f: X — Y be a function from a topological space (X,7x) onto
a set Y. The family 7y C P(Y), defined by V € 7y if and only if
(V) € 1y, is a topology on Y, called the quotient topology (induced
by f). It turns out that the quotient topology above is the finest topology 7y
for which f: (X,7x) — (Y,7y) is continuous.

In the case where f: X — Y is a function from a space with minimal
structure (X, mx) onto a set Y, we look for the largest minimal structure my
on Y for which f: (X,mx) — (Y,my) is M-continuous.

DEFINITION 3.2. Let f: X — Y be a function from a space with minimal
structure (X, myx) onto a set Y. The minimal structure mg C P(Y), defined

by V € mg if and only if f~1(V) € U(my) is called the quotient minimal

structure (induced by f) on Y.

REMARK 3.5. Obviously, the family m}O, defined as above is indeed a
minimal structure, which has property (). Furthermore, mg = f(f _l(mg)) C
Cf(Umx)) =U(f(mx)). If mx is a topology, then m}O, is a topology.

THEOREM 3.2. The quotient minimal structure induced by a surjective
functionf: (X,myx) — Y is the largest minimal structuremy on Y for which
f:(X,mx) — (Y,my) is M -continuous.
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PROOF. The M -continuity of f: (X,myx) — (Y,m}Q,) follows by Defini-
tion 3.2 and Lemma 2.4. Let my be a minimal structure on Y, such that
f:(X,mx) — (Y,my) is M-continuous. For every V € my, we have

F~X(V) € UGmx), hence V € m$, by Definition 3.2. 1

THEOREM 3.3. Letf: X — Y be a function from a space with minimal

structure (X, myx) onto a set Y and let mg be the quotient minimal structure

induced by f. Then g: (Y, mg) — (Z,my) is M -continuous if and only if
gof:(X,mx) — (Z,my) is M -continuous.

PROOF. By Theorem 3.2, f:(X,mx) — (Y,mg) is M-continuous. The
necessity follows by Corollary 2.2. Assuming that g o f: (X, mx) — (Z,my)

is M -continuous, for each W € my we have (g of)_l(W) :f_l(g_l(W)) €

€ U(mx), hence g_l(W)emg. |

REMARK 3.6. Let (X,7) be a topological space, my =1 N Fy(X) and
let f: X — Y. The quotient minimal structure induced by f on Y is the
D-quotient topology introduced by Kohli and Singh [12]. In this setting, The-
orem 3.2 and Theorem 3.3 give, respectively, Theorem 4.1 and Theorem 4.2
from [12].

4. Minimal structures on a cartesian product

Let {(Xy,mq) : @ € A} be a family of spaces with minimal structure.
Let X :=[[{ Xy : @ € A} be the cartesian product of the sets X, @ € A. For
each a € A denote by 7y, : X — X, the canonical projection of X onto X.

We consider the families of subsets of X defined by S = {mg "(Uy) :
Uy € mg}, a € A, and S = [J{S¢ : @ € A}. Notice that & is always a
subbase for a topology, since the union of all members of £ is X.

If mg = 74 is a topology on X, for each a € A, then the product
topology on X is the smallest topology 7 on X for which all projections
Ty (X, 1) — (Xg,Tg), @ € A, are continuous. It turns out that the product
topology T on X is the topology generated by <, i.e. T = U(S ().

In the general case, it would be interesting to find the smallest minimal
structure myx on X for which all projections 7, : (X,mx) — (Xy,mg),
a €A, are M -continuous; this condition is satisfied if and only if & C U(mx).
Denote by A the collection of all minimal structures my on X satisfying the
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condition ¥ C U(mx). Unfortunately, a smallest element of (AL, C) need not
exist in general, as the following example shows.

EXAMPLE 4.1. Let A = {a,b}. Let us take X; = A with the minimal
structure my, = P(A), for k = 1,2. Then

S={0,Ax A {a} x A, {b} x A,Ax {a},Ax{b}}.
We consider the following minimal structures on X = Xj X Xj: m;( =Y
and m% = {0, A x A, {(a,a)},{(a,b)}, {(b,a)},{(b,b)}}. Then S C U(m%),
hence m’)‘( € M, for k = 1,2. If (M, C) would have a smallest element m x,

then my C mk N mg( = {0, A x A}, hence U(mx) C {0, A x A}. We notice
that ¥ € U(myx), a contradiction with the assumption mx € J.

In what follows, we will endow X with the topology generated by the
subbase ¢, which is the smallest (coarsest) topology on X for which all
projections are M -continuous.

DEFINITION 4.1. The topology determined by a family {(Xy,mq) : a €
€ A} of spaces with minimal structure, on the cartesian product X := [[{ X :
a € A}, is the smallest topology 7 x for which all projections 7, : (X,7x) —
— (Xg,mg), a € A, are M-continuous.

REMARK 4.1. a) The topology 7x in the definition above is given by
x = U R(S)).

b) We also can say that the projections 7y, : (X,Tx) — (Xg,mg), @ € A,
are (t,m)-continuous. (Popa and Noiri [25]).

DEFINITION 4.2. (Noiri and Popa [19]) A nonempty set X with a minimal
structure my, (X,mx), is said to be m-Hausdorff if for each distinct points
x,y € X, there exist U, V € mx containining x and y, respectively, such
that UNV =0.

The following two properties are natural generalizations of well-know
results on product topological spaces.

THEOREM 4.1. If = {(Xy,my) : a € A} is a family of m-Hausdorft
spaces and Tx is the topology determined by % on X = [[{Xy : a € A},
then the topological space (X,tx) is Hausdorff.

PROOF. Let x and y be distinct points in X. There exists @ € A such that
T (x)Zme(y). Since (Xy,mg) is m-Hausdorff, there exist two disjoint my, -

open sets Uy, Vg, containing 7t (x) and 7, (), respectively. Then z, 1(Ua)
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and m, 1(Va) are disjoint sets in the family &, C & C 1x, containing x
and y respectively. |

THEOREM 4.2. Let ¥ = {(Xu,mg) : a € A} be a family of spaces
with minimal structure and let Tx be the topology determined by ¥ on
X =[[{Xy : @ € A}. Then, for every family of sets {Ay : a € A, Aq C
C Xy} we have

rX—Cl< 11 Aa) C I[ ma-cCuAw).

a€EA a€EA

PROOF. Let x € 7x — Cl( I Aa). Pick an arbitrary § € A. Let us
a€eA

take Uﬁ € mg containing Xg =7 (x). Since nﬁ_ 1(Uﬁ) is in Tx and contains
the point x, it follows by Lemma 2.1 that nﬁ_ 1(U[;) N J] Aq#0, which is

a€eA
equivalent to Ug N Ag # (). We proved that each set of mg containing xg meets

Aﬁ, hence Xp € mg — Cl(Aﬁ), by Lemma 2.1. 1

If mg = 14 is a topology on X, for each ¢ € A, it is known that
the inclusion 7x — CI ( I1 Aa> 2 ][ ma — Cl(Ay) also holds, for every
a€A a€A
family of sets {Ay : @ € A, Ay C X, }. We will establish a necessary
and sufficient condition for the inclusion above, in the general case where
{(Xg, mg) : a € A} is a family of spaces with minimal structure.

THEOREM 4.3. Let = {(Xu,mg) : a € A} be a family of spaces with
m-structure and lett x be the topology determined by  on X = [[{ Xy : @ €
€ A}. The following properties are equivalent:

() tx — cz( I Aa) > [ ma — Cl(Aq) for every family of sets
a€eA a€eA
{Aq 1a €A Ax C Xa };
(2) For each o € A the minimal structure my, is a base for a topology

on Xg.

PROOF. (1) = (2): Fix § € A and let Aﬁ be an arbitrary subset of Xﬁ.
Take Uﬂ, Vﬁ be mg-open sets such that (Uﬁ N Vﬁ )ﬂmﬁ — Cl(Aﬁ);t (. We shall
prove that Uﬁ N Vﬁ ﬂAﬁ # (), which shows, by Lemma 3.3, that mg is a base for



ON M-CONTINUOUS FUNCTIONS AND PRODUCT SPACES 79

a topology on Xg. Put Ay = X, forevery a € A\{B}. Pickag € (Ug N Vg)N
Nmg — Cl(Ag) and aq € X, for each a € A\ {B}. Let a = (aq)qea- Then

a € [] mag — Cl(Az), hence by (1) we have a € Tx — Cl( I Aa). Let
a€A a €A

W = (Ug N Vp) x H Xq. Then W =7 (Uﬁ)mrr "(Vp) e Fp(F) Crx

and W contains a. By Lemma 2.1, we have W N [ Ag#0, which is
a€EA

equivalent to Ug N Vg N Ag =0.

(2)= (1): Let {Ay : @ € A, Ay C X} be a family of sets such that A,
is nonempty for each a € A (if A, is empty for some a € A, then the claim
is obvious). Take x € [[ mg — Cl(Ag), i.e. xq =7y (x) € mg — CI(Ay) for

a €A
each a € A. Let V € 1x containing x. Since 7x = U(Sr(S)), there exists
U e Fp(¥) such that x € U C V. We can write U under the form U =

= H Ug, % [l Xa,wheren > 1, {aj,az,...,an} CA ®=A\{aj,ay,...
k=1 acd
an} and Uy, € Fp(mg,), k = 1,n. We apply the fact that (2) implies,
by Lemma 3.2, that m, has property (f;), for every @ € A. Then for each
k € {1,2,...,n} there exists Wy, € mg, such that xo, € Wy, C Ug,.
Since x¢, € mg, — Cl(Ag,), by Lemma 2.1 we have Wy, N Ag, #0, for

each k € {1,2,...,n}. Define the set P = H(Wa/‘ N Ag) x [[ Xa. Then
k=1 acd

Q);tP:(HWakx HXa)mHAagUﬂHAagVﬂHAa.
aed aEA aEA a€eA

It follows that every 7 x-open set containing x meets A = [][ Ag, hence
a€A

x €tx — Cl(A). 1

In the following, we are concerned with necessary conditions and suffi-
cient conditions for the M -continuity of a function on a space with a minimal
structure into a product space of a family of spaces with minimal structure.

We consider a family of spaces with minimal structure G = {(Yy,mg) :
a € A} and the cartesian product Y :=[[{ Yy : @ € A}. For each a € A we
denote by P, : Y — Y, the canonical projection.

THEOREM 4.4. Let (X,mx) be a space with minimal structure and let
f:X — Y be defined by f(x) = {fu(*)}qer, x € X. If my is a mini-
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mal structure on Y such that f:(X,mx) — (Y,my) is M -continuous and
if Py : (Y,my) — (Yy,mg) is M-continuous for some a € A, then
fo 1 (X,mx) — (Yu,mgy) is M -continuous.

PROOF. We notice that f, = P, of and apply Corollary 2.2. |

COROLLARY 4.1. Let (X,mx), (Y,my) and (X X Y,mxwy) be spaces
with minimal structure and let F: X — Y be a function. If the graph function
g:(X,mx) = (X XY, mxxy), defined by g(x) = (x, F(x)), x € X, and the
canonical projection Py : (X x Y, mx«y) — (Y,my) are M -continuous,
then F: (X,mx) — (Y,my) is M -continuous.

PROOF. We apply Theorem 4.4 in the following context: A = {1,2},
Y1 =X, YLr,=Y,Y =Y X Y, m :=mx, my :=my, my :=mxxy,
fix)=x, fr(x)=F(x) forevery x € X, f:=g and P, = P,. |

THEOREM 4.5. Let (X, myx) be a space with minimal structure. Let g =
= {(Yy,mg) : @ € A} be a family of spaces with minimal structure and let

Ty be the topology determined by FonY. Let f: X — Y be defined by
fO) ={fa®}tzen. x € X.

a) If f:(X,mx) — (Y,ty) is M-continuous, then f, : (X,mx) —
— (Y, mg) is M -continuous for each a € A;

b) If f,, is M -continuous for eacha € A and mx is a base for a topology
on X, then f is M -continuous.

PROOF. a) This follows by Theorem 4.4, since, by the definition of 7y,
the projection P, : (Y,7y) — (Yg,mgy) is M-continuous for each a € A.

b) Assume that myx is a base for a topology on X. Let V € . There
exists @ € A and U, € mg such that V = Pgl(Ua). Then f_l(V) =
= (Py Of)_l(Ua) = fa_](Ua)- Since fo : (Y,my) — (Yg,mq) is M-
continuous, it follows that f~1(V) € U(mx). Then f~1(¥) C U(mx),
hence f 1 (Fp(¥)) = Fp(f (&) C Fp(l(mx)). By our assumption and
by Lemma 2.1, $p(U(my)) C U(mx). Then f~Lryx) = f L UFRF))) =
= UF~ Y FR)) € UUGmy)) = U(mx). By Lemma 2.4, it follows that
f:(X,my) — (Y,Ty) is M-continuous. ]

THEOREM 4.6. Let (X,mx) be a space with minimal structure.

Assume that for every family & of two spaces with minimal structure,
F ={(Y1,m),(Yp,my)} which determines on' Y = Y| X Y, a topology Ty,
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and for every function f: (X,mx) — (Y,ty), f = (fi,f2), the M -continuity
of f| and f, implies the M -continuity of f. Then mx is a base for a topology
on X.

PROOF. Let us take Y] = Y, = X and my = my = mx. For k = 1,2,
let f; be the identity mapping of X. Obviuously, f; : (X,mx) — (Y, m;)
is M -continuous. Then the function f: (X,mx) — (Y, Ty) defined by f(x) =
= (fi(x),fo(x)) = (x,x), is M-continuous. Take U, V € mx such that U NV
is nonempty. We will prove that U NV € U(my). Then we obtain by
induction that f z(mx) C U(mx), hence mx is a base for a topology on X,

by Lemma 3.2. We have (UN V) x X = P (U)NP; (V) € Fp(F) C 1y

Since f is M -continuous, this yields that UN V :f_l((Uﬂ V) x X) belongs
to U(mx). 1

In the following result, we consider two families of spaces with minimal

structure with the same set of indices ¥ = {(Xy,mq) : @ € A} and g =
={(Yg,my) :a € A}. Let X :=[[{Xy :a € A} (resp. Y :=[[{Yy : a €
€ A}) be endowed with a minimal structure mx (resp. my). For each a € A,
denote by m, : X — Xy, Py : Y — Y, the canonical projections.

THEOREM 4.7. Assume that, for some f§ € A, g (X,mx) — (Xﬁ,mﬁ)
is almost M -open and Pﬁ : (Y,omy) — (Yﬁ,ﬁﬁ) is M -continuous. Let
f:X — Y be a product function, defined by f({xq }aecn) = {fua)}aens
for each {xq}qepn € X. Iff:(X,mx) — (Y,my) is M-continuous, then
Ip + (Xg,mg) — (Yﬁ,iﬁﬂ) is M -continuous.

PROOF. We notice that, for each @ € A, we have fy, oy = Py o f and
o (g 1(Aa)) = Ay whenever A, C X,. Let Vﬁ € ﬁfzﬁ. In order to prove
that fﬁ : (Xﬂ,mﬂ) — (Yﬂ, rﬁﬁ) is M -continuous, it is necessary and sufficient
to check that fﬁ_l(Vﬁ) € U(mﬁ), according to Lemma 2.4.

Since Pﬁ (Y,my) — (Yﬁ,nNiﬂ) is M -continuous, Pﬁ_l(Vﬁ) € Ulmy)
by Lemma 2.4. The M-continuity of f:(X,mx) — (Y,my) implies, ac-
cording to Proposition 2.1, f_l(Pﬁ_l(Vﬂ)) € U(my). But f_l(Pﬁ_l(Vﬁ)) =
= Jrﬁ_l(fﬂ_l(vﬁ)), hence fﬁ_l(Vﬁ) = ﬂﬁ(f_l(Pﬂ_l(Vﬁ))) € Jrﬁ(?,((mx)) =
U(mg (mx)).
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Since g - X,mx) — (Xﬂ,mﬂ) is almost M-open, we have g (mx) C
C U(mg), by Lemma 2.5. It follows that fﬁ_l(Vﬁ) € UU(mg)) = U(mg). 1

5. Some types of minimal structures on a cartesian product

Now we give some applications to the results from the preceding section.
We will pay attention to some minimal structures which can be defined on a
topological space (X, 1), namely GO7(X) and T N F;(X).

THEOREM 5.1. Let {(Xy4,7¢) : @ € A} be a family of topological spaces
with the product space denoted by (X,t). Let T be a finite composition of
operators Int and Cl. Then each canonical projection iy : (X, GOp(X)) —
— (Xy, GO7(Xy)) is M -continuous and M -open.

PROOF. It is well-known that each projection 7y : (X,7) — (Xg,Tq) iS
continuous and open. The claim follows by Theorem 3.1. |

COROLLARY 5.1. Let Aq € Xy, a € A. Then na_l(Aa) € GOr(X) if
and only if Aq € GOT(Xy).

PROOF. The necessity follows by the M-openness of
T 1 (X, GOT(X)) — (Xo, GOT(X)),

since Ag = g (Mg 1(Aa)). The sufficiency follows by the M -continuity of
7o (X, GOp(X)) — (Xg, GO7(Xy)), using Lemma 2.4 and taking into
account that GO7(X) has property (8), according to Lemma 3.1. |

In the setting of Theorem 5.1, we give a generalization of Corollary 5.1
which unifies many known results.

THEOREM 5.2. Letn > 1, «ay, ay, ..., ¢ € A and Aak C Xy »
n
k€ {1,2,....n}. ) 75 (Agy) € GOp(X) if and only if Aq, € GOT(Xy,)
k=1
for eachk € {1,2,...,n}.
n
PROOF. Denote A = (| ' (A ) = Agy X Agy X =+ X Agy x ] Xp.
k=1

B=ag

NECESSITY. For every a € {a,a7,...,a,} we have my(A) = Ay, and
the necessity follows by M-openness of 7, .
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SUFFICIENCY. Tt is known that cz( N7 L(Myy) = ﬂ 7o (CUMy, )

n

and Int( N Ty (Mak)) =N n(;k (Int(Mg, )) whenever. n > 1, aj,ay,...
k=1

ap € Aand My, C Xg, k € {1,2,...,n}. The first equality above

is a particular case of CI ( I1 Ma) = [] Cl(Mg). The second equality
a€eA a€A

n
follows if we notice that () Jrofkl (Int(Mg,,)) is an open set in X, contained
k=1

n n n

in () 75 (Mg, that is () 75! (M) € Int( () 7z, (May)), and for
k=1 k:l k:l

every j € {1,2,...,n} we have

e, (Im(ﬂ xg Mak)>> c Int(ﬂa (ﬂ 7 (M, ))) = Ini(M ),

k=1 k=1

N

whence

Im(ﬂ e (M, )) C () e (Int(Mys) ).
k=1 j=1

We conclude that T( m g (Mak)> ﬂ 7 (T(Mg, ) whenever. n > 1,

A1,00,...,0n €A and Mak C Xak’ k G {1,2,...,]1}. If Aak € GOT(Xak)
for each k € {1,2,...,n}, then

ﬂn (Agy) C ﬂn (T(Aq,)) = (ﬂn "Aap)),

k=1

n
whence () .Tlfa_kl (Ag,) € GOr(X). This proves the sufficiency part. ]
k=1

COROLLARY 5.2. Letn > 1, ay, a3, ..., ¢y € A and Aak C Xu»

ke€{1,2,...,n}. Then ﬂ Ty (Aak) is semi-open (resp. preopen, ¢ -open,
k_

B -open) if and only if the sets Ag,, k € {1,2,...,n}, are semi-open (resp.

preopen, ¢ -open, f3-open).
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REMARK 5.1. Corollary 5.2 shows that Theorem 5.2 generalizes Lemma
5.1 from (El-Deeb et al. [10]), Lemma 3.1 from (Chae et al. [8]) and a result
from (Noiri [17]).

THEOREM 5.3. Let (X, 1) be a topological space and let {(Yy,T¢q) : @ €
€ A} be a family of topological spaces with its product space (Y,T). Let

T and T be two finite compositions of operators Int and Cl. Let f: X —
— Y be defined by f(x) = {fa(®*)}gen, x € X. If f:(X,GOr(X)) —

(Y, GO%( Y)) is M -continuous, then fy, : (X, GOp(X)) — (Yq, GOfT( Ys))

1s M -continuous for each o € A.

PROOF. Let @ € A. By Theorem 5.1, the canonical projection P, :
(Y,GOr(Y)) — (Yg, GO%( Yy)) is M-continuous. Then we can apply

Theorem 4.4 with mx = GO(T), my = GO%(Y) and Mg = GO?(Ya). ]

COROLLARY 5.3. Let X and Y be two topological spaces and let F: X —
Y. If the graph function g: (X, GOp(X)) — (X X Y, GO%(X X Y)) defined

by g(x) = (x,F(x)), x € X, is M-continuous, then F: (X, GOr(X)) —
— (Y, G%( Y)) is M -continuous.

THEOREM 5.4. Let {(Xy,T0) : @ € A} and {(Yq,7q) : @ € A} be
two families of topological spaces with the same set of indices. Let (X,T1),

respectively (Y,T), be the corresponding product spaces. Let T and T be
two finite compositions of operators Int and Cl. Letf: X — Y be a product
function defined by f ({xq }qen) = {fa 0a) }aen, for each {xq }qen € X.

Iff: (X, GOr(X)) — (Y, GO%( Y)) is M -continuous, then
fa: (Xa, GOT(Xe)) — (Ya, GOz(Ye))
1s M -continuous for each o € A.

PROOF. Let ¢ € A. Denote by my : X — Xy and Py : Y — Y,
a € A, the canonical projections. By Theorem 5.1, 7, : (X, GOp(X)) —
— (Xy, GO7(Xy)) is M-open and P, : (Y, GOfT( Y)) — (Yg, GO%( Yy)) is
M -continuous. Then we can apply Theorem 4.7 with f =, mxy = GOp(X),
my = GOf(Y), mg = GO7(Xy) and mgy = GOf(Ya). |

COROLLARY 5.4. f: (X, GO1(X)) — (Y,7) is M -continuous if and only
iffy : (Xy, GOP(Xy)) — (Yy,Ty) is M -continuous for each a € A.
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PROOF. Let us take in the statement of Theorem 5.4: T = Int, i.e.

G%(Y) =7 and GO?(Ya) =1,.
NECESSITY. It follows from Theorem 5.4.

n

SUFFICIENCY. Let V be a basic open set in Y, thatis V = [] Va; %
Jj=1

x ] Ya,wheren > 1, {aj cj=1,...,n} CA, and Vaj is an open set in

a;éaj

n
Xaj for eachj € {1,...,n}.Wehavef_1(V): Hfa;l(Vaj)x Il X..By
o

J a#aj

our assumption, fajl(Vaj) € GOT(Xaj) for each j € {1,...,n}. It follows
that f “Lvy e GO7(X), by Theorem 5.2. Let W be an arbitrary open set
in Y. Then there exist a family {V; : i € I} of basic open sets in Y such

that W = |J V;. Then f~1(W) = J f~1(V;) € W(GOF(X))(= GOr(X)).
iel iel
It follows that f: (X, GO7(X)) — (Y,7) is M-continuous. ]

REMARK 5.2. Let X and Y be two topological spaces.

1) Let T and T be two finite compositions of operators /nt and Cl. An
M -continuous function f: (X, GOp(X)) — (Y, GO%( Y)) is called:

i) strongly a-continuous if T = Int ClInt and T =ClInt (Beceren, [3]);

ii) semi—c -irresolute if T = ClInt and T = Int ClInt (Beceren, [4]);

iii) almost a-irresolute if T = CI Int Cl and T = IntClInt (Beceren, [5]);

iv) a-precontinuous if T = Int Cl and T = Int ClInt (Beceren, [6]);

v) a-preirresolute (resp. f-preirresolute) if T = IntClint (resp. T =
= ClInt Cl) and T =IntCl (Beceren and Noiri, [7]).

This observation shows that:

a) Proposition 4.3 generalizes Theorems 3.3 from [3], [4], [5], [6] and
Theorem 4.3 from [7].

b) Corollary 4.3 generalizes Theorems 3.2 from [3], [4], [5], [6] and
Theorem 4.2 from [7].

c¢) Proposition 4.4 generalizes Theorems 3.4 from[3], [4], [5], [6] and
Theorem 4.4 from [7].
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2) Let (X,7) and (Y,7) be topological spaces. A function f: X — Y
is said to be H-almost continuous at x € X if for each open set V C Y
containing f(x), the closure of f _I(V) is a neighborhood of x. A function
f: X — Y is said to be H-almost continuous if it is H-almost continuous at
every point x € X. f: X — Y is H-almost continuous if and only if M-
continuous function f: (X, PO(X)) — (Y,7) is M-continuous, by Theorem 1
from (Popa [20]).

Theorem 5.3 generalizes Theorem 6 from (Anderson and Jensen [1]).
Corollary 5.4 generalizes Theorem 5 from (Popa [20]).

Now we show that some results from the preceding section generalize
known results concerning D-continuous functions and D-supercontinuous
functions (see Remark 2.2 and Remark 3.4).

COROLLARY 5.5. (Kohli [11], Theorem 2.10]) Let {(Yq,Ts) : @ € A}
be a family of topological spaces with the product space denoted by (Y,T),
and let (X,t) be a topological space. If a function f: X — Y, defined by
f@x) = {fa®)}qen. x € X, is D-continuous, then fy is D-continuous for
eacha € A.

PROOF. The function f: (X,7) — (Y,7 N F;(Y)) is M-continuous by our
assumption. Let @ € A. The canonical projection Py : (Y,T) — (Yq,Tq) is
continuous, hence Py : (Y,TNF;(Y)) — (Yg,Tq NFy(Yy)) is M-continuous
(see Example 2.1). It follows by Theorem 4.4 that f, : (X,7) — (Yg,Tg N
N F5(Yy)) is M-continuous. ]

COROLLARY 5.6. (Kohli [11], Theorem 2.4) Let (X,t) and (Y,T) be
topological spaces and let F: X — Y. If the graph functiong: X — X X Y
1s D-continuous, then F is D-continuous.

COROLLARY 5.7. (Kohli [11], Theorem 2.9) Let {(Xy,7¢) : @ € A} and
{(Ya,Tg) : @ € A} be two families of topological spaces with the same set of
indices. Let (X,1), respectively (Y,T), be the corresponding product spaces.
Letf: X — Y be a product function defined by f ({xq }o.en) = {fu a) }aens

for each {xq }qen € X. Iff is D-continuous, then each fy is D-continuous.

PROOF. The function f:(X,7) — (Y,7 N F;(Y)) is M-continuous by
our assumption. Let ¢ € A. Denote by my, : X — Xy and Py, : Y — Y,
a € A, the canonical projections. Since 7, is open and Py, : (Y,TNFz(Y)) —
— (Yy,Ta NFy(Yy)) is M-continuous, we can apply Theorem 4.7. It follows
that fy, : (Xy,7¢) — (Yg,Tq N F3(Yy)) is M-continuous. ]
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COROLLARY 5.8. (Kohli and Singh [12], Theorem 3.8) Let {(Yy,7y) :
a € A} be a family of topological spaces with the product space denoted
by (Y,7), and let (X,t) be a topological space. If a function f:X — Y,
defined by f(x) = {fu(x)}qen, x € X, is D-supercontinuous, then f is
D-supercontinuous for each a € A.

PROOF. Since f:(X,t N Fy(X)) — (Y,7) is M-continuous and P, :
(Y,T) — (Yg,Tg) is continuous, it follows that f, : (X,7 N Fz(X)) —
— (Yy,Tq) is M-continuous. 1

A topological space (X,7) is said to be D-regular if it has a base con-
sisting of open Fy-sets (Kohli [11], Kohli and Singh [12]); this means that
T C U N F;(X)). It is easy to see that every continuous function on a
D-regular space is D-supercontinuous. |

COROLLARY 5.9. (Kohli and Singh [12], Theorem 3.9) Let (X,t) and
(Y,T) be topological spaces and let F: X — Y. Then the graph function
g: X — X x Y is D-supercontinuous if and only if F is D-supercontinuous
and X is D-regular.

PROOF. NECESSITY. Since g: X — X X Y is D-supercontinuous and
F = Pyog, where P, : X — X x Y is the canonical projection, F is
D-supercontinuous, by Corollary 5.8. Let U € 7. Then U X Y is open in
X X Y, hence U = g_l(U x Y) € U(r N Fy(X)), by Lemma 2.4. We have
proven that 7 C U(r N F;(X)), hence X is D-regular.

SUFFICIENCY. Since X is D-regular by our assumption, it suffices to

prove that g is continuous, i.e. ¢ N W) € v whenever W C X x Y is
an open set. There exist some families of open sets, {U; : i €} C 7 and
{V;:i eI} Ct,suchthat W =J{U; x V; :i € I}. Since F is continuous,
F~ (V) et foreveryi € I. Then g~ (W) =J{g (U x V) :i €I} =
=J{UnF(Vp):iel}er. |
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EXTREMALLY DISCONNECTED GENERALIZED TOPOLOGIES
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AKOS CSASZAR*
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1. Introduction

According to [6], a generalized topology on a set X is a subset u of the
power set exp X of X such that () € 4 and an arbitrary union of elements of u
belongs to u. For the sake of brevity, generalized topology will be abbreviated
by GT. The elements of the GT u will be called u-open, their complements
u-closed.

If X € u then the GT u will be called a szrong GT. Of course, a topology
is a strong GT such that the intersection of two u-open sets is always u-open.

According to [9], if u is a GT on X and A C X, then
(1) iwA=J{Meu:Mc A}

is a mapping iy : exp X — exp X such that it is monotone, idempotent and
restricting, where y:exp X — exp X is said to be monotone iff AC B C X
implies yA C yB, idempotent iff yyA = yA for A C X, restricting iff
yAC Afor AC X.

Similarly, if
) cud={N:ACN,X—-Neu},

then ¢, is again monotone and idempotent, but enlarging, where y:exp X —
— exp X is said to be enlarging iff A CyA for A C X. Further each of iy
and ¢, determines the other one as A C X implies

3) cuA=X —iy(X — A.

* Research supported by Hungarian Foundation for Scientific Research, grant No. T 032042.



92 AKOS CSASZAR

If u is a topology then clearly iy, A = int(A) and ¢, A = cl(A) for A C X.

Clearly each set iy A is u-open and ¢y A is u-closed.

It is well-known that, in the literature, a topological space or a topology
is called extremally disconnected (briefly EDC) iff the closure of an open set
is always open. Similarly, we shall say that a GT u is EDC iff ¢, A € u
whenever A € u.

In the following, we shall present some interesting examples of EDC
GT’s.

2. Extremal disconnectedness of o, 0,7,

Let us denote by I the collection of all monotone mappingsy : exp X —
— expX. By [4], if y € T, the sets A satisfying A C v A constitute a GT,
denoted by 4. The elements of A, are said to be (4,-open or) y-open, their
complements (4, -closed or) y-closed.

By [4], 1.8, a set A is y-closed iff A D y* A, where
4) VA=X —y(X-A) (ACX)

is the conjugate of y; clearly y € T" implies y* € T" and (y*)* =y.

If y,y’ € T, we write for the sake of brevity yy’ instead of y oy’. Clearly
oy =y @)

We recall that, in [9], some operations were generalized for arbitrary
GT’s. More precisely, if u is a GT on X, we define GT’s a(u) = 4

O(Jl’t) :}’Clul.lu’ n(dl’t) :liluc/p ﬂ(dl’t) :}'Cﬂl.ﬂ(,‘ﬂ .

In the literature, in the case when u is a topology, the elements of
a(u) are called a-open [12], those of o(u) semi-open [10], those of 7 (u)
preopen [11], those of B (u) B-open [1].

In the following, if u is a fixed GT, we shall simply write «,0,7,
instead of a(u),o(u), (), ). Moreover, we write ¢ for iy and k for ¢y .

iMC/,t iM ’

We recall the inclusions
®) uca Co Cp, a Cm Cp.
(See [9], 2.1.)

THEOREM 2.1 For an arbitrary GT u on X, ify € T is monotone and
enlarging thenv = Ag,y is EDC.
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PROOF. For A C X, A € u impliestA=A C yA, hence tA € u and
tA CyAsothatiA CtyA. Therefore, for A € u, we have A=1A Ci1yA C
C ktyA. We obtain u C v = Ag,y, consequently the u-closed set K1y A is
v-closed. If A is v-open then A C kty A and the latter is v-closed, hence
cyA CkiyAand A C cy A CKkLyA C kitycyA so that ¢y A € v as stated. 1

THEOREM 2.2 For an arbitrary GT u on X, the GT’s 0 and 3 are EDC.
PROOF. We apply 2.1 for y = id and y = «, respectively. |

It is interesting to observe that @ and z need not be EDC even if u is a
topology. Consider X = IR and let u be the usual (Euclidean) topology on R.
Then A = (0, 1) is open, hence a-open and z-open by (5). The set [0, 1] is
closed, hence a-closed and m-closed, and, more precisely, [0,1] = co A =
= cp A; in fact, the sets [0, 1) and (0, 1] are not z-closed as e.g. ¢, iy [0, 1) =
= [0, 1] is not contained in [0, 1). Consequently these sets are not & -closed
either. Now [0, 1] is not 77-open (hence not «-open) since iy ¢, [0, 1] = (0, 1).

3. Unions and intersections of monotone mappings

In order to obtain a further interesting example of EDC GT’s, we need
some preparatory work.

Let again I" be the collection of monotone mappings on exp X and [ a
non-empty index set. Suppose y; € I' fori € I. Let us define ¢ : exp X —
—expX and ¥ :exp X — exp X by

3.1) pA=|JrA
iel

and

(3.2) pA=[)rA
iel

for A C X.

PROPOSITION 3.1 Both ¢ andi belong toT.
PROOF. If A C B C X, clearly y; A C ;B for each i € I so that
pA=JyviAc|JyiB=¢B

and

wA=(\riAC()7iB=vB. 1
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We write simply

(3.3) o=Ur. v=_v

iel iel
THEOREM 3.2 With the notation (3.3),
o =" v =Jo"
iel iel
PROOF. p* A= X—p(X — A) = X—pi(X—A) = (X —y;(X — A)) =

= [(y;)* A. The second equality is proved similarly (we interchange the roles
of U and N). |

4. i-friendly mappings

Let us consider again a set X and the corresponding collection I" of
monotone mappings. The paper [5] shows that many elements y € T" have
the property

4.1) WA=ANyA (ACX, u=»A.).
By [5] 1.1, (4.1) holds iff ANy A is y-open. Let us say thaty € I' is i-friendly
iff (4.1) is satisfied, i.e. iff ANy A is y-open for every A C X.

Observe that, if y is i-friendly, then by [5], 3.1, ¢, A = AUy*A for
ACXandu =4,.

According to [5], if u is a topology, each of the mappings cy iy, iucu,
Iy Cuiy, cuiycy is i-friendly. This is not always true if, more generally, u is
a GT. E.g. Example [9], 3.2 shows that there exists a GT u for whichy =1i,cy
does not fulfil (4.1). However, the following general statement is valid:

THEOREM 4.1 For an arbitrary GT u, the mapping cy iy Is i -friendly.

PROOF. By using again the notation i, =, ¢, =k, we have, for A C X,
I(ANktA) CIAC ANktAsothattA € u impliestA C i(ANktA) and
t(ANktA)=1A. Hence ki(ANktA)=ktAD ANkiLA. ]

As (kt)* =ik, in general, y can be i-friendly without y* being i-friendly
([91, 3.2).

The papers [5] and [8] contain some sufficient conditions for ay € T’
being i-friendly. Let us consider a further such condition:
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THEOREM 4.2 Ify; is i-friendly fori € I then ¢ =|J;c;y; is i-friendly.

PROOF. For A C X, we have ANpA = AnUy;A =UJANy;A) C
CUyi(Any;A) Cc Jyi(AnpA) =p(ANgpA). i

5. Another EDC GT

Now we can prove a statement furnishing further examples of EDC GT’s.

THEOREM 5.1 Lety € T be such that bothy andy* are i-friendly. Then
the GT Ay is EDC where p =y Uy*.

PROOF.By 3.1 p € . Asby 32" =y Uy™)* =y*n((»))* =y* Ny,
we have cyA = AU (yANy*A) for A C X because ¢ is i-friendly by 4.2.
Now if A C ¢ A then clearly cy A CYAUY*A Cycy AUy cpA=pcpA. I

COROLLARY 5.2 Ifu is a topology and { A = cyiy AUiycy A for A C X
then Ay is EDC.

PROOF. Let y A = ¢y iy A and apply 5.1. |

The statement 5.2 is contained in [13], Theorem 3.1. The {-open sets are
called b-open in [3].

6. Connected EDC GT’s

Let us recall that, according to [7], a GT u (or the space (X,u)) is said
to be connected iff X = MUN, MNN =0, M,N € u imply M = ) or
N = 0.

If the GT u is EDC then the connectedness of u can be very easily
characterized:

THEOREM 6.1. An EDC GT u is connected iff M,N € u, M#0, N=()
implies M N N #().

PROOF. The condition is clearly sufficient, even if the GT u is not EDC.
Conversely, if we assume the existence of M, N € u such that M= ()= N and
MNN=0then0=M C ¢, M C X - N=#X and ¢, M € u since u is EDC,
so that X = ¢, M U (X — ¢, M), the members are nonempty and disjoint and
both belong to u: u is not connected. Therefore the condition is sufficient. [

A particular case of 6.1 is contained in [2].
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GY. KISS* and J. RUFF!
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1. Introduction

Let IT be a projective plane of order q. A semioval in Il is a non-empty
pointset S with the property that for every point in S there exists a unique
line tp such that S Ntp = {P}. This line is called the tangent to S at P.
The classical examples of semiovals arise from polarities (ovals and unitals),
and from the theory of blocking sets (the vertexless triangle). The study of
semiovals is motivated by their applications to cryptography [1].

It is known that ¢ + 1 < |S| < ¢./g + | and both bounds are sharp
[14], [9]. A semioval is said to be regular with character a if all nontangent
lines intersect .S in either O or a points. Regular semiovals were studied by
Blokhuis and Szényi [4], and Géics [7], who proved that in PG(2,q) each
regular semioval is either an oval or a unital.

Semiovals with large collinear subsets were investigated by Dover [6].
He proved the following properties of the semioval S

e |SN¢| < g —1 forany line ¢ of I
e If S has a (¢ — 1)-secant, then 2¢g — 2 < |S| < 3¢g — 3.

e If S has more than one (¢ — 1)-secant, then S can be obtained from a
vertexless triangle by removing some subset of points from one side.

* The research was supported by the Hungarian National Foundation for Scientific Re-
search, Grant Nos. T 043556 and T 043758, and by the Slovenian-Hungarian Intergovernmen-
tal Scientific and Technological Cooperation Project, Grant No. SLO-1/03.

T The research was supported by the Hungarian National Foundation for Scientific Re-
search, Grant No. T 043758, and by the Slovenian-Hungarian Intergovernmental Scientific and
Technological Cooperation Project, Grant No. SLO-1/03.
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There are several results about sets which are contained in the union of
three lines and have some other properties. For example Cameron [5] and
Szbényi [13] gave complete description of minimal blocking sets of this type.

The aim of this paper is to characterize the semiovals which are contained
in the union of at most three lines. We will use the following notation
throughout this note: Il is a projective plane of order g, S is a semioval in I,
if Q is a point of S then 7 is the unique tangent to S at Q, P is the pencil
of lines with carrier Q, ¢}, ¢, and ¢3 are the three lines whose union contains
S, Li=8n¢ fori=1,2,3,and P, = €, N ¢; where {i,j,k}={1,2,3}.

2. Preliminaries

For g = 2 it is not hard to show that each semioval consists of three
non-collinear points. Hence from now on we may assume that g > 2. It
follows from the definition that a semioval could not be contained in one
line. Suppose now that S is contained in the union of two lines, ¢ and 5.
Among the elements of P py there exist (¢ +1) — 2 = g — 1 lines which are
tangent to S at Pz, so if ¢ > 2 then P; ¢ S. Let us choose an arbitrary
point Q € L;. Then g — 1 out of the g lines of P \ ¢; must intersect ¢,
hence |L,| = ¢ — 1, and because of the symmetry |[Li| =g — 1. If Q; € ¢
are arbitrary points (i = 1,2), then the pointset ¢; U ¢, \ {P,Q;, &} is a
semioval, because for each R; € S the unique tangent g, is the line R; Q;

where {i,j} = {1,2}. Hence we proved the following:

PROPOSITION 2.1. Let S be a semioval in a projective plane of order
g > 2. IfS is contained in the union of two lines €| and ¢», then | S| =2(q—1)
and S = O, U O\ {61 N6, Q1, Q) where Q; € ¢; fori =1,2. |

If S is contained in the union of three lines, then there are much better
bounds on the size of S than the general ones.

PROPOSITION 2.2. Let S be a semioval in a projective plane 11 of order
q. If S is contained in the union of three lines then

W=D <151 <3 -1,

PROOF. We may assume that g > 4 because if ¢ < 4, then the bounds
of Hubaut are sharper than the bounds of our proposition. The upper bound
is a trivial consequence of a theorem of Dover [6]. He proved that if S is a
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semioval in a projective plane Il of order ¢ > 3 and ¢ is any line of II then
|ISN€| <q-1.

In the case of the lower bound we distinguish two possibilities. If €}, >
and ¢3 are concurrent, then their point of intersection Pj(= P, = P3) does
not belong to S, because P| € S would imply that there were (g + 1) —
— 3 > 2 tangents to .S at P;. Let now Q € L; be any point of S. Among
the g + 1 lines of P there are two exeptional ones, o and ¢}, each of the

remaining g — 1 lines meets either L; or L where {i,j,k} = {1,2,3}. Thus
|Lj| +|L| > g — 1. This holds for all the three possible pairs (j, k), hence
|Li| +|Lo| +[L3] = 3(g — 1)/2.

If ¢1,¢, and ¢35 form a triangle, and P, ¢ S then the same argument
shows that |L; |+ |L| > g — 1. If P; € S then |L;| > g — 2, because among
the lines of P P there is only one, ip;, which does not contain some other
points of S. Let Q € L; be an arbitrary point. Now we get |L;[+|L| > g —2.
Hence in both cases |L;| + |L;| + L | > 3(q — 1)/2. 1

In the rest of the paper semiovals in PG(2, g) which are contained in the
union of three lines are studied. We assume that S is not contained in the
union of two lines, thus L; \ {P;, P} #0 for {i,j,k} = {1,2,3}. In Section 3
a complete classification is given when the lines form a triangle. We prove
that each semioval belongs to one of the following three classes.

1. S has a (g — 2)-secant and two (¢ + 1)-secants for a suitable t. A semioval
in this class exists if and only if g =4 and ¢t =1,g =8 and ¢t =4 or

g =32 and t = 26.

2. S has two (¢ — 1)-secants and a k-secant. Semiovals in this class exist
forall 1 <k <gq.
3. S has three (¢ — 1 — d)-secants. Semiovals in this class exist if and only

ifdl(g — 1).

In Section 4 some results are given when the lines are concurrent.

3. Semiovals contained in the sides of a triangle

We show that if ¢}, ¢, and ¢3 form a triangle, then S belongs to one of
classes 1-3 of semiovals on the list at the end of the previous section.

PROPOSITION 3.1. S contains at most one point from the set { Py, P>, P3}.
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PROOF. If P, € S then |Li \ {F;,PkH =g — 2. Thus {Pl,Pz,P3} cS
implies |L;| = g, contradicting to the previously cited theorem of Dover.
Suppose now that P;,P, € S and Py ¢ S. Then |L{| = |L,| = g — 1. Let
E; (i = 1,2) be the unique point of ¢ which is not in L; and different from
P;. For each A € L; t4 must be the line AE,, hence AE, N ¢3 ¢ S, so L3
contains exactly three points: P, P, and E| E, N ¢3 = E3. But at Ej there are
two distinct tangents to S, the lines E3 Py and E3 E|. This contradiction proves
the statement. |

THEOREM 3.2. A semioval in PG(2,q) which is contained in the sides of
a triangle and which contains one vertex of this triangle has a (q¢ — 2)-secant
and two (t + 1)-secants where t is a suitable integer. This type of semiovals
exists if and only ifq =4 andt =1,q =8 andt =4 or g =32 andt = 26.

PrROOF. If S contains P;3 then Proposition 3.1 implies that neither P;
nor P, are in S and |L3| = ¢ — 2. Hence there exists a point Q such that
3\ Ly = { Py, P3, Q}. Let us choose the system of reference such that

Py =(1,0,0), P=(0,1,0), P=(0,01), Q=(,1,0).
Let
Ay ={a € GF*(q): (a,0,1) € S}
and
Ay ={a € GF*(q): (0,—a,l) € S}.

First we show that A; = Ay. If R € L; is an arbitrary point (i = 1,2) then tp
is the line RP; hence RQ contains at least two — and so exactly two — points
of S. But the points Q = (1,1,0), (a,0,1) and (0, —a, 1) are collinear. Thus
(a,0,1) € S if and only if (0, —a, 1) € S. Let now ¢ = |A{| = |A3].

If 1#m € GF*(q) then M = (m,1,0) € L3 C S. Consider the elements
of Pps. The line ¢5 is a (g — 2)-secant of S, 1) is a tangent, each of the
remaining ¢ — 1 lines is either a 2-secant or a 3-secant of S. Each 2-secant
contains one point of L; U L, while each 3-secant contains one point of L,
and one point of L,. The cardinality of L; U L, is 2t + 1, so if the number
of 3-secants is A, then 24 + (¢ — 1 — 1) = 2t + 1. Hence there are exactly
A =2t+2— g 3-secants of S in P,.

A 3-secant contains the points (b, 0, 1), (0, —c, 1) and (m, 1, 0) if and only
if m = b/c. Hence S is a semioval if and only if for all 1zm € GF*(q)

there exist exactly A = 2f + 2 — g pairs of elements (b,c) of A} x A; for
which m = b/c hold. This means that A; is a difference set in GF*(g) with
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parameters v = g — 1,k =t,A = 2t +2 — q. For the basic facts about difference
sets we refer to the survey of Baumert [2].

If a (v, k,A)-difference set exists, then its parameters satisfy the equation
k(k — 1) = (v — 1)A, hence in our case
tt—1)=(@q—2)2t+2 —q).

Solving this equation and using ¢ < g we get the parameters of the difference
set:

3++/4g — 7
v=g — 1, k=q—++, A=q—1—+/4q — 1.

Thus if n = k — A then

4g-7-2/A=T+1 Ag—T-1
4 2

nZen+l=

+1=qg -1,

so the difference set is a planar one.

If g is odd then 4g — 7 = 5 (mod 8), hence 4g — 7 is not a square. Thus
this type of difference set does not exist for g odd. So semiovals belonging to
this class could exist only for g even. If g is even then 4g —7 is a square if and

only if 4¢ = 2" and the diophantine equation 2" = x2 +7 has a solution. This
equation was solved by Nagell [11]. He proved that there are five solutions,
namely the pairs (r,x) = (3, 1), (4,3), (5,8), (7,11), and (15, 181).

If r = 3 then g = 2, contrary to our assumption g > 2. If r = 4 then
g =4 and A = 0, so there is no three-secant, the semioval contains five points,
it is an oval. If r = 5 then ¢ = 8 and the difference set has parameters
v =7,k =4 and A1 = 2. A difference set with these parameters exists, this
is the complementary difference set of the well-known (7, 3, 1)-difference set
belonging to the Fano plane. The corresponding semioval in PG(2, 8) consists
of 15 points, it has two 5-secants and one 6-secant. If r =7 then ¢ = 32 and
the difference set has parameters v = 31, k = 25 and 4 = 20. Such difference
set exists, this is the complementary difference set of the (31, 6, 1)-difference
set which belongs to the projective plane of order g = 5. Hence the semioval
appears in PG(2,32). It has 81 points, two 26-secants and one 30-secant. If
r = 13 then g = 8192 and the parameters are v = 8191, k = 181, 4 = 91 and
n = 90. There is no planar difference set with these parameters, because it is
known (see [8]) that for n < 2,000,000 the order of each cyclic projective
plane is a prime power. |

Now consider the cases when S does not contain any point from the set
{Py, P5, P3}. The vertexless triangle T is a semioval belonging to this class.



102 GY. KISS, J. RUFF

Let D be any set of points on one side of T. If 0 < |D| < g — 2, then it is
easy to show that the set T\ D is a semioval. These semiovals form Class 2.
If we delete points from more than one side of T, then the semioval belongs
to Class 3.

THEOREM 3.3. If a semioval S in PG(2,q) is contained in the sides of
a triangle T, does not contain any vertex of T and has at most one (g — 1)-
secant, then S has exactly three (q — 1 — d)-secants where d is a suitable
divisor of ¢ — 1.

PROOF. Let us choose the system of reference such that the lines ¢, and
¢, are not (¢ — 1)-secants. Then we may assume that P; = (1,0,0), P, =
=(0,1,0), P; =(0,0, 1), and the points (1,0, 1) and (0, 1, 1) are not in S. Let

A={a € GF*(q): (a,0,1) ¢ S},
B={bcGF*(q): (0,b,1) ¢ S}

and
C={ceGF(q): (-c,1,0) ¢ S}.

We prove that A= B = C. If Q; € L; then t¢, is the line Q; P; fori =1,2,3.
Thus if two points, U and V from two distinct sides of T are not in S, W
denotes the point of intersection of the line UV and the third side of T,
then W could not be in S because the line UV would be another tangent
through W. The points (a,0, 1), (0,b,1) and (—c, 1,0) are collinear if and
only if a =bc. Hence a € Aand b € B implya/b € C,a € Aandc € C
imply a/c € B,and ¢ € C and b € B imply bc € A. So 1 € C, because
1 € AN B. But this means that A C B and B C A, hence A = B. In the
same way we get A= C. Hencea € Aandb € Aimplyab € A,and 1 € A
and a € A imply 1/a € A. This means that A is a subgroup of GF*(q).

If G# GF*(q) is an arbitrary subgroup, then the pointset
{(h,0,1),(0,h,1),(=h,1,0) : h € GF*(q) \ G}

is a semioval with cardinality 3(¢ — 1 — | G|), because the lines with equation
X1 = hX3, X, = hX3, X1 = —hX, are the unique tangent lines at the points
(h,0,1), (0,h,1), (—h,1,0), respectively. ]
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4. Semiovals contained in three concurrent lines

If g is odd then the lower bound in Proposition 2.2 is sharp, there is
a semioval with cardinality 3(¢q — 1)/2 in Class 3. If ¢, ¢, and ¢; have a
common point, Py, then we can prove a slightly better lower bound on |S|.

THEOREM 4.1. If a semioval S in PG(2,q) is contained in the union of
three concurrent lines then |S| > 3(q — 1)/2 forq > 9.

PROOF. If g is even then the statement follows from Proposition 2.2. Let
g be odd and suppose that |S| = 3(¢ — 1)/2. As we have already seen this
implies |L| = |L,| = |L3| = (¢ — 1)/2. So if Q; € L; for i = 1,2,3 then
the points Q;, @ and Q3 could not be collinear. Let us choose the system of
reference such that the lines ¢}, ¢ and ¢3 have equations X; = — X3, X; =0
and X = X3, respectively. Then P; = (0,1,0) ¢ S. Let

A={a € GF(q): (—1,a,1) € L},
B={be GFg): (0,b,2) € Ly}

and
C={ce GF@q): (1,c,1) € L3}.

Now we can consider the sets A, B and C as subsets of the additive group
of GF(q). We have (A+ C)N B = (), otherwise a +¢ = b would imply that the
points (—1,a,1),(0,b,2) and (1,c, 1) were collinear. Hence |[A + C| < (g +
+ 1)/2. But the Theorem of Kneser (see [10], p. 6.) states that there exists a
subgroup H such that A+C = A+C+H and |A+C| > |A+H|+|C+H|—|H|.
So (q+1)/2 > |H| > (¢ —3)/2. The order of a subgroup divides the order of
the group, so 1 < |H| divides g. But 2|H|#gq and 3(¢ — 3)/2 > q if g > 9,
so there is no such semioval for g > 9. |

It is easy to see that Theorem 4.1 is valid for ¢ = 3,7 and 9, too. For
g =5 each oval contains ¢ + 1 = 3(¢ — 1)/2 = 6 points. If P; is an internal
point of an oval, then the oval is contained in the three secants passing on Pj,
so this is the only case when Theorem 4.1 is not true.

We were able to construct only one infinite class of this type of semiovals.
This is the following.

EXAMPLE 4.2. Let g = s2 and let ¢, 65, ¢3 be three concurrent lines in
PG(2,q). For i = 1,2,3 choose ¢; C ¢; Baer sublines such that each Baer
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subplane (¢, ¢;) meets the line ¢ only in Py if {i,j,k} = {1,2,3}. Then
S =)\ €1)U(£ )\ €2)U(£3\ £3) is a semioval which has 3(q — V/q) points.

The line ¢; is tangent to the Baer subplane B; ; = (73, &) if {i,j,k} =
= {1,2,3}. Hence s + I lines of &;; pass on P; and exactly one line of
B passes on each other point of ¢;. So for each point Q € L; there is a
unique line of B;; which passes on Q. This line is tp, because any other
element of P does not belong to the set of lines of B, thus it meets
(¢ \Z) U\ &)= L; U Ly in at least one point.

We can construct such a semioval for example in the following way. Let
i be a root of an irreducible quadratic polynomial of GF(s)[.X] and consider
GF(q) as the extension of GF(s) by i. The equations of the lines are as
follows: €] : X5 =0, 5 : X; =0 and €3 : X; = i X5, and the Baer sublines
are:

1 ={(a,0,1):a € GF(s)} U{(1,0,0)},

£, ={(0,b,1): b € GF(s)} U{(0,1,0)},
£3={(,i,ci+1):c € GF(s)} U{(0,0,1)}.

If s = 2 then ¢ = 4 and our example has 6 = g +2 points. Semiovals with
cardinality g + 2 were studied by Blokhuis [3]. He proved that these objects
exist if and only if ¢ =4 or 7. If ¢ = 7, then there is a projectively unique
semioval which contains nine points. This semioval is contained in the union
of three non-concurrent lines and belongs to Class 3 on the list at the end of
Section 2.
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Introduction

In the definition of Morse functions the requirement that the critical
points are non-degenerate, can be replaced by the more general one that
the critical points form submanifolds which are non-degenerate in a sense
defined below [1]. Thus a concept of generalized Morse function is obtained.
The problem concerning to the existence of invariant Morse functions was
fully resolved by Wasserman [11], by means of abstract existence theorems
without constructing any example. Riemannian manifolds with isometric
actions which admit orthogonally transverse submanifolds are applied below
to construct examples of invariant generalized Morse functions.

1. Some basic facts

DEFINITIONS. A connected submanifold K C M is a critical submanifold
of the smooth function f : M — R if every point z of K is a critical point

of f.
Let K C M be a critical submanifold then we have the following inclu-
sion:
(1) ;K C{v € T,M|Hessf(v,T,M)={0}} for every z € K.
Furthermore if in (1) instead of inclusion equality holds for every z € K
then the considered submanifold is called non-degenerate critical submanifold

of f.
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Let G be a Lie group and ¢ : G x M — M be a smooth action of
G on a smooth manifold M. A smooth function f : M — R is said to be
G-invariant smooth function if:

f(@(g,x)=f(x)
for every x € M and g € G.
If x € M is a critical point of a G-invariant smooth function, where G is
a compact Lie group, the orbit of x is itself a critical submanifold of f, called
critical orbit.
Let K be a critical submanifold of M if the inclusion ¢(G,K) C K
holds then K is called an invariant critical submanifold of M [1].

We apply the following well-known result [2]:

PROPOSITION 1. Let ¢ be a smooth action of a compact Lie group G on
a smooth manifold M, then for every x € M we can construct a slice, i.e. a
submanifold S, of M with the following properties:

(1) The saturation of Sy ie. the set {¢(g,z) | z € Sx ,g € G} is an open
tubular neighbourhood of G (x), furthermore Sy NG (x) = {x } is fulfilled;

(2) For every g € Gy we have ¢(g, Sx) = Sx;
(3) If z € Sy then G, C Gy ;
(4) If (g, Sx) N Sx is non-empty then g belongs to Gy.

We also apply the construction of normal slices which can be done as
follows: Choose a G-invariant Riemannian metric (, ) : TM xTM — Ron
M, such a metric exits as a consequence of the existence of an invariant Haar
measure on the group G. We can decompose the tangent space T, M at z €

G (x) into two orthogonally complementary subspaces: T; G (x), respectively

TZJ-G (x), the last one will be denoted throughout this paper by v; G (x).

Letv] G (x) be the subset of v; G (x) whose elements satisfy the condition
|vll, < r where r is a positive number. Then by a suitable choice of r > 0
we can produce the slice S, as the image of v G (x) under the exponential
map. For every slice S; which has been constructed as above we have

T.5(2)=v;G(x).

Since every vector v € v;G(x) can be thought as a tangent vector to a
segment of geodesic lying in S;, the inclusion follows: v, G (x) < T;S;;
moreover S; has obviously the dimension dim M — dim G (x), therefore we
have T;S; = v, (x). Finally if the vector v € T, M belongs to T;S; and
y + [0,1] — M is a geodesic with 7(0) = v then it has a piece y ([0,6])
with & > 0 included in S;, thus the submanifold S, is geodesic at the point x.
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COROLLARY 1. Every normal slice of an orbit G(x) is geodesic in x.

2. The main result

PROPOSITION 2. Let ¢ be a smooth action of a compact Lie group G on
a smooth manifold M furthermore letf : M — R be a G-invariant smooth
function. Consider now a critical orbit G (x) with respect to f and let Sy be
the normal slice of the orbit G (x). Then G (x) is a non-degenerate critical
submanifold of f if and only if x is a non-degenerate critical point of the
restricted function f 1, .

This propositon is a particular case of the following more general result
(theorem,1).

DEFINITION 1. In case of an isometric action a submanifold L C M
is said to be an orthogonally transverse submanifold to the action ¢ if the
following two conditions are satisfied:

(1) The submanifold L intersects every orbit G (z), z € M of the action;

(2) The subspaces T; L, T,G(z) C T;M are orthogonal to each other at
every point z € L.

There are given fairly general conditions which assure the existence of
orthogonlly transverse submanifolds. For details see [8].

The statement of the first proposition can be extended in the case when
instead of normal slice we have orthogonally transverse submanifold.

THEOREM 1. Let ¢ : GXx M — M be an isometric action which admits
an orthogonally transverse submanifold L and f : M — M an invariant
smooth function. Then the critical orbits of ¢ are non-degenerate submanifold
it and only if f | L is a Morse function.

The proof can be made step by step through the following lemmas:

LEMMA 1. Let L C M be an orthogonally transverse submanifold of the
action ¢ andf : M — R a smooth invariant function. Then the gradient
field of f is a smooth extention of the gradient of f [ .

PROOF. Since f is invariant, grad f € v;G(z). If z € L is such that
G(z) is principal orbit, then v; G(z) = T; L. But grad(f [;) is the orthogonal
projrection of grad f on TL, and taking into account the principal orbit type
theorem we have grad(f [;) = (grad f) [}. |
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LEMMA 2. By keeping the assumptions made above for the gradient of
the functionf [ we have:

T;pg(grad(f [1)) = grad(f [g(r) (¢g(2))
where g(L) = ¢(g, L)

PROOF. Clearly for every g € G we have T;¢o(T; L) = T¢g(z)(g(L)). So
we can write

T, ps(WV)(f)=v(fogg)= (grad f o Pg> V) = <Tz¢g(v)a grad(f(¢g(z)))>

for every tangent vector v € T, L.
On the other hand ¢, for g € G is an isometry of M therefore

(T:pg(v), Tz (grad(f))) = (v, grad(f))
thus
<Tz¢g W), ;g (grad(f)) — grad(f(‘pg () =0;

this last equation and the first lemma yield that
T g (grad(f 1)) = grad(f [¢(r) (Pg(2)))- |

LEMMA 3. The restricted functionf [;: L — R has only non-degenerate
critical points if and only it [4r): (L) — R also has only non-degenerate
critial points.

PROOF. The tangend space T L can be decomposed into directsum 7, L =
= P, R, of the eigenspaces of the Hessian of f [;. Clearly the linear
operator which belongs to the bilinear form Hess f [; (z) can be written
as v/, grad(f [r). By choosing an eigenvector v € R; we can write

V g v) 81 Tg(1) = V Tz (v) TePg (grad(f I1)
= Toppg o (Tedg ' 0V Tope(v) Tepg)rad(f [1))
=T.¢g 0 ((Tzﬁbg)*V)v grad(f [1)
=T, ¢pg o Vv grad(f [1) = Tz¢g(/lv) :/ITZ‘Pg(V)a
therefore we have T;¢y(R;) C R/I1 where R/’1 denotes the corresponding
eigensubspace of Hess f [4(r) (z), which proves the assertion.
PROOF OF THE THEOREM. For each u,v € T, M we have
Hess f(2)(u,v) = (Vu grad f1v) = {a(u);v),
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here @ : T, M — T, M and below 8 : T, L — T, L denote linear operators
belonging to the Hessian of f resp. f [.

Now we claim that a [, ;= .
Indeed since L is totally geodesic with its induced covariant derivation
v/ and second fundamental form @ the following holds:

Bw) =, grad(f 1) =7, grad(f 1) — o (u, grad(f I1))
= v, grad(f 1)

where 17 is the restriction of ¥ to L.

By taking into account the lemma 1 from above we can write:
Bw) =7, grad(f 1) = Vulgrad f) 1= a().

On the other hand by a result of Conlon [3], for each v € v; G(z) there is
g € G; such that v € T;¢p4(T; L) = T;g(L) thus « is not singular on T;g(L)
that is

Hess f(z) v, Gz)xv: Gz)
is non-degenerate.

Conversely supposing that G(z) is non-degenerate orbit and furthermore
z is a degenerate critical point of f [; the we have a nonzero vector u € T, L
such that f(u) = 0 that is a(u) = 0 however T; L < v, G(z) in contradiction
with the assumption that G(z) is non-degenerate.

3. Some examples

Let L be an orthogonally transverse submanifold of a smooth manifold
M then there exists a finite group W, called the generalized Weyl group of S
which acts on L so that there is a bijection L/ W == M /G between the orbit
spaces realized by ¥ : W(x) — G(x) for each x € §. For details see [8], [6].

The problem to find G invariant smooth functions on M can be tranposed
to the simpler one to seek W invariant smooth functions on L. In order to
resolve this we need the following result due to Palais and Terng ([6]).

THEOREM 2. Let L be an orthogonally transverse submanifold for the
Riemannian G-manifold M and let W be its generalized Weyl group. Then
the restriction map f — f | is an isomorphism between the Banach algebras

C¥(M)¢ — ¢V,
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i.e. between the Banach algebras of G resp. W invariants smooth functions
on M resp. L.

As a corollary of the above theorem every W invariant smooth function
f : L — R has an unique smooth, G-invariant extentionf M — R

Here the smoothness of such a extension requires some deeper consider-
ations see [6].

Now we are able to construct in some special cases non-degenerate in-
variant Morse functions.

ExXAMPLE. Consider now a compact, connected, semi-simple Lie group
G and its Lie algebra g. Then G acts on g by

¢(g;X)=Tead(g)X, where g€ G and X €g.

This is an orthogonal action with respect to the Cartan—Killing form fur-
thermore it has an orthogonally transverse submanifold [ which actually is
a Cartan subalgebra of g (see e.g. [10]).

As [ is an euclidean space the corresponding Weyl group W acts on [ as
a Coxeter group generated by reflections. In the case when W is isomorphic

to A, the symmetric group, it acts by permuting xi, x5, X3,...,X,;] subject
to the relation x,,.; = —(x1 + - + x,). We let
il i+1 ;
fi=x{T"++x5 A1<i<n)

these polinomials are invariant respect to W (see e.g. [5]). It is easy to see that
numbers ¢ and 8 can be chosen so that ¢ fj +Bfk, | # k has only nondegenerate
critical points.

DEFINITION 2. The invariant smooth function f : M — R is called
Morse function for the Riemannian G-manifold if the critical locus of f is a
union of non-degenerate critical manifolds without interior.

Since the action considered above is not transitive, it has not orbits with
non-empty interior therefore we have an invariant Morse function in sense of
Wassermann [11].
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1. Introduction

Several results have been proved about binomial coefficients. We mention
two of them, a diophantine problem and one about prime factors of binomial
coeflicients.

It was an interesting question when a binomial coefficient (Z) is a perfect
power. Apart from the trivial cases k € {0, 1,n — 1,n} it was proved that for
k =2 and k = n — 2 the binomial coefficient (Z) is a square-number for

infinitely many n. In the remaining cases the only solutions are (530) = (2(7)) =

= 1402 (for a survey see e.g. [3]).

J. J. Sylvester [5] and I. Schur [4] independently showed that if n > 2k,
then the greatest prime divisor of (Z) is greater than k. As a generalization
E.F.Ecklund Jr., R.B.Eggleton, P.Erd6s and J.L.Selfridge [1] proved that if
n > 2k, then the product of all prime factors < k of (Z) is less than the

product of all prime factors > k of (Z) except 12 binomial coefficients.
In this paper we investigate the divisibility problem

(1) nk

(Z) (k€Z,0<n 0<k<n)

of binomial coefficients. A more difficult problem is to solve the diophantine
equation

2) <Z>=bnk kb €Z,0<n, 0<k<n, 1<b).

Mathematics Subject Classification (2000): 11B65
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In Section 2 we solve equation (2). First we give all solutions of our
diophantine equation and the related inequality in (n,k) forb =1. If b # 1
then we give an upper bound for the solutions in (n, k). Finally we completely
solve the equation in (n,b) for k < 3.

In Section 3 we prove that if kK = p is a prime number then the solutions

of (1) in n belong to p — 1 residue classes modulo p% and we show that a
similar assertion is true for k = 4.

2. Solving the diophantine equation () = bnk

2.1. Solutions in (n, k) with fixed b: b =1

THEOREM 1. For b = 1 the set of all solutions of (2) in (n,k) is
{(n, )| 1 <n}U{5,2)}.

PROOF. For k =0, 1,2 we can directly check that the solutions are (n, 1)
with arbitrary n € N and (5, 2).

Now it is enough to prove that there are no solutions with k > 3.
Equation (2) is equivalent to

n—1)...-(n—k+1)=k!-k.

By k > 1 we have

1!
3o a= EEDE
21
and by k > 2 we have
2)!
4-...-(k+2):(k;) > k!-k.

These inequalities imply that k! - k cannot be the product of k — 1
consecutive integer, hence our equation has no solutions when k£ > 3. 1

To have a complete description of the relation between (Z) and nk we

prove the following theorem.

THEOREM 2. The set of all solutions of

<Z>>nk (n,k €Z,0<n, 0<k<n)
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in (n,k) is
{(n,00 | 0<n}uU{(n,k)| 6 <nand2 <k <n-—3}.
PROOF. For k =0, 1,2,n—2,n—1,n we can easily verify that all solutions

are (n,0) with arbitrary n € NU {0} and (n,2) with arbitrary n > 6.

Now suppose that 3 < k < n — 3 (for the existence of such k let n > 6).
Our inequality is equivalent to

m=-1-...-n—k+1)>k! k.

By the proof of Theorem 1, case k > 3 and using k < n — 3 we have
k! k<4 -...-k+2)<(n—k+1)-...-(n—1)

which means that our inequality holds forn > 6 and 3 < k <n — 3. 1

2.2. Solutions in (n, k) with fixed b: b # 1

THEOREM 3. If b # 1 is fixed, then (2) has finitely many solutions in
(n,k).

Moreover (n,k) = (4b +1,2) is a solution for arbitrary b and for all other
solutions (n, k) we have 6 <n < 6b and3 <k <n —3.

PROOF. When b # 1 is fixed then we can easily check that there are no
solutions with k =0,1,n — 2,n — 1,n. For k = 2 the pair (n,2) is a solution
if and only if n =4b + 1.

Let 3 <k <n—3(and n > 6). Then

(’;) < (Z) = bnk < bn(n — 3)

which is equivalent to n%+(=3—6b)n+(18b+2) < 0. This implies that there
are only finitely many suitable n and

- 3+6b++/36b2 —36b+1 y 3+6b+/36b2 —36b +9

= 6b.
< ) 5 1

n
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2.3. Solutions in (n, b) with fixed k: k <3

THEOREM 4. For k = 0 there are no solutions of (2) in (n,b).
For k =1 the set of all solutions of (2) in (n,b) is {(n,1) | 1 < n}.
For k =2 the set of all solutions of (2) in (n,b) is

{(n,b) | 1 <b,n=4b+1}.
For k = 3 the set of all solutions of (2) in (n,b) is
{18t +2,18:2+1) | 1 <t} U{(18t + 1,182 —1) | 1 <1} U
{(18 + 10,182 + 17t +4) | 0 < 1} U {(18t — 7,18t> — 17t +4) | 1 < 1}.

PROOF. For k = 0 and k = 1 our statement is obvious. For k = 2 see the
proof of Theorem 3.

For k = 3 equation (2) is equivalent to n% —3n+ (22— 18b) = 0. It has
integer root in n if and only if its discriminant, 72b + 1 is a square-number,
say m? (m € 7).

By the chinese remainder theorem the following congruences are equiva-
lent: m2=1 (mod72) <= m?=1 (mod8) and m?=1 (mod?9) <=
m=1 (mod2)andm=+1 (mod9) <= m= +1 (mod 18).

This implies m = 36t = 1 or m = 36t = 17 (¢ € Z), from which we get

b =18:241,18t2+17t+4 and n = 18¢+2, 181 +1, 18t +10, 18t —7 respectively.
We have to notice that ¢+ must be non-negative and ¢ = 0 is suitable only in
the third case. 1

3. Solving the divisibility problem nk | (})

3.1. Solutions in n with fixed k: k = p is a prime

THEOREM 5. Let k = p be a prime number and denote by m the residue
class of m modulo pz. Then the solutions of (1) in n are exactly those
elements of 1 U...Up — 1 which are > p.

We need two lemmas. They can be found in [2] with proofs (p. 505
and 507).
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LEMMA 1. Ifn,k € Z,0<n,0<k <n and ged(n,k) =1 thenn | (}).

LEMMA 2. Ifn,p € Z,0<n,0<p < n andp is a prime number then
(;) = [H (mod p).

PROOF OF THEOREM 5. Our purpose is to solve (1) in n. We distinguish
two cases.

Case 1: gced(n,p) = 1. By this assumption (1) is equivalent to n | (Z)
and p | (Z) The first divisibility holds by Lemma 1. The second divisibility

is equivalent to p | [%} by Lemma 2. This implies

n=lor...orp—1 (modpz).
Case 2: ged(n,p) # 1. We prove by induction that this implies p” | n
for every m € N which is impossible.

By the assumption of this case p | n, hence n = px (x € Z). By (1)
p|pix | (ppx) so Lemma 2 implies p | [’;—x} = x, hence p? | n which is our
assertion for m = 1.

Suppose that p?™ | n for m € N, that is n = p™y (y € Z). By (1) we

get
p2m+1 |p2m+1y | (pZmy) _ p2m—1y . (pZmy —1)-...- (szy —p+1)
p (r— D!
It is possible only if p? | y, whence p?"*? | n is proved. 1

3.2. Solutions in n with fixed k: arbitrary k

Theorem 5 suggests the following question. Is a similar assertion true for
composite k? More precisely:

QUESTION. Do there exist s,/ € N and my, ..., my distinct residue classes
modulo / for all k € N such that the solutions of (1) in n are exactly those
elements of mj U ... U mg which are > k? (If possible, give s,l,mq,...,my
explicitely.)

REMARK. For k = p we proved in Theorem 5 that s =p — 1, [ = p% and
mp=i@{=1,...,5).
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For prime-powers our conjecture is:

CONJECTURE. For k = p“ (p is a prime, o € N)

3a—1

, L=p

Moreoverlet A={t € Z|1<t<p*—-1},A ={a€ A|pta} and
A={a|lacAlU{a+j p**|acA;j=12,...,p 1 -1} be a set of
residue classes modulo | = p3¢~Y, If M = {my,...,myg} is the set of residue

classes modulo | containing the solutions of (1) in n for k = p*, then our
additional conjecture is 4 C M.

REMARK. If the conjecture with its additional part is true, then we would
have.xd = for @ = 2 (since || = p2*~1 — p22=2 4 p@=1 _ | is equal to

L fora = 2).

S_ p+1

This conjecture is based on computational results. These suggest that the
residue classes my,...,my for prime-powers k < 10 are

k|s l residue classes

5 132 |1,2,3,17,19

8 |21 256 |1,2,3,4,5,6,7,65,67,69,71,129, 130,

9 120 |243 12345678828385868889

163, 164, 166, 167, 169, 170

Finally we prove our conjecture in the very special case p = a = 2.

THEOREM 6. Let k = 4 and denote by m the residue class of m modulo

32. Then the solutions of (1) inn are exactly those elements of 1U2U3U17U19
which are > 4.

PROOF. If we prove that 4n | () implies 4(n + 32) | (”232) forn € Z,
n > 4, then obviously [ = 32 is a good choice with the notation of our
question.

The assumption 4n | (’i) is equivalent to 96 | (n — 1)(n — 2)(n — 3). But
the product of three consecutive integer is always divisible by 3, whence we
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get 32 | (n — 1)(n — 2)(n — 3) which implies 32 | (n + 31)(n + 30)(n + 29). It
is equivalent to our assertion that can be verified by the same steps.

Now it only remains to check which elements of {n € Z | 4 < n < 35}
are solutions of (1) in n. It turns out that there are five solutions in this set,
namely 17, 19, 33, 34, 35. |
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CLOSURES OF OPEN SETS IN GENERALIZED TOPOLOGICAL
SPACES

By
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1. Introduction and preliminaries

One of the generalizations of topologies is the generalized topology
(briefly GT) in the sense of [3]. A GT on a set X is a subset u of the power
set exp X of X such that ) € u and every union of elements of u belongs
tou. If u is a GT on X in the above sense, the elements of u are said to
be p-open and their complements u-closed. If A C X, we denote by iy A
the union of all u-open sets contained in A and by ¢, A the intersection of
all u-closed sets contining A. They clearly determine the largest x-open set
contained in A and the smallest u-closed set containing A, respectively.

Let us call set function a map y:exp X — exp X. Then both j, and
¢y are set functions, monotone (i.e. A C B C X implies iy A C iy B and
cu A C ¢y B) and idempotent (i.e. iyiy A =iy Aand cycy A = cy Afor A C X)
(see [4]).

Let us denote by I' the collection of all monotone set functions on X. If
y € I', we say that a set A C X is y-open iff A C y A. Then the collection
of all y-open sets is a GT u = /ly, on X (see [2]). We often say the /ly -closed
sets to be y-closed.

According to [2], if y € T, we define the conjugate y* of y by
ey YVA=X —y(X - A).
Obviously y* € T, in particular, ilj‘ = ¢y for a GT u (see [4]). Clearly
(y*)*A=vyA. Aset AC X isy-closed iff A D y*A (see [2]).

* Research supported by Hungarian Foundation for Scientific Research, grant No. T 032042.
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If y,y" €T, clearly y oy’ € T'; we write for the sake of simplicity yy’
instead of v oy’. Then (yy)* = y*(¥")* (see [2]).

Let us fix a GT u on X. Then the collection of all iy ¢y iy -open sets is
denoted by «, that of all ¢, iy, -open sets by o, that of all iy, ¢, -open sets by 7,
that of all ¢, i, ¢, -open sets by . In the literature, when u is a topology, the
elements of a are said to be a-open [7], those of o are called semi-open [5],
those of 7 preopen [6], those of B 3-open [1].

The purpose of the present paper is to prove some theorems that assert
the existence of many pairs (y,y’) of monotone set functions such that the
Cly ~closure of a y’-open set can be easily determined.

2. Closures of y-open sets

The main theorem is easily obtained:

THEOREM 2.1. Ify € T satisfies

2.1.1) yyACA for ACX
(in particular, ify € T" is idempotent), then
(2.1.2) yA= C/ly*A for ACX.

PROOF. (2.1.1) implies that y A is y*-closed since (y*)* =v. It contains
A by hypothesis and is the smallest set with this property. In fact, if F D A
is y*-closed then F D yF D y A. Therefore y A = €l A. |

In order to obtain useful consequences of the above theorem, let us recall
that, according to [4], a set function yq ...y, such that each y; equals either
iy or ¢, where u is an arbitrary GT, is always idempotent. So we can state,
by fixing an arbitrary GT u on X:

COROLLARY 2.2. If A C X belongs to o then

PROOF. Apply 2.1 fory =iy cy iy that is idempotent. Observe that 4, =«
and y* = cyiycy so that A« =f. 1

COROLLARY 2.3. If A € 0 then

C‘ulluA = CIuA = CnA.
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PROOF. We choose the idempotent set function y = ¢y iy,. Then A € 0
implies
while y* =iy ¢y so that A« = .

COROLLARY 2.4. If A € t then
ucu A =cgA.

PROOF. We choose y = i, ¢y so that y* = cyiy,.
COROLLARY 2.5. If A € 8 then

Culucu A =cyA=cqA.
PROOF. Let y = cy iy cy so that A € B means that A is y-open. Now

ACeuiyey A CeycyA=cyACeycyiucyA=cyiycy A
shows that y A = ¢, A whenever A € . Further y* = iy cy iy so that 4« = a.

For the particular case when u is a topology, 2.3 and 2.5 can be found
in [8] and 2.4 in [9].
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1. Introduction and preliminaries

It is clear that various types of continuity play significant role in several
branches of mathematics. Continuity of functions is one of important and
basic topics in the topology. The purpose of this paper is to define contra-y-
continuous functions and to obtain several characterizations and properties of
contra-y -continuous functions. Moreover, the relationships between contra-y -
continuous functions and several concepts are also discussed.

In this paper, spaces X and Y always mean topological spaces on which
no separation axioms are assumed unless explicitly stated.

A subset A of a space X is said to be preopen [10] if A C int(cl(A)).
The complement of a preopen set is said to be preclosed [5]. For a subset A
of X, cl(A) and int(A) represent the closure of A with respect to 7 and the
interior of A with respect to 7, respectively.

A subset A of a space X is said to be regular open (respectively regular
closed) if A =int(cl(A)) (respectively A = cl(int(A))) [14].

A subset A is said to be b-open [1] or y-open [6] or sp-open [2] (resp.
a-open [11], semi-open [9]), if A C cl(int(A)) U int(cl(A)) (resp. A C
C int(cl(int(A))), A C cl(int(A))). The complement of a semi-open set is
said to be semi-closed.

The complement of a y-open set is said to be y-closed [6]. The intersec-
tion of all y-closed sets of X containing A is called the y-closure [6] of A

Mathematics Subject Classifications: 54C08, 54C10, 54C05
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and is denoted by y — cl(A). The union of all y-open sets of X contained A
is called y-interior of A and is denoted by y — int(A).

The family of all y-open (resp. @-open, semi-open, y-closed, closed) sets
of X is denoted by y O(X) (resp. a O(X), SO(X), y C(X), C(X)).

The family of all y-open (resp. y-closed, closed) sets of X containing a
point x € X is denoted by y O(X, x) (resp. yC(X, x), C(X, x)).

2. Characterizations

In this section, several properties of contra-y-continuous functions are
studied.

DEFINITION 1. A function f : X — Y is called contra-y-continuous at
a point x € X if for each closed set V in Y with f(x) € V, there exists
a y-open set U in X such that x € U and f(U) C V and f is called
contra-y -continuous if it has this property at each point of X.

THEOREM 2. The following are equivalent for a functionf : X — Y :
(1) f is contra-y -continuous;

(2) the inverse image of a closed set of Y isvy -open;

(3) the inverse image of an open set of Y isvy-closed.

PROOF. (1)=(2): Let V be a closed set in Y with x € f~ (V). Since
f(x) € V and f is contra-y-continuous, there exists a y-open set U in X

containing x such that f(U) C V. It follows that x € U C f _I(V). Hence
f=1(V) is y-open.

(2)=(3): Let U be any open set of Y. Since Y\ U is closed, then by (2),
it follows thatf_l(Y\U) = X\f_l(U) is y-open. This shows that f ~1(U)
is y-closed in X.

(3)=(1): Letx € X and V be a closed setin Y with f(x) € V. By (3),
it follows that f ~1( Y\V)= X\f_l (V) isy-closed and so f ~1(V) is y-open.
Take U :f_l(V). We obtain that x € U and f(U) C V. This shows that f

is contra-y-continuous. |
DEFINITION 3. A function f : X — Y is said to be

(1) contra-continuous [3] if f ~1(V) is closed in X for every open set V
of Y,
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(2) RC-continuous [4] if f vy is regular closed in X for each open
set Vof Y,

(3) contra-precontinuous [7] if f V) is preclosed in X for each open
set Vof Y,

(4) contra-semicontinuous [4] if f _I(V) is semi-closed in X for each
open set V of Y.

REMARK 4. The following diagram holds:

RC-continuous

contra-continuous = contra-semicontinuous

contra-precontinuous =-  contra-y-continuous

None of these implications is reversible.

EXAMPLE 5. Consider the set R of real numbers with the usual topology
T, and let S = [0,1] U ((1,2) N Q) where Q stands for the set of rational
numbers. Then § is y-open but neither semi-open nor preopen.

Let f : (Rit,) — (R,7p) be a identity function where tp is discrete
topology on R.

S is closed in (R,7p). f_l(S) = S is y-open in (R, 7, ) but not preopen
and not semi-open. Hence, it is obtained that f* is contra-y-continuous but not
contra-precontinuous function and not contra-semicontinuous function.

The other implications are not reversible as shown in [4,7].

THEOREM 6. Letf : X — Y be a function andlet g : X — X X Y be
the graph function of f, defined by g(x) = (x,f (x)) forevery x € X. If g is
contra<y -continuous, then f is contra-y -continuous.

PROOF. Let U be an open set in Y, then X x U is an open setin X X Y.

It follows from Theorem 2 that f ~1(U) = g 71(X x U) € y C(X). Thus, f is
contra-y -continuous. |

DEFINITION 7. A filter base A is said to be y-convergent (resp. c-conver-
gent) to a point x in X if for any U € y O(X) containing x (resp. U € C(X)
containing x), there exists a B € A such that B C U.
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THEOREM 8. If a function f : X — Y is contra-y -continuous, then for
each point x € X and each filter base A in X which isy-convergent to x, the
filter base f (A) is c-convergent to f (x).

PROOF. Let x € X and A be any filter base in X which is y-convergent
to x. Since f is contra-y-continuous, then for any V € C(Y) containing
f(x), there exists U € y O(X) containing x such that f(U) C V. Since A is
y-convergent to x, there exists a B € A such that B C U. This means that
f(B) C V and therefore the filter base f(A) is c-convergent to f(x). ]

LEMMA 9. Let A and Xy be subsets of a space (X,1). If A € y O(X) and
Xp € aO(X), then AN Xy € yO(Xp) [1, 6].

LEMMA 10. Let A C Xg C X, A € yO(Xy) and Xy € aO(X), then
A €y0(X) [6].

LEMMA 11. The intersection of an open and a 7y -open set is a7y -open
set [4].

DEFINITION 12. A function f : X — Y is called weakly continuous if
for each x € X and each open set G containing f(x), there exists an open set
U in X containing x such that f(U) C cl(G) [8].

THEOREM 13. If f : X — Y is weakly continuous, g : X — Y is
contra<y -continuous and Y is Urysohn, then E = {x € X : f(x) = g(x)} is
y-closed in X.

PROOF. If x € X\ E, then it follows that f (x)# g(x). Since Y is Urysohn,
there exist open sets V and W such that f(x) € V, g(x) € W and cl(V) N
Ncl(W) = (. Since f is weakly continuous and g is contra-y-continuous,
there exist an open set U containing x and a y-open set G containing x such
that f(U) C cl(V) and g(G) C cl(W). Set O = U N G. By the previous
lemma, O is y-open in X. Therefore f(O) N g(O) = § and it follows that
x ¢y — cl(E). This shows that E is y-closed in X. |

THEOREM 14. Let f : X — Y be a function and x € X. If there
exists U € aO(X) such that x € U and the restriction of f to U is a
contra-y -continuous function at x, then f is contra-y -continuous at x .

PROOF. Suppose that F € C(Y) containing f(x). Since f |7 is contra-
y-continuous at x, there exists V € yO(U) containing x such that f(V) =
=(f |y)(V) C F. Since U € a O(X) containing x, it follows from Lemma
10 that V € yO(X) containing x. This shows clearly that f is contra-y-
continuous at x. |
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THEOREM 15. If f : X — Y is a contra“y -continuous function and A
is any a -open subset of X, then the restriction f |4: A — Y is contra<y-
continuous.

PROOF. Let F be a closed set in Y. Then, by Theorem 2, f~1(F) ¢
€ vO(X). Since A is a-open in X, it follows from Lemma 9 that

(f |A)_1(F) = ANf~1(F) € yO(A). Therefore, f | 4 is a contra-y -continuous
function. |

THEOREM 16. Let f : X — Y be a function and {U; : i € I} be a
a-open cover of X. If for eachi € I, f |Ui is contra<y -continuous, then

f : X — Y is a contra-y -continuous function.

PROOF. Let F be a closed set in Y. Since f |Ui is contra-y-continuous for
eachi €I, (f |Ui)_1(F) € yO(U;). Since U; € a O(X), by the Lemma 10,

(f lu)~'(F) € yO(X) for each i € I. Then f~!(F) = Uiel[(f PARDIRE
€ Yy O(X). This gives f is a contra-y-continuous function. |

DEFINITION 17. A function f : X — Y is said to be y-irresolute if for
each x € X and each V € yO(Y,f(x)), there exists a y-open set U in X
containing x such that f(U) C V.

THEOREM 18. Letf : X — Y andg : Y — Z be functions. Then, the
following properties hold:

(1) Iff isy-irresolute and g is contra-y -continuous, then g of : X — Z
is contra-y -continuous.

(2) Iff is contra-y -continuous and g is continuous, theng of : X — Z
is contra-y -continuous.

PROOF. (1) Let x € X and W € C(Z,(g o f)(x)). Since g is contra-
y-continuous, there exists a y-open set V in Y containing f(x) such that
g(V) C W. Since f is y-irresolute, there exists a y-open set U in X
containing x such that f(U) C V. This shows that (g o f)(U) C W.
Therefore, g o f is contra-y-continuous.

2)Letx € X and W € C(Z,(g o f)(x)). Since g is continuous,

V =g~ (W) is closed. Since f is contra-y-continuous, there exists a y-open
set U in X containing x such that f(U) C V. Hence (g of)(U) C W. This
shows that g o f is contra-y-continuous. |
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DEFINITION 19. A function f : X — Y is called y-open if image of each
y-open set is y-open.

THEOREM 20. Iff : X — Y is a surjectivey -open functionandg : Y —
Z is a function such that g o f : X — Z is contra-y-continuous, then g is
contra<y -continuous.

PROOF. Suppose that x and y are two points in X and Y, respectively,
such that f(x) =y. Let V € C(Z, (g of)(x)). Then there exists a y-open set
U in X containing x such that g(f(U)) C V. Since f is y-open, f(U) is a
y-open set in Y containing y such that g(f(U)) C V. This implies that g is
contra-y-continuous. |

COROLLARY 21. Letf : X — Y be a surjective y -irresolute and vy -open
function and let g : Y — Z be a function. Then, g of : X — Z is
contra-y -continuous if and only if g is contra<y -continuous.

PROOF. It can be obtained from Theorem 18 and Theorem 20. 1

DEFINITION 22. A function f : X — Y is called weakly contra-y-
continuous if for each x € X and each closed set F of Y containing f(x),
there exists a y-open set U in X containing x such that int(f(U)) C V.

DEFINITION 23. A function f : X — Y is called y-semi-open if image
of each y-open set is semi-open.

THEOREM 24. If a function f : X — Y 1is weakly contra-y -continuous
and vy -semi-open, then f is contra-y -continuous.

PROOF. Let x € X and F be a closed set containing f(x). Since f is
weakly contra-y-continuous, there exists a y-open set U in X containing
x such that int(f(U)) C F. Since f is y-semi-open, f(U) € SO(Y) and
f(U) C cl@int(f(U))) C F. This shows that f is contra-y-continuous. ]
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3. Some properties

In this section, graphs and preservation theorems of contra-y-continuity
are investigated.

DEFINITION 25. A space X is called y-connected provided that X is not
the union of two disjoint nonempty y-open sets [6].

THEOREM 26. If f : X — Y is contra-y -continuous surjection and X is
y -connected, then Y is connected.

PROOF. Suppose that Y is not connected space. There exist nonempty
disjoint open sets V; and V, such that Y = V| U V,. Therefore, V| and

V, are clopen in Y. Since f is contra-y-continuous, f ~!(V}) and f~1(V»)
are y-open in X. Moreover, f (V) and f~1(V5) are nonempty disjoint
and X = f~ (V) Uf~1(V,). This shows that X is not y-connected. This
contradicts that Y is not connected assumed. Hence, Y is connected. ]

DEFINITION 27. A topological space is called y-ultra-connected if every
two non-void y-closed subsets of X intersect and is called hyperconnected
[13] if every open set is dense.

THEOREM 28. If X is y-ultra-connected and f : X — Y is contra<y-
continuous and surjective, then Y is hyperconnected.

PROOF. Assume that Y is not hyperconnected. Then there exists an open
set V such that V is not dense in Y. Then there exist disjoint non-empty
open subsets B; and B, in Y, namely int(cl(V)) and Y\ cl(V). Since f
is contra-y-continuous and onto, by Theorem 2, A; = f _I(Bl) and Ay =
= f~1(B,) are disjoint non-empty y-closed subsets of X. By assumption,
the y-ultra-connectedness of X implies that A and A, must intersect. By
contradiction, Y is hyperconnected. |

DEFINITION 29. A space X is said to be

(1) weakly Hausdorff [12] if each element of X is an intersection of
regular closed sets,

(2) y-Hausdorft if for each pair of distinct points x and y in X, there
exist U € yO(X,x) and V € yO(X,y) such that UNV =0,
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(3) y-T; if for each pair of distinct points in X, there exist y-open sets
U and V containing x and y, respectively, such thaty ¢ U and x ¢ V.

Recall that for a function f : X — Y, the subset {(x,f(x)) :x € X} C
C X x Y is called the graph of f and is denoted by G(f).

DEFINITION 30. A graph G(f) of a function f : X — Y is said to be
contra-y-closed if for each (x,y) € (X x Y)\G(f), there exist a y-open set
U in X containing x and V € C(Y,y) such that (U x V)N G(f) = 0.

LEMMA 31. The following properties are equivalent for a graph G(f) of
a function f :

(1) G(f) is contra-y -closed;

(2) for each (x,y) € (X x Y)\G(f), there exist ay-open set U in X
containing x and V € C(Y,y) such that f(U)N'V ={).

PROOF. Obvious. |

THEOREM 32. Iff : X — Y is contra-y-continuous and Y is Urysohn,
G(f) is contra-y -closed graph in X x Y.

PROOF. Suppose that Y is Urysohn. Let (x,y) € (X x Y)\G(f). It
follows that f(x)#y. Since Y is Urysohn, there exist open sets V and
W such that f(x) € V,y € W and cI(V) N cl(W) = (. Since f is
contra-y -continuous, there exists a y-open set U in X containing x such that
f(U) C cl(V). Therefore, f(U) Ncl(W) = 0 and G(f) is contra-y-closed in
X xY. |

THEOREM 33. Letf : X — Y have a contra-y-closed graph. If f is
injective, then X isy-Tj.

PROOF. Let x and y be any two distinct points of X. Then, we have
(x,f(y) € (X x Y)\G(f). By Lemma 31, there exist a y-open set U
in X containing x and F € C(Y,f(y)) such that f(U) N F = (; hence

U Nf~1(F) = 0. Therefore, we have y ¢ U. This implies that X is y-Ty. 1

DEFINITION 34. A space X said to be
(1) y-compact [6] (strongly S-closed [3]) if every y-open (respectively
closed) cover of X has a finite subcover.

(2) countably y-compact (strongly countably S-closed) if every countable
cover of X by y-open (respectively closed) sets has a finite subcover.
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(3) y-Lindelof (strongly S-Lindelof) if every y-open (respectively closed)
cover of X has a countable subcover.

THEOREM 35. Contra-y -continuous images of y-compact (y-Lindelof,
countably y -compact) spaces are strongly S -closed (respectively strongly S -
Lindelof, strongly countably S -closed).

PROOF. Suppose that f : X — Y is a contra-y-continuous surjection. Let
{Vq 1 @ € I} be any closed cover of Y. Since f is contra-y-continuous, then

{f vy iael } is a y-open cover of X and hence there exists a finite
subset Iy of I such that X = U{f_l(Va) :a € Iy}. Therefore, we have

Y = U{ Vo :a € I} and Y is strongly S-closed.

The other proofs can be obtained similarly. |

DEFINITION 36. A space X said to be (1) y-closed-compact if every
y-closed cover of X has a finite subcover, (2) countably y-closed-compact
if every countable cover of X by y-closed sets has a finite subcover, (3)
y-closed-Lindelof if every cover of X by y-closed sets has a countable sub-
cover.

THEOREM 37. contra-y -continuous images of y -closed-compact (y -
closed-Lindelof, countably y -closed-compact) spaces are compact (respec-
tively Lindelof, countably compact).

PROOF. Suppose that f : X — Y is a contra-y-continuous surjection. Let
{Vq :a € I} be any open cover of Y. Since f is contra-y-continuous, then
{f_l(Va) ca € I} is ay-closed cover of X. Since X is y-closed-compact,
there exists a finite subset Iy of I such that X = U{f_l(Va) ca € Iy}

Thus, we have Y = U{ Vo ta € Iy} and Y is compact.
The other proofs can be obtained similarly. |

THEOREM 38. Iff is a contra-y -continuous injection and Y is Urysohn,
then X is'y-Hausdorff.

PROOF. Suppose that Y is Urysohn. By the injectivity of f, it follows
that f(x)=f(y) for any distinct points x and y in X. Since Y is Urysohn,
there exist open sets V and W such that f(x) € V, f(y) € W and cl(V) N
N cl(W) = (. Since f is a contra-y-continuous, there exist y-open sets U
and G in X containing x and y, respectively, such that f(U) C cl(V) and
f(G) C cI(W). Hence U N G = (. This shows that X is y-HausdorfT. ]
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THEOREM 39. If f is a contra-y -continuous injection and Y is weakly
HausdorfT, then X isy-T).

PROOF. Suppose that Y is weakly Hausdorff. For any distinct points x
and y in X, there exist regular closed sets V, W in Y such that f(x) € V,
fO) ¢ V,f(x) ¢ W and f(y) € W. Since f is contra-y-continuous,

by Theorem 2, f _I(V) and f _l(W) are y-open subsets of X such that

x € f7UV), y ¢ £ V), x ¢ fY(W) and y € f~1(W). This shows
that X is y-Tj. [
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1. Introduction

Second order quasilinear parabolic differential equations where also the
main part contains functional dependence on the unknown functions were
studied e.g. in [1] by L. Simon. There the following equation was considered:

Dyu(t,x)= Y Dilaj(t,x, u(t,x), Du(t,x); u)l+ao(t, x, u(t,x), Du(t, x);u) =

i=l

=f(t,x)  (t,x)€Qr=(0,T)xQ, a;:Qp xR xIP(0,T; V) =R,

where V denotes a closed linear subset of the Sobolev-space whrQ) 2 <
<p < o0).

Let us now consider a system of this type of equations:

(D
n
Dt“(l)(tax) - ZDI |:ai(l) (t,x,u(l)(t,x), o .,M(N)([,X),
i=1

Du(l)(t,x),---,D“(N)(t’x);”(1)"“’M(N))] "
+a(()l) (t,x,u(l)(t,x),---a”(N)(t’x)’
DM(I)(t,X), o ,DM(N)(tax); u(l)’ e M(N)) =

=F(l)(t,X)7 (t,x)GQT=(O, T)XQ, QCR”, l=1,...,N.



140 ADAM BESENYEI

In the next section we define the weak form of the above system and formulate
conditions on the coefficients. With these we can prove existence of weak
solutions. The conditions are generalizations of the classical Léray—Lions
conditions for systems with some special conditions for these type of systems.
Finally we show some examples.

2. Existence of weak solutions

First we introduce some notations. Let Q C R" be a bounded domain
with the C! regularity property and 2 < p < oo be a real number. Denote by

W LP(Q) the usual Sobolev space of real valued functions with the norm

1
|WH=(/0DMP+WWQP
Q

Let V; C wbhrQ) (1 =1,...,N) be a closed linear subspace (e.g. Wol’p(Q)

or WhP(Q)) and let V = Vi X -+ x Vx. Denote by I”(0, T; V) the Banach
space of measurable functions u: (0, T) — V such that |[u || is integrable and
define the norm by

T
HWm@nw=A |,

The dual space of IP(0, T; V) is L9(0, T; V*) where g% =1and V* is the
dual space of V. Let X = IP(0,T; V)and Y = I”(0, T; (LP(Q)N). For u €
€ X we shall write u = (u(l),...,u(N)), where u) € IP(0, T; Vy). A vector
£ € R"*DN g written in the form & = (§, &), where {o = (§(1) ) ,C(N)

e RN and & = €D,...,.™) € B*N, Here ¢® = ¢",....2") € B,

Now we formulate 5 essential assumptions on functions ai(I) (i=0,...,n;
[ =1,...,N), which (as we will see) are sufficient for existence of weak
solutions.

F1. Suppose that algl): Qr x R+DN 170, T; V) — R are Carathéodory
functions for each v € IP(0, T; V). This means that they are measurable

in (¢,x) for every (§o,&) € RO+DN “and continuous in (8o, &) for almost
every (t,x) € Qr (i =0,...,n; 1l =1,...,N).
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F2.

F3.

F4.

F5.

Suppose that there exist bounded operators g: I”(0, T; V) — R* and
k1:IP(0,T; V) — L1(Qr) such that

0P, 50,601 < 210 (Gl ™+ P! + [l 0)] )
for a.e. (t,x) € Qr, each (£o,5) € R®*DN and v € IP(0, T; V)
(i=0,...,n;1=1,...,N).

Suppose that for each § = 5 € R*™N ae. (t,x) € Q, each &o € RN and
eachv € IP(0, T; V)

N n
S5 (aPaxt0.8v) - aP i x,gomn) € =y > 0.

=1 i=1

Suppose that there exist operators g,:IP(0,T;V) — RY and kj:
IP(0, T; V) — LY(Qp) such that

N n
SN aP,x,80,5:0EL > g2 (1Eo P + [E1P) — ko)1t x)
=1 i=0

for a.e. (t,x) € Qr, each (§y,8) € RODN and v € IP(0, T, V) (i =
=0,...,n; 1 =1,...,N). Further, operators g5, k, has the following

property:

k2]l 1
ten\ _, .

lim <g2(V)||V HLP(O T;V) IvIlze 0, 7:v)

IVllep 0, 7;v) o0

Suppose that if upy — wu weakly in I[P(0,T;V) and strongly in
LP(0, T (I (@)N), then

Jim afC L uwe (), D)) = 4w O, Dug ()| () = O

(i=0,...,n;1=1,...,N)
We now define the weak form of system (1). Let us introduce first

the operator A:IP(0,T;V) — L4(0,T;V*). Foru = WD, ...,uN)) ¢
e IP0,T; V)yandv = (v, ...,vV)y € [P(0, T; V) define
[A(u),v] =

Z/ [Za(l) t,x,u(t x), Du(t,x); ) Dy (e, x) +
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+ a(()l)(t,x, u(t,x), Du(t,x); u) v(l)(t,x) dtdx,

where D; denotes the operator of (distributional) partial differentiating with re-
spect to x; and D = (Dy,...,Dy). As usual let L: IP(0, T; V) — L41(0, T; V*)
be the following operator:
D(L) ={u € X: Dju € X*,u(0) =0}, Lu = Dyu.
With operator A we define the weak form of system (1) by
Dju + A(u) = F.

In the next theorem we prove some important properties of A from which
existence of weak solution follows.

THEOREM 1. Assume that conditions FI-F5 are fulfilled. Then A: X —
X* is bounded, demicontinuous, coercive and pseudomonotone with respect
to D(L).

PROOF. The proof is based on elementary techincs and on Holder’s
inequality.

BOUNDEDNESS. From triangle inequality it is clear that it is sufficient to
deal with only one integral in [A(u),v]. This can be estimated by Holder’s
inequality:

2

1 1
q P
< </ |ai(l)(t,x,u(t,x),Du(t,x);u)|thdx> (/ |D,-v(l)(t,x)|pdtdx> .
Qr Qr

(In case i = 0 we replace D,-v(l) by v®D)) On the right hand side of (2) the
second term is less or equal than ||v|| x and the first term can be estimated by

the inequality |a + b|” < 2"~ (|a|" +|b|"):

<

/ aDt,x,u(t,x), Du(t,x);u) D D(t, x)dtdx
Qr

1

7
) (/ Ia,-(”(t,x,u(t,x),Du(z,x);u)wtdx) <
Qr

< const - (/ [gl(u)q (|u(t,x)|(p_1)q + |Du(t,x)|(l7—1)q) "
Qr
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1
q

+ |[k1(u)](t,x)|q} dtdx) <

1 1
q q
< const - |g(u) (/ lulP + |Du|p> + (/ |k1(M)|q> =
Qr Qr

P
 const - (glwmuu 74 ||k1<u>|\Lq<QT)) .

Summing the above estimations with respect to i and [ we get:

P
[[Aw),v]| < const - (gl(u)llullgg + ||k1(“)”L‘1(QT)> v x-

P
This means that ||A(u)| x* < const - (gl(u)Hqu( + ||k1(“)HLq(QT)> . From

here by boundedness of operators g; and k; follows the boundedness of A.

DEMICONTINUITY. Assume that 4, — u strongly in X. Then there exists
a subsequence (iiy) C (ug), such that 4y — wu and Dijpy — Du for a.e.
(t,x) € Qr. We show that for each v € X we have [A(i;) — A(u),v] — 0,
then using the subsequence trick the proof of demicontinuity will be finished.

It is useful to introduce operator A,: X — X* (u is fixed) defined by

N n
[Au(),w] := Z/Q lZai(”(t,x,v(t,x), Dv(t,x);u) Dw (e, x) +
=1 T Li=1

+ a(()l) (t,x,v(t,x),Dv(t,x); u)w(l)(t,x) dtdx.

We prove that A(iiy) — A, (iix) — 0 and A, (ii;) — A(u) — 0 weakly in X*.
It is easy to see (from triangle and Holder’s inequality) that it is sufficient to
show

@ a"¢ (), Dig (i) — al ¢ g (), Ditg (s )l Loy — O
and
&) Na¢ a0, Dig i) — a ¢ u@), Due);w)| racop — O-

The strong convergence in X implies the weak convergence in X, and be-
cause of the continuous imbedding X — Y it implies the weak convergence
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in Y, too. So that from F5 it follows that (4) is true indeed. On the other
O]

hand, from condition F1 we know that ;" is continuous in (§, ), hence

a(t,x, iy (1,%), Dt (1,x);u) — (¢, x, u(t, x), Du(t,x);u)

for a.e. (t,x) € Qr, by the almost everywhere convergence of i, and Dii; in
Qr. Further,

laP(t, x, @ (1, %), Dig (¢, x);0)|9 <
< g1)? (| (t,x)P + | Dig (2, x)|P) + |k )1(t,x)|9 = fi (2, ).
Since (iiy) is convergent in X, (fy) is convergent in L'(Q7), consequently
equiintegrable in LI(QT), too. Hence functions (al.(l)(- N/ACR Dﬁk(-);u))
(k € N) are equiintegrable in L9(Q). Then by Vitali’s theorem we have
dim aiC (), D)) = a ' u(), DuC):w)]| Laopy = 0.

REMARK. Observe that we have shown also the following facts:
Alil) — Ay (i) — 0 weakly in X* and [A(#) — Ay (i), vi] — 0, if (vg)
is a bounded sequence in X.

COERCITIVITY. From condition F4 we get

[A(u),u] > /Q [82G0)[u(t, )P + | Du(t, x)|P — [kou)](t, x)] dtdx =
T

= go(u)|Ju|% — k2@l 110y
thus using F4 again we obtain
[A(u), ul

luflx—oo lullx

k2 (@)]| ;1
_ s

> lim b=l
o Sl [gZ(u)”u”X ||M||X

PSEUDOMONOTONICITY. Let us suppose that
(6) u, —u weaklyin X and Dju; — Dyju weakly in X*,
further
(7 lim sup[A(ug ), u, — u] < 0.

k—o0
By using the subsequence trick it is sufficient to show that for a subsequence
(i) C (ug)
klim [Aig), i —u]=0 and A(ig) — A(u) weakly in X*,
—00
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Since the imbedding wlr(Q) — I7(Q) is compact and (uy ) is bounded in X
and (Duy ) is bounded in X™ by its weak convergence, hence from the well
known imbedding theorem (see [4]) there exists a subsequence (i) C (ug)
such that iz — u in Y. Then by using the above remark we obtain

®) lim [AGig) — Ay (i), ity — u] = 0.
k—o0
Comparing this with (7) it follows that

©)) lim sup[ Ay (i), i — u] < 0.

k—o0

We know that A, is pseudomonotone with respect to D(L) (see [2]), hence
from conditions (6) and (9) we get
(10)
klim [A,Gig), ity —u]l=0 and A,(i;) — Ay(u)(= A(u)) weakly in X*.
— 00

From this, by using (8) we have klim [A(#y), i —u] = 0. On the other hand,
— 00

we have shown in the proof of demicontinuity that A, (iiy) — A(iig) — 0
weakly in X*, so that by using the second part of (10) we obtain A(ii;) —
— A(u) weakly in X™*. This completes the proof. |

COROLLARY 1. For every F € X* the equation
Diu+ A(u) = F, u0)=0
has got a solution u € D(L).
PROOF. Since operator D; is closed, linear and maximal monotone (see

e.g. [5]), therefore the statement follows from the preceding theorem and
theorem 4 in [3]. ]

3. Examples

In this section we deal with a general form of functions ai(l) which fulfil

conditions F1-F5. In the end we show some concrete examples.
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3.1. General case
Suppose that function al(l)(t,x, C0,C;v) has the form:
(Dae,x,80,8:v) = [HOW)| (6,000 (1, x,0,0) +
+ —G(l)(v)} (t,0)d(t,x,80,8) ifi # 0, and

(12)ad(t,2,60,55v) = [HOW)] (1,060 (1,x,80,0) +

+[ 60| (. 0d,2,80,6),

where blgl) , dl.(l) L,HOD GO, G(()l) have the following properties.

K1. Functions bgl): Qr x R"*+DN R and dl.(l): Qr x R"*DN _ R has the
Carathéodory property. This means that they are measurable in (¢,x) for
every (Co,&) € R™*DN “and continuous in (£, &) for ae. (1,x) € Qr
(i=1,...,n;1=1,...,N).

K2. There exist constants ¢c; > 0,0 <r < p — 1 and a function ky € L1(Q7)
such that

a) [b(t,x,80,0)| < eGP~ + (8P + ki (1, %),

b) 1d1,x,80,0)] < er(lol” + 21"

for a.e. (t,x) € Qr and each (£y,&) € RW*DN (i =1,...,n;1=1,...
...,N).
K3. For each & # n € RN

) > 10" ,x,50,5) — bV, x, 8oL ) > 0,
i=1

n
l l l l
b > 1P, x,50,8) — dPt,x,50,m1E" — 5y > 0
i=l1
for a.e. (t,x) € Qr and each §, € RN (1=1,...,N).
K4. There exist a constant ¢, > 0 and a function k, € L'(Q7) such that

) Y b,x,80,008" > ea(l58 P + 6D P) — ka(r, ),
i=0
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n

b > d.x. 80,620 >0
i=1

for a.e. (t,x) and each ({p,&) € R"DN (1 =1,...,N).
KS5.

a) The operator H): IP(0, T; (I (Q))N) — L>°(Qr) is bounded and
continuous such that for every veL”(0, T; (L Q)M
[HDW)](t,x) > ¢3 > 0 holds for a.e. (1,x) € Qr.

p
b) The operators G(l),G(()l):Lp O, T; (L7 Q)N) — Lp—-1(Qr) are
bounded, continuous where r is given in K2/b. Further, for each
v € IP(0, T; (IP(Q)N) we have [GD(1)](z,x) > 0 for a.e. (t,x) €

€ Qr and
[0 1GP @)@ x)|P*1;*1dtdx
(13) lim 9 D __ =0, I=1,..,N.
VIl e 0,7, vy—o° ||v||LP(O,T;V)

CLAM 1. Assume that conditions KI1-K5 hold. Then functions defined
in (11), (12) satisty conditions FI1-F5.

For the proof we need a technical lemma.
LEMMA 1. Let us introduce the following operators:

N
[HWIx) =Y [IHOW)I(#,x)]
=1

N
[GWI(t,x) =D [[GD W), x)]
=1

N
l
[GoI(t,x) =D G 1, ).
=1
Then operators H, G and Gy fulfil the conditions formulated in K5 on H a ),
G and G(()l) , respectively.

PROOF OF LEMMA 1. We have to prove only (13) which follows easily by
estimating the integrand by |a + b|* < 25~1(ja|* + |b|). 1
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PROOF OF CLAIM 1.
ConDITION F1. From K1 obviously follows F1.
CONDITION F2. Let i > 0 and r > 0. It is obvious that
IHO )@, (1,x,80,0)] <
<IHO 0p) (€1 (1GP ™" +16P71) +ki0,1))
On the other hand by using Young’s inequality with conjugate exponents

p—1
p—r—1

1<p1=%1<ooandq1= we get

(14) [[GP N, 0)d 1, x,80,0)] < [IGONE,x)d " (1,x,80,0))

_P@x 8. 0P IGwIe 0
B P1 q1 '
Estimating by K2/b and |a + b|* < 25~ !(|a|® + |b|*) we obtain

G WN0d (1,x,80,0)] < const - (|Gl 1 +[E]P1 + [[GO)(E, x)|1)
(15) = const - (IGolP =" +[E[P =" + GO )| )
Combining the above estimations we have

0P t,x,80, 50| < const - [ (IHOl|zoe(op) +1) (1GoP ™" + [P ~") +

I HO)|| oo(opki (1, x) + |[G(v)](t,x)|ql} :

By the boundedness of operator H and by the continuous imbedding X — Y
we have that ||[H(-)||oc(@;) is a bounded X — R* functional. Further, from

ky € L1(Qp) it follows that ||H(-)||L00(QT)k1 is a bounded X — L9(Q7)

operator. Observe that g1q = p_’;_l so that

(16) / (|[G(v)](t,x)|q1)thdx:/ |[G(v)](t,x)|p—€—1dtdx
Qr Qr
p

p 1
= (llG(V)II . )
LP—"=1(Qp)

Due to boundedness of G this means that |G(-)|91 is a bounded X — L9(Qr)
operator.
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Now let r = 0. Observe that g; = 1, moreover from K2/b we have
|dl§l)(t,x,C0,§ )| < 2c¢q. So in this case we also have an inequality similar
to (15):

GO, 2)d P (2,5,50,8)| < const - [[GO)I(E,x)|91.

This means that this case can be treated in the same way. This completes the
proof in case i > 0. Case i = 0 is the same, we only have to replace G by Gj.

CoNDITION F3. Using condition K3 and K5/a we get for § # 7

N n
S5 (aPx0.6v) - aPx,gomn) ) € -1 =

=1 i=1

N
=Y H e, X)Z<(l)(thO,C) bV, c0m) € =0+
=1

i=1

N
+> 16w, X)Z<d(l)(thO,C) dPwx,m) € =5 > 0.
I=1

CONDITION F4. Taking into account conditions K4 and K5 we obtain

N n N
an Y Y alexte st =3 [HOw)] @x)

=1 i=0 =1

Zb(”a %80, 806" +Z (6D a, x)Zd( Jt,x.80.006+

i=0 i=1

N
+#32 [65 0] 0dgax b g >
=1

N
p p
> 30 (‘C(()l)‘ + ‘C(“‘ ) — c3kp(t, x)+
=1

(6 0)] 0,50, DS >

M=

+
l

> €4C3C2 (|C0|p + |C|p) — C3Nk2(t,x)+

Il
—_



150 ADAM BESENYEI

+Z (G500 . 00d 2,50, 0.

In the last estimation we used inequality |a + b|* < 25~!(ja|* + |b|%). Put
¢ = c4c3c, and investigate only the terms in the last sum. Let € > 0 be fixed

P ! . . .
a constant such that % < 3C—N, and use the e-inequality with exponents p, q.

Then we have
R e T I

< |[Go(v>]<t,x>d<”<t,x,co,z;)z;(”| <

IN

p
%IC(’)I” + Gt e, e D).

The first term in the right hand side of (18) is less or equal than BC_N (|§0|p +

+EP ) In the second term using the ¢-inequality with g > O (defined later)
and exponents pq, g similarly to (14), (15), the following estimation holds:

19 |[6’w)] @0, x.50.0)|" <

q
< const - <up1 <|§O|p_1 + |§|p_l> +u~ |[Go(v)](t,x)|41> <
< C*Mplq (|CO|P + |C|P) +c*,u_qlq|[G0(v)](t,x)|q1q.
C*Iuplqg_q Cl . . .

Let 4 be such that —— — <3N Then substituting (18) and (19) into (17)
N n ; ;
Zzaf Y(t,3%,80,5:0)E" >
=1 i=0

(15olP +12IP) — (e3Nky(t,x) +Nd*|[GO(v)](t,x)|q1‘12
= Th()I(1,%)
where h(v) € L! (Qr) following from (16) (and k; € I (Qr)). Moreover

c
3

p
. SC3N||k2||L1(QT)+Nd*/Q [Go()1(t, )| 7T dtdx.
T

From the lemma we know that Gy fulfil (13), hence

. p1 (¢ WlLig,
lim HvHX 3" 7”‘;”])
X

1
—H I
Ivllx—oc

= +00.
||V||X oo 3
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CoNDITION F5. Let r > 0. Suppose that u; — u weakly in X and
strongly in Y. Then (u;) is bounded in X. Therefore from K2/a follows that

(bgl)(- ,up (), Duk(-))) (k € N) is bounded in L7(Qr), since it is easy to see
(similarly to (3)) that

/ |b§l)(taxaMk(t,X),Duk(t,x)ﬂdtdxg
Qr

< const - / [|uk(t,x)|(p_l)q + |Duk(t,x)|(p_1)q + |k1(t,x)|q] dtdx <
Qr

< const - (gl + ki1l o) < K-

Further observe that (dl.(l)(- ,ug (), Duk(-))) (k € N) is bounded in L%(QT),
since by K2/b

/ 1AVt %, uy (1,%), Dug (2, )| Fdrdx <
Qr

< [ (o« Do dids =l < K.
Qr

Hence

/ [(CHO @)1, )~ [HO @)1, )bt x, i (1), Dug (1, x))| Pddx <
Qr

< ||H(”(uk)—H<“(u)||qLOO(QT)/Q 161t x, i (8, ), Dug (1, x))| Pdrdx <
T

< K| HP ) = HOW)| oo op) — 0,

by using the continuity of H®). On the other hand, Hélder’s inequality with
exponents pq, q; shows that

/ (LGP w1t %) — GO, x)d (1, x, wy (1), Dug (1, )| Pddx <
Qr

1
) LP*I P1
< ([ a0, a7 drdx )

Qr

1
—1 q1
: < / LGP )t x) — [G(”(u)](t,xnp—’ilp’—’r—ldtdx> <

Qr
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p—r—1

1
< K21 |GOuy) — GPw)| 7, -0,
LP—r=1(Qp)

since G is continuous. This means that
20) la¢,ur (), Due () — aP - ur (), Duge ()| ooy <
< IHO @) — HP@)bP ¢, u (), Dug (Dl aoqy +
+ (6D auy) — GP@)d ¢, ug (), Dug (Nl ra oy — O-

If r = 0, then the first term on the right hand side of (20) tends to 0. Since
P__ = ¢ (hence G maps to L4(Q7) continuously) and |b§l) (t,x,0,0)| <

—r—1 -

p
< 2cyq, so that

16D @) — GPand ¢, u (), Due () Lagoy) <
< 201 1(GP ) = GPw)) aop) — O

Hence the second term in the right hand side of (20) tends to 0, too. Case
i =0 can be treated similarly, replacing G by G(()l).
3.2. Concrete examples
3.2.1. Operator H)

Let ¢: R — R be a continuous function such that ¢ > ¢ > 0. Let us
introduce the following operators on [P (0, T; (L Q)N):

N
I =g | [ 3 b ). where b € 19Qp) (1) < N)
tj=1

[H,(W](t,x) :==¢ [/ |v|a} , where 1 <a <p.
o)

CLAIM 2. The above H, and H, fulfil condition K5/a.

PROOF. We prove only the case of Hj, the other can be made by similar
techincs. From Holder’s inequality we know that ij(j) € Ll(QT), so that
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H, is well defined, and obviously H;(v) > ¢ > 0. On the other hand, if
IIv]ly < K then we have

/Q Zb vl < Z/ |bjvP| < KZHb | La(Qp)
l

from where by continuity of ¢ follows that H; maps to L>°(Qr) and it is
bounded indeed. Further, if (vy) — v in IP(0, T; (IP (Q))NV) then we have

1
<SS ([ i) ([ w-vor) —o
; Qr ’ Qr k

therefore by continuity of ¢ it follows that le vg) — le (v) in L*°(Qy).
This completes the proof of continuity. |

3.2.2. Operators G, G(()l)

Let : R — R be a continuous function such that |y (y)| < const -
- ly[P="0~! holds for some 0 < ry < p — 1. Let us introduce the following
operators on P (0, T; (IP Q)N):

(G (D), x) = / Za @, x)v(x,x)dr

N
[Go(W)](t,x) =1 /Q > ajt, eV, E)dé |,
=1

where a; € L>(Qr) (1 <j < N),
1
t a
[G3(W)(t,x) =7 [/ |v(r,x)|adr] , where 1 <a <p.
0

CLAM 3. The above G; fulfil conditions made on Gy in K5/b with
0<r <ry. dfy > 0, then obviously the nonnegativity condition is fulfilled,
too.)
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PROOF. We show only the case of operator Gj. Letbe 0 < r < rg < p—1
then from properties of i it is obvious that

~ p
/ [[G1(W)](t,x)|P~r—ldtdx <
Qr
N T . pA
SCOI’ZSI-/ Z/ ”aj||L°°(QT)|V(])(T,x)|dT didx <
Or \ ;2 /0
j=

N T ph
< const-/ Z/ |v(t,x)|dT dtdx =
Qr j=1 0
pA

T
:const-/ (/ |v(r,x)|dr> dtdx,
Qr \/0
p—rg—1

where 0 < 4 = =r=T < 1. By using Holder’s inequality with exponents

1 — _P in-
p1=7(>1) and q; = ;77 we obtain:

T pA
/ (/ |v(T,x)|dr) dtdx <
Qr \/0
A
T PA/IT q]_l
< const - / / [v(r,x)|dt dtdx | - / 11 =
Qr \/0 Qr
T p
= const - </ (/ |v(r,x)|dr> dtdx)
Qr \/0

Now we may estimate again by Holder’s inequality and after that we may use
Fubini’s theorem. We get

T p
/ (/ |v(T,x)|dr) dtdx <
Qr \/0
T
g/ (/ |v(r,x)|pdr>
Qr 0

A

p

T
/ 19dr dtdx =
0

ST
Q=
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T
= const - / / |v(r,x)[Pdrdxdt = const - / [v(t,x)|Pdtdx < const - ||v||1;(
Qr 0 Qr

Summarizing the above estimations one gets
~ _p A
/ [[G1(D)](t, x)|P=r=ldtdx < const - |v]y.
Qr
From this it is easy to see that G is a bounded operator which maps to
p
Lp—r=1(Qy). Further

~ p
fQT [[G1(")](t,x)|P—"—Tdtdx

lim HVHI;?_U =0

vl x —o0 Iv]% vl x —o0

3

since A — 1 < 0. Continuity of the operator can be proved similarly to the
previous theorem.

REMARK. From lemma it is easy too see that linear combinations of the
above operators fulfil condtitions K5/a and K5/b, too.

3.2.3. Functions b\, d"
We show the well known examples. Let b;l)(t,x, £0,8) = Elgl)(t,x, €os Cl.(l)),

where 5;1): Qr x RN+ _ R is a Carathéodory function such that the follow-

ing hold. Function Ci(l) — l;gl)(t,x,Co, Cl.(l)) is strictly increasing,

bgl) (t,x,CO,C,-(l))‘ <cp (|§0|p L+ ‘éi(l)‘ > +ki(t,x),
and

3 p

5 (o) 6

where ¢; > 0, k; € L1(Q) and k, € L'(Qr). Then blgl) obviously fulfil

K1, K2/a. K4/a follows by inequality |a + b|* < 25~!(|a|* + |b|*) and K3/a
follows from monotonicity.

Similarly, let d"(t,x,80,8) = d",x,80,8") (i # 0) where
Hl.(l): Qr x RN+l R is a Carathéodory function such that the follow-
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ing hold. Function @;l) — 3§1)(t,x,§0, §i(l)) is monotone nondecreasing,

dV(t,x,80,0) = 0, and

3§1) (t,x,Co, C;l)>‘ <cy <|Co|r +

r
&) + i),

where ¢; > 0, k; € L9(Qp) and 0 < r < p — 1. If i = 0, then let d} be a
Carathéodory-function which satisfies

4 1,x.80,00| < 1 (ol + 1) + ki 0.0,

Then conditions K1, K2/b, K3/b obviously hold. To prove K4/b we only have
to observe that (if i # 0) 3;1)(t,x,C0, Ci(l))Ci(l) > 0.

REMARK. The simplest examples for the above general conditions are
¢ e P2 and g0 - eP1EP it r > 0.1 r =0 let d” = 0
and d(()l) =1.
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1. Definitions, generalization of earlier statements and the concept of
multivisible points

After some preliminary statements, firstly we define the multivisible
points and examine the properties of these points, and then we give a descrip-
tion of the multivisible point structure of the warped product space-times. At
the end of the section we give some examples, which show that this structure
can be the same at each point of the universe, or it can vary there.

DEFINITION. Let ]R% be the 1-dimensional Lorentz manifold obtained by

multiplying with —1 the canonical metric of the real line, I = («,f) C ]R% an
open interval, P a complete 3-dimensional Riemannian manifold and ¢ : I —
— IR* a positive valued smooth function, then the warped product M = I X P
is a 4-dimensional Lorentz manifold having a canonical time-orientation by
the ordering of I and accordingly it is called a warped product space-time. 1f
in particular S is a simply connected 3-dimensional Riemannian manifold of
constant curvature, i.e. S is either the 3-dimensional euclidean space E3 or
the 3-dimensional sphere S3 or the 3-dimensional hyperbolic space HP then
M =1 x ¢S is called a Robertson—Walker space-time ([1] pp. 129-131; [7]
pp. 341-345). Furthermore, let S’ be a 3-dimensional Riemannian manifold
of constant curvature such that there is a locally isometric covering map

w:S—S,
then the warped product M’ = I x ¢S’ is called a generalized Robertson—
Walker space-time; in this definition the case S’ = S is also admitted.
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The following basic concepts of Lorentzian geometry will be applied
subsequently: If (M, <,>) is a time oriented Lorentz manifold and p € M
then by the light cone at p in T, M the set

Ap={v € LM —{0p} | (v,v) =0}
is meant; moreover, by the light cone at p in M the image under the expo-
nential map:
L, = expp(Ap N E,M).
where E, M is the domain of the exponential map. If (M, <,>) is also time
oriented then the corresponding future light cones A;; in T,M and L;; in M
are obviously defined.

DEFINITION. Let (M, <, >) be a semi-Riemannian manifold, ¢ : C — M
its geodesic where C C R is a closed interval and 6 : J — C a smooth
strictly monotone increasing funtion on an interval J C R. Then the smooth
curve

Yy=pol:J—-M
is called a pregeodesic of the semi-Riemannian manifold. Let V be the
Levi—Civita covariant derivation of the semi-Riemannian manifold then the
equation
. d%0
Vo) = ——
1/)1/) drzw

is obviously satisfied by the pregeodesic ¥ and conversely any smooth regular
curve Y of the semi-Riemannian manifold such that V, ) is collinear with
Y (r) throughout is a pregeodesic ([7], p. 69; pp. 95-96).

By application of O’Neill’s results on geodesics in warped products the
following lemmas are obtainable. With the help of this lemas we will examine
the lightlike geodesics in a warped product space-time. It turns out that these

geodesics correspond to the geodesics of the Riemannian spacelike factor in
the warped product.

LEMMA 1.1. Let M =1 x 4P be a warped product space-time and

E@)=E@),n), T €l
its geodesic. Then the following are valid:

1. J 51 —n(t) € P is a pregeodesic in the Riemannian manifold P.
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2. Ifk : R — P is a geodesic parametrized by arclength, then there is a
unique inextendible future directed lightlike geodesic

E@)=E@),n), 1€l

of M such thatn(t) =k o O(t), T € J where ©® : J — R is a strictly
monotone increasing smooth function.

PROOF. By an obvious modification of the proof given for Robertson—
Walker space-times (see e.g. [7], p. 353-354) where the assumption that P is
of constant curvature is not essential. ]

Next we give, in some sense, a uniform parametrization for the lightlike
geodesics.

LEMMA 1.2. Let M = I X 4P be a warped product space-time which
is lightlike complete, where P is a complete Riemannian manifold and p =
=(t,c) € M. Then there is a smooth function

ap RF— 1

such that ifk : R — {t} x P is a geodesic in the totally geodesic submanifold
{t} x P in arclength parametrization with k(0) = p, then

R* 30— (yp(0),k(0)) € M

is a future directed lightlike pregeodesic.

PROOF. Consider a geodesic k : R — {t} x P parametrized by arclength,
and assume that there is a smooth function A : Rt — I such that the curve

R 50 — (A(0),k(0))
is lightlike. Then
0= —(A(0),4(0)) +$*A(0)) (K (0), £ (0)),
A(0))* = ¢*((A(0)),
A0) = p(A(0))
has to be valid. Then by integration

A(0) di od
s e

is obtained. But then a smooth function ¥(1) = 0, 0 € R* is obtained and
Ao) = ‘{’_1(0) is valid. Conversely, a smooth function of the above kind
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yields a lightlike curve with the given properties. The curve is a geodesic in
consequence of the preceding lemma. |

Note that by “we can change the direction of the time”, we mean that we
can lift the above geodesic « to a past directed lightlike pregeodesic, if we
take

Ao) = —p(A(0))

instead of }L(o) = ¢(A(0)) in the above lemma. So we can define y, on the
whole real line R in the above lemma. From now on all the lemmas will have
a dual in the above sense: “changing the direction of the time”.

LEMMA 1.3. Let M = I X 4P be a warped product space time were P
is a complete 3-dimensional Riemannian manifold, then a lightlike geodesic
intersects {t} x P foreveryt € I.

PROOF. It is enough to see that a future directed lightlike geodesic from
p =(t,c) € M intersects all {t'} x P forevery t' >¢,¢t' € I. Let§ : Rt — P
be a geodesic from p parametrized by arclength and y = (,8) its unique
lift to lightlike pregeodesic. For an indirect argument assume that y is not
intersecting a {t}* x P, t* > ¢, t* € I. Let 0 = min{¢(s) | t < s < t*}, then
for the lightlike pregeodesic y = (9,§) : RY — M

0= ((5),7(8)) = > @NE ), E)) — (7(),77(5)) = p2 (7 () — (7(5),71(5)),
D@ (s)) =1 (s)
is valid. Then from I'm(y) C [t,1*] x ¢ P and

o0 o0
t*—t>/ ﬁ(s)dsZ/ d0ds = o0
0 0

a contradiction is obtained. So lemma 1.3 follows. 1

DEFINITION. Let M = I x4 P be a warped product space-time where P is
a complete 3-dimensional Riemannian manifold. Fix a point p = (t,¢c) € M,
and consider a geodesic k : R — {t} x P with k(0) = p and parametrized
by arclength. Then in consequence of the preceding lemmas there is a unique
smooth function

Ap : [Fp, Rpl — 1
such that 0 +— (xp(0),k(0)) € M is the unique lightlike pregeodesic which
projects to k and this function ), is called the galactic time needed for a

photon to cover the spatial distance o along the spacelike geodesic k, and
R, is called the spacelike distance we can cover during the existence of
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the universe, correspondingly F, is the past spacelike distance we can cover
starting at the beginning of the universe.

If we see a star in the universe it means mathematically that there is
a lightlike geodesics joining us and a “previous” image of the star in the
space-time. Now we give the mathematical definition of the visibility in this
sense.

DEFINITION. Let (L, <,>) be a time oriented Lorentz manifold and x,y €
€ L. If there is a future directed lightlike geodesic ¢ : [0,] — L with
@(0) = x and p(B) = y then x is said to be visible from y, moreover the
1-dimensional half-space

Top(® )= {A-p(B) | A <0, L€ R} C T,L

is called the corresponding direction of visibility of x from y; let V(x;y) be
the set of directions of visibility of x from y. If x is visible from y and there is
only a single direction of visibility of x from y, in other words if V(x;y) has
a single element then x is said to be simply visible from y; if there are more
than one such directions, in other words if V(x;y) has more than 1 element
then x is said to be multivisible from y. The number

o(x,y)

of the elements of V(x,y) is called the order of visibility of x from y. If P
is a 3-dimensional Riemannian manifold such that to any two different points
of P there is a single geodesic joining them, then there are no multivisible
points in a warped product space-time M =1 X 4 P.

We remark that if we see a star from two different directions it means that
there are two lightlike geodesics which have started from “previous” positions
of the star and are intersecting at us “here” and “now”, but the two fotons that
we see have not necessary the same “age” we mean that they could start at
different galactic time, more precisely at different space-time points. In the
next lemmas we will give a description for the multivisible points.

In the next lemmas we fix a point p and describe the points from which
it is multivisible. We use for this description the future light cone L;. But

correspondingly if we want to describe the points which are multivisible from
p then we should replace L;; with the past light cone L, . So in this sense the
following results have dual roles.
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LEMMA 1.4. Let(L,<,>), (L', <,>") be time-oriented Lorentz manifolds
satistying the causality condition and such that there is an isometric covering
map w : L — L' which is also time orientation preserving, and p,q €
€ L, p',q" € L' such that p' = w(p), q' = w(q). Then p' is multivisible
from q' if and only if

q € Ly N L,
holds for the future light cone L;; with a suitable non-trivial time orientation
preserving deck transformation © : L — L associated with the covering map
w or p is already multivisible from q .

Note that in the time oriented Lorentz-manifold by the causality condition
we do not allow a lightlike geodesic loop.

PROOF. The proof is a modification of the proof of lemma 3.1 in [8].

Let g € Ly N L*é(p), then § = ©~1(q) € Ly is valid, since © is isomet-
ric therefore O(L*)) = L*é(p). Moreover, there are future directed lightlike
geodesics

£©) = E@©),n(0)), 0 € 10,41, {@) = E@), 7)), T € [0,5],
such that £(0) = £(0) = p, () = ¢, §(B) = . Put p’ = 0 (p), ¢’ = 0 (), then
the curves
ol :[0,1— L wol:[0,f1—L

are future directed lightlike geodesics from p’ to ¢’. It will be shown that

Tg(@ o L)R™) # Tz o L(R7)

is valid. For sake of an indirect argument assume that the above directions
are equal and consider the geodesics

TO)=wolP —0), o €0,p],
Twy=wof@ —1), v € [0,f1.

By the indirect assumption the above geodesics have the same initial point
and initial direction, therefore the image of one of them is included in that of
the other. But these images must be equal since otherwise there would be a
lightlike geodesic loop in L' at the end point g’.

=

Therefore the lifts of the geodesics (E ¢ to L with the initial point g
coincide, and consequently p = ©(p) is valid. But then © has to be trivial in
contradiction with its choice.
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Now assume that there is a point g’ € L' which is multivisible from the
point p’ € L'. Then there are future directed lightlike geodesics

p:[0p1 =L, ¢ 10,1 L
such that 1 (0) =9 (0) = p’, w(B) = (B) = ¢’ and their tangent vectors
Y@, B e Tl
are independent. Consider the lifts ¢, ¢ of the above geodesics in L with
the initial point p and put ¢ = ¢(8), ¢ = $(B). Then ¢ = § is valid, since
otherwise p would be multivisible from ¢. But then there is a non-trivial

deck transformation ® associated with @ such that ¢ = ©(§) holds, since
w(g) =w(qg) is valid. Now

+ +
q € L, N Lg,
holds by the construction above. |

The next definition will be very helpful to give a formal description of
the multivisible points.

DEFINITION. Let P be a Riemannian manifold, and a, b € P then the set
of geodesics y : [a,f] — P such that y(a) = a, y(f) = b is denoted by
%(a,b) and called the the system of geodesics joining a to b; furthermore by
£(a,b) is denoted the set of the lengths of these geodesics y € ¥(a, b) and it
is called the set of geodesic lengths between a and b.

In the special case when P =R3 or P=T" andd : P x P — R is the
corresponding distance function, then for ¢, ¢ € P

L(c,e) NLO(c),c) #

is valid if and only if d(c,¢) = d(O(c),¢) holds where © is an arbitrary
isometry.

LEMMA 1.5. Let M = I X 4P be a warped product space-time where

P is complete, w : P — P’ an isometric covering map, M’ = I x 4 P' the
corresponding warped product space-time, ® : P — P a non-trivial deck
transformation and ®* : M — M the associated deck transformation. Fix
p = (t,¢) € M and let C be the set of those ¢ € P for which £(c,¢) N
NL(O(c),c) = 0. Then

LyN@*(Ly) ={({,e)e M | ¢ € C, T=y,A), A€L(c,e)NL(O(c),?), A< Ry}
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is valid tor the intersection of the above future light cones, where R, is the
spacelike distance we can cover during the existence of the universe.

PROOF. The proof is a modification of lemma 3.3 in [8].

If g € L} N ©* (L)) then there are two different future directed lightlike
geodesics
0,11 =M, §:[0,11 - M

such that the following are valid (0) = p, £(0) = ©%(p), &(1) = ¢(1) = q.
Then their projections 7, 7j on P are pregeodesics of equal length by the
corollary of proposition 1.2 and this length is an element of the set

L(c,e) NL(O(c), ).

Conversely, if A € £L(c,¢) N£L(O(c),¢) then there are geodesics 7, 7 :
[0,1] — S of length A with

n(0) =c, 7(0) = O(c), n(1) =7(1) = ¢.

But then the lift of  with initial point p and of 7 with initial point ©*(p) as
lightlike geodesics, which end at the same point

(p@),0) € L N O*(LY),
we need here that A < R;. Thus the assertion of the lemma is established. 1
Let 5(c,O(c)) denote the plane which bisects the line segment (¢, O(c)).

COROLLARY 1.1. Let M = I X S be a Robertson—Walker space-time

where S = R or P and w : S — S’ an isometric covering map. If
p=(t,c) € M, then

Lyn©*(Ly) = {(7,&)€P | d(c,&)=d(O(c), ), i=p(d(c,)),d(c,&)<Rp}
={(,¢) € P| ¢ € B(c,0(c)), T = yp(d(c,?)),d(c,¢) < Ry}
PROOF. It is a modification of corollary 1 of [8].

In fact, if S =3 or § = HP then
{G,6) € M | T=x,(), A € L(c,&)NL(Oc), &)} =
= {(;7 E) e M | d(C, &) = d(@(C), &)7 ; = Xp(d(ca E))}

is valid. But then by the preceding lemma the assertion follows. |
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Let M’ = I x 4 P’ be a warped product space-time where P’ has constant
curvature and the universal covering space P of P’ is H> or R3. Furthermore
let p’ = (t',c’) € M' be a point and w : P — P',T,,0,0> as above. Then
it is easy to see, that in this case in lemma 1.4 there is no multivisible points
in M =1 x 4P. And we mentioned preceding lemma 1.4 that lemma 1.4,
lemma 1.5 and corollary 1.1 have dual forms. So if p € M such that w (p) =
= p’ then we must know only the set L, N ©*(L,) for every non-trivial
deck transformation @*. But from the dual of corollary 1.1 we know that
Ly N©X(Ly) = {(i2:0) | & € f(e, (), Tz = xp(~d(c, ), d(c,?) < Fy}.
We can say that by the projection IT: I x 4 P' — P we lifted B (c, ©(c)) with
suitable galactic time coordinates, see figure I. Doing the above lifting for all
bisectors, for all f(c,0(c)), © € ' — {Id} we get all the points which are
multivisible from p’.

P 1 M=1x,P
B(c, 8(c))

M =1x4P
Pl

Figure 1. Getting the multivisible points, 2 dimensions of P and P’ are
suppressed

COROLLARY 1.2. Let M = I X 4,S be a Robertson-Walker space-time

where S =S3 and w : S — S’ an isometric covering map. Ifp = (t,c) e M
then the following holds:

LN ©*(L) = {(7,8) ] d(c,?) = d(©(c),d), T = yp(|d(c, &) +2kn]),
k € Z, |d(c,&)+2km| < Ry} =
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= {(5,0)| & € B(c,O(c)), T = xp(|d(c,&)+2kn)), k € Z, |d(c,&)+2kn| < Ry}

where ©* is a deck transformation induced by a non-trivial deck transfor-
mation © associated with with the isometric covering map o : S — S'.
Moreover, the set of those points q = (1,¢) € M from which p = (t,c) is

multivisible is given by
{Gp(k), Ak () | k € N = {0}, kz < Ry}

where A : S3 — S3 is the antipodal map.

PROOF. It is a modification of corollary 2 of [8].

In fact

{(f,&) eM | f=xp(/l), A€ Z(c,e) NL(O(c), E)} =
= {(,&) € M | d(c,&) = d(0(c), &), T = yp(|d(c, ) + 2%k |), k € Z}

is valid. The second assertion of the corollary is obviously valid, because the
geodesics from ¢ € S3 can intersect only at A(c) or c. |

LEMMA 1.6. Let (L, <,>) be a space-time satistying the causality condi-
tion, M = I X 4P a warped product space-time and w : M — L a locally
isometric time orientation preserving covering map. If p = (t,c) € M, then
p' = w (p) is multivisible from a q' = w(q), q € M if and only if one of the

following two conditions is satisfied:
1. p is already multivisible from g
2 Letp* = (1,8) € 07\ p") and (L@, )+ 1, D} = {d+x, ') | d €
€ £(&,c")), where if T < t, then Xp_l(f) means —Xl;kl(t)- Then q €
€ {(t',c) |34 € Lle, ) N{LE, N +yp ' D}, 11 = 2pR), A < Ry} for

some p* = (1,¢) € 0 ~1(p').
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{fyxp P M

{ty x P p w P L

wo P w o ¢

Figure 2. The multivisible points are of two kinds

PROOF. From lemma 1.4 follows that those points, from which p’ is
multivisible, are of two kinds. A point of the first kind is the projection

to L of a point x € M for which there is a point in w ~!(p/) which is
multivisible from x (the first case in the lemma). We can get a point of the

second kind if we fix ap = (t,c) € a)_l(p’ ) and we project the intersection
Lyn L;* to L for every p* = (7,&) € o~ (p’), p* # p. It can be shown
as in lemma 1.4 that for the description of L*, N L+p* condition 2 above is
valid, because let ¢ = (t',¢") € L} N L;* then there are lightlike geodesics
v+ 10,81 — M,7 : [0,8] — M for which y(0) = p, 7(0) = p*, () = 7(B) =
= ¢g. Then let their projections on P be ¢, ¢, for which {(0) = ¢, {(0) = ¢,
Zp) = f(ﬁ) = ¢’ is true. The lenght of { is Xp(t’) and of £ is Xp*(t/)' From
Lp(E) + 2 p (t") = xp(t") (because of p* = (7,¢)) follows that § is longer than ¢
by xp(@). So

LYpnLt e € {(t,¢) | 3 € Lle, HN{LE, )+, DY, ) =xp@), A < Ry}

is valid, and for the inverse including let A € £(c,c’) N {£LE, ') + 1y 1(f)}
then there are geodesics & : [0,8] — P : [0, B ] — P for which ¢(0) = c,
£0) = ¢, tP) = f(ﬁ) = ¢’ hold where £ is longer than £ by Xp_l(f), so their
lifts to lightlike pregeodesics end in the same point (y,(4), ch. ]

By the next theorem we will show that, if the spacelike factor in a warped
product space-time has some good properties, then there exist points in “good

position” in the universe; namely these are the points with the minimal galac-
tic time coordinate from which we see a point of the surface of last scatter
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in opposite directions. There are yet points in “bad position”; namely, these
are those which have the graetest galctic time coordinate for which we see a
point from the last scattering surface also from different but not necessary in
opposite directions; namely if (¢, c¢) is a point in “bad position” then for no
t' <t galactic time value can we see from (¢/,¢) a point of the surface of last
scatter in different directions. We give some examples too where we examine
how the above points can occure.

THEOREM 1.1. Let P be a simply connected complete Riemannian mani-
fold where to any two points there is only one geodesic line passing through
them, w : P — P’ a locally isometric covering map such that P’ is compact
and let M' = I x ¢P’ be a corresponding warped product space-time.

Fix at € I and consider the set 2 of thoset € I, t < f for which there
are pairs (c,¢),c,¢ € P' such that

o@',q") >2

where p' = (t,¢), q' = ({,&) € M'. Consider also the set Y of those f € I for
which there is a c € P' such that for any (t',c') withc' € P andt <t' <7
the following holds:

o(p',q) <1
where p’ = (t,c), q' = (t',c") € M'. Put now
tx =inf{f | 7 € E},
t*=sup{7|TE€Y }
Then there is a closed geodesicy in P' such that
1. The length of yy is equal to 2)(1)_,1(t*).

2. Y« Is not homotopic to 0.

3«. Y« Is the shortest one among those closed curves in P’ which are not
‘homotopic to 0.

Moreover, there is a c € P' such that

1*. o((t,¢),(t',c")) < 1 holds for any (t',c") € P witht <t' < t*.

2*. There is a geodesic loop in P'of length 2)(1;1 (t*), with a possible corner
at ¢, and not homotopic to 0.

PROOF. Note that = or Y may be empty and then the geodesics given in
the theorem do not exist.
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Fix an arbitrary point ¢ € P’ and a ¢ € P such that ¢ =  (¢) holds. Put
I .
o(c) = 5 min{d(¢,0()) | © e T - {I}}

where I' is the deck transformation group associated with w and [ is its
identity element. In fact, o(c) does not depend on the choice of ¢ in P.
It will be shown now that the function ¢ — o(c), ¢ € P’ is continuous.

It is enough to show that each ¢y € P’ has such a neighbourhood that o is
continuous on it. Since w is a covering map, there is a neighbourhood U of
co such that

o~ (U)=U{T; | i € N}
and o [U;, i € N is a diffeomorphism onto U. Fix one U = U, of these
neighbourhoods. Then o = @ ~! [U: U — U is a diffeomorphism and the
choice ¢ = 0(c), ¢ € U can be made continuously. Therefore the function
U>3c—dE,0¢)=do(),00()), ce U

is continuous for each fixed ® € I' — {I} by the continuity of the distance
function d (see e.g. [5], pp. 156-159). Since the action of the group I" on P is
properly discontinuous, there is a neighbourhood W C U of ¢ such that the
sets O(W), © € T are pairwise disjoint. Therefore there is a finite number
0;,i=1,...,k of deck transformations such that

o(c) =inf{d(c(c),0(0(c)) | @ € T — {I}}
=inf{d(0(c),0;(0(c) | i=1,...,k}, ce W
is valid. But the infimum of a finite number of continuous functions is
continuous.

Now let ¢« € P’ be a point where p attains its minimum. Fix a é, € P
with cx = w (€«); then there is a geodesic P« of length 2p(cx) from ¢« to O(Cx)
with some © € I'. Therefore

Yx = 0Py

is a geodesic loop at cx and y, has minimal length among all geodesic loops
in P'. In fact, if y : [0,8] — P’ with y(0) =y(B) = x is a geodesic loop at x,
then fix an £ € w ~!(x) and consider the lift : [0,8]1 — P ofy withp(0) =%
and put £ = (B). Then there is a £ € T’ — {I} with £’ = Z(%). But then

L) =L@)=dR&, 1) > 20(x) > 20(cx) = L(yx)
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is valid. In order to prove by contradiction that y, cannot have a corner at cx
consider the arclength parametrization ys : [0,8x] — P’ and assume that y.
has a corner at cy, i.e.

7x(0) Z 7«(B)
holds. Then ©(),(0)) # $(B). Put now f = ;7*(%), then
d(f,0(f)) < d(Cx, O(Ex))

is valid and yields a contradiction. The assertion that y is not homotopic to
0 is an obvious consequence of the construction.

Now let ¢* € P’ be a point where o attains its maximum. Fix a point
&* € w~1(c*), then there is a © € T — {I} with

1
o(c”) = 3d(&,0E")

and if 9*:[0,8*] — P is a geodesic from ¢* to ©(¢*) in arclength para-
metrization then w o9* is a geodesic loop at ¢* which is not homotopic to 0.

Let now ¢ = (§,7), £ =(, 7}) be the future directed lightlike geodesics in M’
starting from (7, ¢*) such that 5, 7 are those pregeodesics which in arclength

parametrization are equal respectively to y*[[0, %,8*], Y [1B8%, %ﬁ*] Then

&, & have a common endpoint (¢, ¢¢). In order to show by contradiction that

t¢ € Y is valid assume that there is a point (¢/,c’) € M’ such that ¢/ < t¢ and
#V((t,c™), ") > 1

holds for the number of the elements of V ((¢,c*), (¢',c’)). Therefore there are

two different geodesics in P’ from ¢* to ¢’. Therefore w ~!(¢’) cannot intersect
the interior of the fundamental domain F of ¢* which is the generalized

Dirichlet cell obtained by the “méthode de rayonnement” of E. Cartan ([11,
pp. 183-186). But ¢/ < t¢ implies that d(c*,c’) < %d(c*,@(c*)) is valid and
therefore @ ~!(¢’) has to be in the fundamental domain F. In order to show

that ¢ = t* holds observe that the existence of a 7 € Y with ¢ < 7 < ¢*
contradicts the defintion of #¢. |

In the proof of theorem 1.1 we fixed an arbitrary point ¢ € P’ and a
¢ € P such that ¢ = w (¢) holds and put

o(c) = %min{d(é,@(é)) |@el—{I}}

where I is the deck transformation group associated with @ and I its identity
element. In fact, we have shown in the proof that the o(c) does not depended
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on the choice of ¢ in P, and the minimum of this continuous function o : P’ —
— R* was £, and its maximum was t*.

Now we show some properties of o and give some examples for 3-
dimensional P.

LEMMA 1.7. Let P a complete Riemannian manifold, » : P — P a
locally isometric covering map, 1" the deck transformation group associated
with v and

p(e) = 5 inf{d(@, ©@) | © € T — {1}},

where ¢ € P, w(¢) = c. If the function p : P' — RY is constant with value
r in a neighbourhood of x € P, then there is a ©; € T" and a geodesic y
parametrized by arclength with Im(y) C P and its neighbourhood V, such
that ©;(y(t)) =y(t +2r) and it § € V and{ is the geodesic parametrized by
arclength joining § and ©;(¥), then ©;(L(t)) = {(t + 2r). So we can say that
O; is “like a translation” alongy .

PROOF. The function p is continuous by the proof of the above theorem.
Moreover, W, in the proof of the above theorem can be taken as W =
= 0(B(x,0)), where ¢ is defined in the proof of the above theorem and
B(x,0) is the open ball. Furthermore we can assume that § is so small that the
function p has a constant value r on @ (W) = B(x,0). As in the proof of the
above theorem we can choose deck transformations Oy,...,0; € I' — {Id}
such that p(c) = %min{d(é,@i(é)) li=1,....k, (@) =c,}if c € ®(W).
Put

Gi={y €co(W) | d(),0;(0c()) #2r}, FF=W - G;
where G; are open sets. Then there is a j € {1,...,k} for which intF; # (.

To prove the last statement make the indirect assumption that intF;, = (),
Vi € {l,...,k}. The sets G; are dense in (W), so GiN...N G, = 0
but Vy € o (W), 3j € {1,...,k}, d(0(y),0;(0(y))) = 2r yield y ¢ G;, and
this contradicts the indirect assumption. So let y € intF;, € > 0 for which
B(y,e) C F;. Lety : R — P be the arclenght parametrized geodesic for
which y(0) = o(y), y(2r) = ©;(a(y)). Then ©;(y(€)) = y(2r +¢€) is valid,
because

2r =d(y(e), 0;(y(€))) < d(y(€),y(2r)) +d(y(2r),0;(y(€))) =2r —€+e€

follows from the arclenght parametriztion of y and from d(y (2r), ®j (y(e)) =
=d(0;(7(0)),0;(y(€))) = d(y(0),y(€)) = € by the isometry of ©;. But in the
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above inequality equality sign holds if and only if there is no break at y(2r),
1.e. ®j (y(e))isony. So from G)j (y(0)) =y(2r), G)j (y(e)) =y (2r+e) the lemma
follows because we can repeat this construction for every z € B(y,€) and for
the geodesic between 0 (z), G)j (0(z)) which will form the neighbourhood V
of Im(y). |

COROLLARY 1.3. If the function p has a constant value r atx € P, then
there exists a © € 1" and X, where w (X) = x for which © is translating the
arclength parametrized geodesic between X, ©(X) with parameter value 2r.

PROOF. Consider the preceding lemma in the case Rt 5 6 — 0; then

there is a sequence y, — £, ©;, for which the preceding lemma is true,

where j, € {1,...,k}. We can suppose that ©;, = ©;, Vn € N but then the
geodesics between $,, ©;(9,) are converging in each compact interval in R
to the geodesic between £, ©;(£). and because the converging sequence of
geodesics is invariant under ® (modulo a translation with 2r parameter value)
so the corollary is proved. |

COROLLARY 1.4. If P = HP then the function o can not be locally con-
stant.

PROOF. By the preceding lemma there is a B(§,€) and ©; with the

property given there, and let y : R — H° denote the arclenght parametrized
geodesic between J, ©;(9). Let Hy be the hyperplane orthogonal to y at §, it
is mapped by ©; to H,, the hyperplane orthogonal to y at ©;(J), so that the
points near to § in H| have distance 2r from their images in H;. But by such
a transformation d(Hy, Hp) can attain its minimum only between §, ©;(9). I

EXAMPLE 1.1. Let P = I then in case of a locally isometric covering
o : P — P the function p can not be locally constant. So if P’ is compact,
t* # t, holds in theorem 1.1.

EXAMPLE 1.2. Let P = R3, and let T be the deck transformation group
generated by 3 independent translations, then the corresponding function p is
constant. So t* =t in theorem 1.1.

EXAMPLE 1.3. Let P = R3 and e1, ey, e3 an ortonormated basis. Let I
be generated by:

O, :R>a—a+100e, O, : R >a — a+100e;
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and by ©3, which is the product of the translation with e alog the e; axis
and of the rotation by s around this axis. Then it is easy to show that in the
point z = (0,0, 25) the function p has locally the constant value 2, because
from the Dirichlet cell sructure

d(z,0(z)) > 50, @cT, @ = 0¥, ke
03 (@) = a + 2key,

where we mean by generalized Dirichlet cell, the one obtained by the “mé-
thode de rayonnement” of E. Cartan ([1], pp. 183-186).

As we saw, if the universal covering space of the spacelike component is
hyperbolic, then there must be points from which the universe looks different,
the multivisible point srtucture varies, the models are not homogenous; in the
euclidian case there can be modells which are homogenous in this sense. For
a possible model in the spherical case see [6].

2. Reconstructing the topology

Next we will show, how can we reconstruct the topology of the universe
with the method given in [9], [3], assuming that in the warped product space-
time M’ = I x 4P’ the factor P’ has constant curvature. For a pair p’ € M’
and ¢’ = (¢',c') € M’ = T x 4P’ the directions of visibility V(p’,¢") are in
T, M, but in practice we measure their projections on Tq/P’ , the spacelike
factor of T;M; so by considering these directions we will mean, that we
consider their projections. If  : P — P’ is a locally isometric covering
where P = H3, B3 or S3 and T is the deck transformation group associated
with w, and if we know P and T" or a Dirichlet cell given by I" and its side
pairing, then we can get P’ uniquely. Now we will show how to construct
a Dirichlet cell and I" by means of the background radition. Mathematically
this means that we fix a {t} x P’, the surface of last scatter, and we examine

the multivisible points of this section from a ¢’ € M’ far enough from the
surface of last scatter.

DEFINITION. Fix a {t}x P C IxoP' = M’ and apointq’ = (t',c’) € M’
such that t < t'. Let G C {t} x P’ denote the set of points which are
multivisible from g’. Then

v(t,q") = {V@'.4d) | p' € G}.
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Note that the set V(p’,q") C T./P' is the union of half-lines from the origin.

PROPOSITION 2.1. Let M = I Xy P be a warped product space-time, where
P=1 orH, andw : P — P an isometric covering map, such that P’ is
compact, furthermore fix a {t} X P, t € 1. Then there exists at® € I, t < t°,
such that if the setv(t,q) is given for fixedt' > t°,t' € I andq € {t'} x P/,
then the Dirichlet cell and the decktransformation group 1" corresponding to
w can be constructed, provided that we know the curvature of P and R), is
great enough.

PROOF. Fix a point x € P, and let Dy denote the Dirichlet cell of x
defined by the deck transformation group I' associated with . Our goal is
to show, how we can reconstruct Dy and its side pairing. By corollary 1.1
the projection of the set of those points on P’ which are multivisible from
o ((t',x)) is obtainable as follows: Put

oBx,00))={w@l)|y €P, dx,y)=dOKx),y)},

where © € I' — {Id} and then the above set of point is

Jfo @&, 00)) | © € T - {1d}}.
But from the already mentioned dual form of lemma 1.2 the equality

Lii o N1} x Py = {1} x 8B,y (")

follows. So those points in {t} x P’ which are multivisible from an w ((',x))
are points of the set

U {1} x0@Ba,y (") nHe) =
©cr—{Id}

= U {t} x @B, (") NaBO), ;" (1)),
@cr—{Id}

which follows from the dual of lemma 1.4 and 1.5, (see also figure 3, 4), and

ity l(t’ ) is great enough then d B(x, ), l(t’ )) intersects all the planes defining
the sides of Dx.
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I
(t, ) IxP N~ (tw)

Figure 4. 1 dimension of P is suppressed

f(x, 0(x)) Bz, 67 (z))

Figure 5. The multivisible points are drawing out the Dirichlet cell
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By the compactness of P’ there is a radius € such that B(x,¢€) intersects
all the hyperplanes including the sides of the Dirichlet cell Dy for all x € P.
We will show that every t° > y;(€) is a good choice. Let ¢’ > t® and €' :=
:Xt_l(t’) and S(x,€’) := d B(x,€). Fix the point (t/,w (x)) € {t'} x P’ and let
y € {t} x P’ be multivisible from (t',w (x)) and &1, {5 two different lightlike
goedesics joining them, in fact there is at least two such lightlike joining
geodesics. Let £, £, be their lifts ending at (¢/, x), where the beginning points
are 7,7 € {t} x P, and ©®* the isometry for which ®*(7) = z. Let Ci", C;’
be their projections on P. These are half-lines from x. Let us repeat the
above construction for all possible y € {t} x P’ which is multivisible from
(t',w (x)) and for all possible lightlike joining geodesics. Then we get a set
of halflines from x in P, which set we can get the following way: consider
the set v(z, (t/,w (x))). After the canonical identification of T(t/’w (x))P’ with
T(y1 x\P and of T(;s P with P by the exponential map where the origin goes
to x, we obtain the above set of halflines from x. We mean that if we carry out
the method desrcibed in figure 3 for all y € {t} x P which is multivisible from
(t',w (x)) and for all £;,&,, ... lightlike joining geodesics, then the halflines

C*,C;,... from x are the halflines in v (¢, (t/,w (x))). The union of these
half-lines intersects the sphere S(x,€’) in some sets and these sets are equal
to the intersection of S(x,€’) with the planes B(x,0(x)) = {y | d(x,y) =
=d(O(x),y)}, © € T' — {I}; in fact, we have seen in figure 3 that the end
points of § *,CZ‘ ,..., which are not equal to the point x, are the projections
of the multivisible points in {7} x P onto P, which is the union of the sets
aB(x,Xt_l(t’)) NPB(x,0(x)) for ® € T' — {Id} as we saw at the begining of
the proof. The above sets can be decomposed in circle pairs, since from

O~ (B(x,0(x) N S(x,€)) =B(x, 0 (x) N S(x,€)

we get the pairing 8 (x, ©(x))NS(x,€’) — B(x,0 ' (x))NS(x,€’). This means
that we see an immersed circle S! c P’ from two different direction. This
pairing can be given by the halfline pairing. If we would know €’ then the
circle pairs on S(x,€’) would give planes in pairs 8(x, O(x)), B(x, 0~ )
by the following construction: the S! pairs are defined as the intersections of
S(x,€’) with some planes; it is easy to see that the union of the halflines from
x through these points, is the set v(¢, (t',w (x))), which is a union of some
rotationally symmetric cones. If we take a cone C which is rotation symmetric
around its axis E and a point v € S(x,€’) N C then there is an unique line F
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through v which intersects E orthogonally. Let us take the plane H defined
by the rotation of F around E, then H N S(x,€’) = S(x,€’) N C. So we can

get pairs of planes f(x,0O(x)), f(x, ©~!(x)), which will define the Dirichlet
cell D, and the plane pairs which are defining Dy, there can be planes which
are not of this kind, will define the side pairing transformations,which are
isometries both in the euclidian case and in the hyperbolic one. Because if C,
C' is the cone pair and E, E’ are their axes and F, F' the corresponding
lines which are defining the planes H, H', then putm = FNE, m' = FF N F'
v,w € S(x,e)NC, furthermore let v/, w’ € S(x, €’ )NC’ be the corresponding
multivisible points. Then there is an unique side pairing transformation which
takes O(xm) C E', O(m) = m’, Ox) # x, O(v) = v/, ®©w) = w'. By
gluing together the Dirichlet cells along an edge, as desribed in Poinceré’s
polyhedron theorem the sum of the angles at the edge must be exactly 2. In
the euclidian case the homothety has no effect on the angles, so if we take
€ =1 we get Dy and T

In the hyperbolic case if we take the sphere S(x, 1) and intersect it with

the directions of visibility we will get S! circle pairs, because the visibility
directions form cones and each of them is rotation symmetric around its axis.

As we saw each S! is an intersection of the S(x, 1) with a plane, but these
planes do not form a Dirichlet-cell but some of these form a cell around x.
And this holds if we take S(x, ) instead of S(x, 1), furthermore if we apply
a homothety of ratio @ > 1 the angles of the planes in the cell around x will
be less and this depends continuously and in a stricly monoton way on «,
so there will be exactly one value o such that by glueing together the cells,
with the side pairing transformations, along an edge the sum of the angles at
the edge will be exactly 2s; in fact, by the 3-dimensional Caley-Klein model
and by the construction of the hyperplanes from the S! circles as described
above it is easy to show that for all value o the cells around x have always
corresponding sides which yield esentially the same structure, and that there
is a single good value of a@ which yields a Dirichlet cell and no other value of
a will be good. So in the hyperbolic case we will get the radius R’ moreover
the Dirichlet cell and the side pairing transformations. |

In the P = S3 case we need a particular observation.

LEMMA 2.1. Let P = S3, andw : P — P’ a locally isometric covering
map, and T" the deck transformation group associated with @, such that T" #

(A) ie. T is not the group generated by the antipodal map A : S3 — S3.
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Then in the canonical construction of the Dirichlet cell Dy the antipodal map
A does not play role forx € S3.

PROOF. Let ® € T, ® # Id and B(x,0(x)) = {y € R* | d(x,y) =
= d(©(x),y)}. Then B(x,0O(x)) cuts the S> ¢ R* in two half balls. Let y
be a geodesic through x, it is a 27 long closed geodesic, and §(x, ©(x)) cuts
this into two geodesic arcs of length ;t. Let D, denote the Dirichlet cell of
x by I'in S3, and for an indirect argument assume that A yields a side pair
in Dy, let these be denoted by Fy, F,—; and lety € intF4 and y a geodesic
through x and y. Then A(y) =y 5 A(y) € F,—; is valid and y is a 27 long
closed geodesic which has got a piece of length 7 in D, between y and A(y)
and none of the B (x,®(x)) planes intersects this piece. But we can take a
longer piece from this geodesic as &, which has no point of intersection with
B(x,0(x)), ® € ' — {A, Id}, because y and A(y) are interior points of their
sides. But I' — {A, Id} # 0, and by the first remark at the beginning at the
proof we saw such a geodesic arc through x can not exist. |

PROPOSITION 2.2. Let M = I x 4P, P = S5, andw : P — P' an
isometric covering map, I the deck transformation group associated with o
and M' = T x ¢P’ the corresponding warped product space-time, where

{t} x P’ is the surface of last scatter. Assume that T # (A) ie. T is not

the group generated by the antipodal map A : S3 — S3 and consider the
function

1
S35 x — R, = max {Ed(x,(a(x)) |@eTl — {A,Id}} < %,
Fix anx € S3 then fort' > t,t' € I, such that

=1,
w ._7-[<_71:_Rx.
T

Ry <y ') - l

Ifv(t,(t',x)) is given, then we can reconstruct the Dirichlet cell of x .
PROOF. Let x € S3 and B(x,R) C S3, where R, < R< 7 — Ry, mod x
then
Bx,0x)NB(x,R) =0, Ol —{AId},
B, 0() = {y € R | d(x,y) = d(O(x),)}
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is valid, and the intersection is an S' and we can apply the method used in

the previous proposition as in the case of H3, because by the previous lemma
B (x, A(x)) gives no side of the Dirichlet cell. ]

So if we have the matching circle pairs from which we can reconstruct
the topology of the universe, then we can tell, what curvature the universe
has in the sense, that if we carry out the construction of proposition 2.1 for
the euclidian case and the sum of the angles at the equivalent edges is less
than 27 then P = S3, if the sum is equal to 27 then P = R3 and if greater
than 27t then P = HP. This can be seen by the effect of the homothety on the
angles. More information about the research on the possible curvature of the
universe can be found in [4].

Now a simple generalization of proposition 2.1 is given.

PROPOSITION 2.3. Let M = I X 4 P, M "'=1x ¢,P’ be warped products,
such that in P there is no geodesic loop and for every two points there is
a single geodesic joining them, o : P — P' a locally isometric covering
map where P is compact. Fix a {t} x P',t € I and ac' € P, then

/ /
there are values t.,t© € I witht < t, < t° such that by system of

sets {v(t,(t',c")) € TP |1, <1t < tcl} the Dirichlet cells in P can be
reconstructed, provided that R, .1y is great enough.

PROOF. Let ¢ € P, w(c) = ¢’ we will show (1) the map exp; ' from
P to TP is a homeomorphism, so if we take the Dirichlet cell (D) in P
we can take its image (D;) in T.P by expZ ! 1If we would know this image
and the side pairing, then the factorspace, factorizing by the side pairing,
would be homeomorphic to P’. In (2) we will show that we can construct a
homeomorphic image, to the side pairing, of D,.

(1) By the compactness of P’ and the Hopf-Rinow theorem we get the
completness of P’ and since w is locally isometric we get the geodesic com-
pletness of P. Moreover exp, lisa homeomorphism, because exp. is smooth
and surjective; it is injective, because there is a unique geodesic parametrized
by arclength between two point in P.

(2) Let S(c, r) be the sphere of radius r around c, there is a maximal r
such that S(c,r) N D, = () for r < re, and there is a minimal r¢ such that
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B(c, r) contains the D, Dirichlet cell if r > r¢. By the property of exp. the
following holds

expc_l(S(c,r)) = S(6,r) Cc TP
and
exps 1(S(e,r) N D) = expz (Do) N SO, 7).

But we can get exp. 1(DC) ns (6,r) as the intersection of S (6,r) with the
multivisible directions,

v(t, (u(r), ) =
= U{V(Y,(Xt(f‘), c)) |y € {t'} x P/, y is multivisible from (y;(r),c’)},

which is a set of halflines from 0 € T, P, as in proposition 2.1 (see figure 4).

CTPc

S(e,r)N D, exp;*(S(c,r) N D,) = exp; (D) N S(0,7)

Figure 6. Lifting the Dirichlet cell

If we would know the function y, l(t’ ) = r we could get the set ﬁc -
C TP from the sets v (¢, (y:(r),c")) for every ta =x(re) < t' < tcl =x:(rc).
We mean, we could get exp; '(D.) N S((ixt_l(t')) for every 1, < t' <
< tcl and the union of these would “wipe out” D. on T.P, S (6, Ar 1(t’ )N
N (Ueer—{ld} expc_l(ﬂ(x, O(x)))) which is the intersection of S(6,Xf1(t’))
with the multivisible half-lines from 6, 5(6, A 1(t’)) Nv(t,y(r),c), (see
figure 5), and we would get the side pairing. The above method wipes out the

sets exp. l(ﬂ(x, O(x))) and the cell which arose, with 0 in it, will be the D,
cell.

Note that r must be in the domain of y; this is the condition that R, .,
is great enough.
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exp,*(B(x,0(x))) N S(0, x; " (t5))
exp, ! (B(z, O(x)) N S(0, x; ™ (t3))

— exp; ' (B(z,O0(x))) N S(0,x; " (1))

T.P exp, (B(z,O(x)))

Figure 7. The circles wipe out the wall of the cell D on TP for tc < ti < té < té <t

1 1

But we don’t know the function ¥~ ", we know only that ¥ ™" is a stricly
monotone increasing function. Let p : T P — TP be the homeomorphism
which is fixing the origin and if y* is a ray from the origin parametrized by
arclength then p : y+(xt_1(t’)) — y*(t’) for all ¢/ > t, t' 5 I, where we note
that y, L. [t,00] NI — [0, R(t,cl)] is a stricly monotone increasnig bijective
function. Then

poexps (S(c,x ') N D) = plexp; (D) N SO,y (t)))
=poexp; (D) N SO,1)

is valid. And we can get the set p o exp. 1(DC) N 5(6, t") as the intersection
of S(0,") with the multivisible directions v (¢, (¢, ¢")) from 0 € T.P. So we

can get p o exp; 1(D.) with the “side pairing”, which after the factorization
is homeomorphic with P'. 1

Taking an other aspect we said in proposition 2.1, 2.2 that if we know
expc, or selfintersections of its image e.g. the duble points, the circles, on the
intersection of A., the light cone, with a suitable spacelike hyperplane, we can
reconstruct the warped product M. In a little more general case when M’ is a
warped product as in proposition 2.3, if we know exp,, or its selfintersections,
the duble points, on the intersection of the light cone with v - [a, b]+ T, P we
can reconstruct the topology of M’, where v is the timelike vector orthogonal
to T P and + is the Minkowski addition and [a, b] is a suitable interval.

Now we mention a simple generalization of proposition 2.3. The last

proposition said that if we do not see any circels on the sky, and the universe
is such as in the proposition, then we can obtain the topology of the universe
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if we have enough time. Now we prove that if there are circles on the sky we
can get the topology, if we have enough galactic time.

LEMMA 2.2. Let P be a 3-dimensional Riemannian manifold such that
there is no geodeic loop and for every two point in P there is a unique
geodesic, parametrized by arclenght, joining them. If c¢{, ¢y are two distinct
points. Then

H :={x € P|d(ci,x)=d(cp,x)}
is a smooth embedded submanifold, homeomorphic with R?.

PROOF. It can be prooved by standart methods. |

REMARK. We said in the preceding proposition that with the help of the
visibility directions we can obtain the S I circle pairs on S 2-5(0,1)C T.P.
It can be seen from the above lemma, that for a circle pair which devides S2
into two pairs of spherial caps, we can choose one cap from each of these
two pairs, continuously in the galactic time, given by the parameter r, such
that if there is a point x in one of the chosen caps then it will stay there if the
time, and consequently the value r, is increasing.

DEFININTION. If there are w, P, P’ as above, where P is the universal
covering space, we call an open set F C P a fundamental domain if w (F) = P’
and o | is injective.

THEOREM 2.1. Let M =1 x 4 P, M "'=1x ¢,P’ be warped products, such
that in P there is no geodesic loop and for every two points there is a single
geodesic joining them, andw : P — P' a locally isometric covering map such
that P' is compact, and T the deck transformation group associated with .

Fixa{t} x P,t € I andac' € P then for every t* > t there are 1,1, e
witht* < to < tcl, to, 1" € I such that alone by means of the multivisibility
directions v (t, (t', c')) from 0¢ T P for every t. < t' < tcl, t' € I, we can
construct a topological space homeomorphic with P', provided that R o1y 1s
great enough.

PROOF. As in proposition 2.3 we shall construct a ball which we shall
increase as there. If we see the matching circle pairs on the sky we will see
“new born circles” also, by the compactness of P’ it will happen in some time.

If we take such a circle pair in §2 it is first two points and then it grows to
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an S! pair which cuts out two pairs of spherical caps and from these we can
choose one by one such that by increasing the radius r, the time parameter ¢’
is increasing; these will be the two caps which grow, by the remarks after
the last lemma. To this circle pair belongs a pair f(x, 9(x)), f(x,0 1 (x))
of “hyperplanes”, as in proposition 2.3, such that S(c,r) N (B(x,0(x)) U
U ﬂ(x,@‘l(x))) is our circle pair. But if we take the ball B(c,r) around
c then it can be easily shown with the previous lemma that the “hyperplanes”
B(x,0(x)), B(x,0 1(x)) cut out two “half balls” corresponding to the above
caps, topologically D3 balls, from B(c,r). By  the images of these two
balls glue together to a ball, B®, in P’, but this is not a smooth immersed D3
it can have a break at an S'. Note that if we take the two “half balls” and
glue these together with the transformation ®, we get a ball, D,® , in P, which
is smooth except a break along an embedded circle S Uin B(x,0(x)). And
this is a ball, which is increasing, being blown up such as in proposition 2.3,
because B(x,O(x)) cuts the space P into two parts, in the first part are the
points nearer to ¢ and in the second the points nearer to ®(c). The two glued
half balls are in distinct parts and each is an increasing, growing, “half ball”
suitable parts of the growing B(c, r), which are embedded in P and stricly
growing, we mean that if there is a point in this “half ball” then during the
“growing” it will remain in the “half ball”; and the circle S I B(x,0x)),
which is on both “half balls”, is embedded, by the above lemma. So the glued
ball D,® is an embedded “ball” which is stricly growing. But topologically it
is the same case as in proposition 2.3, because if we take this growing ball
D,G and its images by I, then we see the same. Embedded balls are being
stricly growing. If we take one of these balls and the points in P which are
first in this ball, under the above simultaneous and uniform growing, then
these will give a fundamental domain from which if we factorize with the
corresponding points at the boundary, which go to the same point under the
map o, then we get a space homeomorphic to P'. So the method is the
next: we will take a ball being growing in the euclidean space B(6,r) we
consider it as the homeomorphic immage of D,G where the two “half balls”
are ]Rf’r ﬂB(ﬁ, r)and R3. 03(6, r). Let us consider 5(6, r)y= expc_l(S(c, r)) C

T, P; on this sphere we have the two, growing, caps which are diffeomorphic
images of the two caps of aD,G . So if we would have the corresponding self
intersection points of a)(aD,G) on these two caps in S (6,r) C T.P, then

taking a homeomorphism with ]R;’r ns (6r) CE and B3NS (6,1") c B3,
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continuous in r, then we would get a homeomorphism between D,G and
B0,r) C 3 with the corresponding self intersection points of w(aD,@),

which can be derived from the intersection points of @(D)N D®, ® e T —
— {Id}. So for this construction we must only know the corresponding self

intersection points of w (9 Dr@) on this two caps in 5(6, r) C T.P, which can
be constructed from the multivisibility directions (see figure 8).

T.P

P (&
/%ﬁ//@ormspondmg
intersection
exrp,. points on the
two disks on
S(0,7) C T,P

“half balls” the homeomor phlsm
with the ball in E?

- @ S(0,7)

Figure 8. The construction

S(e,r)

If there is a selfintersection point of w (D,G) then this lifts to two points
y1,y2 in S(c,r), which are also in the union of the two D? caps. But if
two points have the same image by @ then there is a transformation © under
which one of these two points goes to the other, let us assume O(y;) = y,.
So y, is in S(c,r) and y, = O(y}) is in O(S(c,r)) = S(O(c), r) therefore it
is in S(c,r)N S(O(c),r) C B(c,BO(c)) and O~ ! (y,) = 6~ 1(B(y))) = y;. But
this shows that the two points are in the B(c, ©(c)), f(c, ®~(c)) hyperplanes
and in the union of the D, caps, which are in S(c,r), so the two points are
in corresponding S! circle pairs which are both intersecting the union of the
two D? caps and these corresponding points are in the union of the two D?
caps. And if two coherent points, for a S! pair, are in the union of the two

D? caps, then they go by o to the same point in P’. So we got the description
of the selfintersection of S%; these are the images of the, from circle pairs
derived, point pairs for which the two points are in the union of the caps. So
if we apply the method of proposition 2.3 then we get a fundamental domain
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on T, P with side pairings which is homeomorphic to a fundamental domain
on P.
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1. Introduction

A ruled surface in the 3-dimensional Euclidean space Ej is a surface
swept out by a straight line moving along a curve. It can be parametrized by

x(t,v)=c(t)+ve(t), t eI CR, v € R,

where c is a base curve or directix and the lines determined by e(¢), t € I, are
the generators or the rulings of a given ruled surface. By the condition that
the normal at infinity of the ruling e(¢) is orthogonal to the surface normal,
we get a point on a ruling e(z) which is a striction point of the ruling. All
striction points describe the striction curve of the surface.

A ruled surface in a simply isotropic space 131 and doubly isotropic space

132 is defined in the same way ([1], [6], [7]). The notion of the striction point
on a ruling is transfered to these spaces as a point on a ruling in which the
tangent plane and the asymptotic plane (i.e. the tangent plane of a ruling
at infinity) are orthogonal. In terms of isotropic spaces this happens on the
admissible surfaces (whose tangent planes are non-isotropic almost in all
points) in a point of a ruling in which the tangent plane is isotropic and the
asymptotic plane non-isotropic. According to this definition it is shown in [1],
[6], [7] that in the spaces 131 and 132 there are ruled surface with striction curve
(whose position can vary with respect to the absolute figure of the spaces) and
without it (conoidal surfaces with isotropic or absolute line as a directrix at
infinity).

Mathematics Subject Classification (2000): 53A35
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In this paper we develop the theory of generalized ruled surfaces in
n-dimensional k-isotropic space I,f. The space I,f is introduced in [9] and
studied in [4].

As in the papers [2], [3], where the same problem is treated for the
n-dimensional Euclidean space E), these surfaces are formed by an one-pa-

rameter family of m-dimensional subspaces of I¥.

The classification of the generalized ruled surfaces in I¥ on the surfaces
for which the asymptotic and tangent bundle coincide (generalization of tan-
gent surfaces) and on the surfaces for which these bundles differ in dimension
by 1 (generalization of skew surfaces) is the same as in E,;. The differences in

I,é‘ appear in regarding the striction space of skew surfaces. In E,; in the points
of the striction space the tangent (m + 1)-plane and the asymptotic bundle are
orthogonal. By defining the striction space of a ruled (m + 1)-surface in I,ﬁ‘
in this way, we demand that in these points the tangent (m + 1)-planes are
isotropic while the asymptotic bundle is non-isotropic. Since this is not always

the case, in I¥ there exist skew surfaces for which the striction space exists
and for which it does not exist. Among the latter ones there exist conoidal
surfaces whose generators are parallel to a certain isotropic plane.

For skew ruled surfaces in I,f we introduce the ith parameter of distribu-
tion which has the analogous geometrical interpretation (in terms of isotropic
angles) as the ith parameter of distribution of skew ruled surfaces in Ej,. It is
a generalization of the parameter of distribution of ruled surfaces in E3 given
by the formula

_(¢ee) o

3

é2 K
where o is the striction (described as the angle between the tangent vector of
the striction curve and the generator) of a ruled surface, k its curvature.

Finally, we apply obtained results on the 2-dimensional ruled surfaces
and ruled hypersurfaces in I,f. However, for the latter ones, it is shown ad-
ditionally that among non-cylindrical skew surfaces there exist only surfaces

with striction space and conoidal surfaces with the generators parallel to some
isotropic plane.

The space I,f is a pair (A, V) where A is a real n-dimensional affine space
of points and V its corresponding vector space of translations decomposed in
a direct sum of subspaces

V=UeaeU
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satisfying dim Uy = n — k, dim U, = k. By B, = {b,,_41,---,bn} a basis
for the subspace U, is denoted. In U, a flag of vector spaces U, := C| D
D...D0CG DGy D... DG =1[byl, G =1[by_g41,---by] is defined
and fixed. According to it we distinguish the following classes of vectors: the
Euclidean vectors as the vectors in V'\ U, and the isotropic vectors of degree
[ or l-isotropic vectors, [ = 1,...k, as the vectors in (.

The space U is endowed with a Euclidean scalar product (, ) : Uj X
x U; — R which is extended on the whole V by

(X,y) = (1 (x),71(y)),

where ;11 : V — Uj denotes the canonical projection. In this way a semi-
definite scalar product on V is defined.

Since the isotropic length ||x|| := |7 (x)| of an [-isotropic vector X is O
we define the /th- range of x as

[x]; =x"% 1 =1,..k,

where x” ~%*! denotes the b,, _j,;-coordinate of x.

2. The Natural Basis

Let I C R be an open interval, O a fixed origin in I¥ and ¢ : I — I¥ a

C!-curve given by its position vector ¢ — ¢(). The theory of curves in I,ﬁ‘ is
studied in [5]. Let on I be given an one-parameter family of m-dimensional

subspaces Ep(t) C I,f, tel,1<m<n-—2.

In the subspaces Ep(t) let us define an orthonormal basis {e;(),...,
e, (1)} such that

e:I—V, i=1,...m,

are functions of class C! on I. Let us assume that, if m +1 < n — k, the
vectors {eq,...,ey} are all Euclidean, and if m + 1 = n — k + r, for some
r € {1,...,k — 1}, that they are either Euclidean or isotropic vectors of
degree € {1,...,r} such that each isotropic degree appears at most once.
More precisely, in the last case there are either n — k Euclidean vectors in the
basis of E,(¢) and r — 1 isotropic vectors of degree 1,...,i —1,i+1,...,r, or
n —k — 1 Euclidean vectors and r isotropic vectors of degree 1,...,r. Every
isotropic degree appears only once.
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DEFINITION 1. The set of points U C I,f given by its parametrized
position vectors

m
X(E V1, vm) =€)+ Y _viei(t), t € Ivy,...,v €R

i=l

such that

m
Rank(é+Zv’e',-;e1,...,em):m+1

i=l

defines a regular (m + 1)-dimensional C!-surface in IX. Such a surface is
called an (m + 1)-ruled surface. The curve c is called the base curve or the
directrix of U and each subspace E;(¢) is called the generating or ruling
space of U.

The conditions on the rulings ey, ..., e, mentioned before are necessary
for the ruled surface U to posses tangent planes that are not everywhere
isotropic.

Besides the vectors e(?),...,e;(t) we consider also their derivatives
er(t), ..., em(1).

We define the asymptotic bundle as generated subspace

A(t): [el(t)a"'aem(t)aél(t)a'"7ém(t)]7 t E I
Let us assume
dimA(t)=m+1, 0< [ <m.

By the isotropic Gram-Schmidt orthogonalization process ([9]), we obtain an
isotropic orthonormal basis {e, ..., €, a;41,--., 8,4} in A().

Generally, the following holds

m l ]
A, — J P
€ = Zaiej +Zo‘{am+j, i=1,...,m.
J=1 J=1
However, it is possible to construct a more convenient basis for the generating

space Ej, (7).

THEOREM 1 (THE NATURAL BASIS). There exists a subinterval J C I such
that in each generating space E;,(t), t € J, of a regular (im + 1)-ruled surface
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U C I,f there exists an orthonormal basis {e|(t),...,ey,(t)} of Ey(t) which
satisfies

m
&)=Y e (D) + K (1), i=1,....1,
j=1
(M "
&)= alet), i=l+1,...,m,
j=1

where the functions k; (called curvatures) satisfy/ci #0,i=1,...,1.

The orthonormal basis {e|(t),...,en(t)} of Ey(t) determines uniquely
the orthonormal basis {€|(t),...,en(t),a,41(t),...,a,4(t)} of A().

PROOF. Let us suppose that in E;, (), t € I, an orthonormal basis is given
which satisfies the conditions mentioned before i.e., such that the vectors
ej(t),....,eu(t),uy =moru € {n —k — 1,n — k}, are Euclidean, and that
among the isotropic vectors there are either isotropic vectors of all degrees
€ {1,...,r} or the isotropic degree i is missing.

First, let us construct the required basis of E, () from the Euclidean
vectors e1(z),. .., €,(t). It is constructed as in [2] by means of the isotropic
scalar product. In this way we define the vectors €;(t),...,&,(¢) which are
mutually orthogonal, for t € I’ C I, and the following holds A} > A, > --- >
> Ay >0, where 4; = &% i=1,...,u.

However, it can happen, that beginning from some v € {0,...,u}, the
values 4,41 = ... = 4, = 0. This means that the projections of the vectors
€,41,...,€ onto U; are zero-vectors, i.e., that these vectors are not Eu-
clidean. Now, from these vectors we construct mutually orthogonal isotropic
vectors. Let

u
en)= Y v ()e).

i=v+1

Hence, for the vector €

) & =en)— Y a'e)

i=l
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where
a' =(e,e;)), i=1,...,u,
u+ji—1
ahti = on Tk N qlen oo,
i=1
u+j—1
att = éll—k+J+1 _ Z alel{1—k+j+1’ j=iy...m—u,
i=l1
we have
ﬂ .
&)=Y 7).
i=v+1
By e?_kﬂ we have denoted the (n — k + j)-coordinate of the vector e; with

respect to the basis b, _j41,...,b, of U,. Functions ! denote either the
components defined by isotropic scalar product which appear when expanding
¢ in basis {ej,...,e;} or are obtained inductively for the coordinates of &
in U,. If in the isotropic part of the basis of E,(¢) the vector of isotropic
degree i is not missing, then only the first set of formulas for &, ; is applied.

We have already noticed that the vectors €,,1,...,&, are not Euclidean.
Similarly it can be shown that they are neither isotropic vectors of degree
J € {l,...,r} \ {i}. The index i is excluded only in the case when among
the isotropic vectors of the basis of E,;(¢) there is an i-isotropic vector.

Let us now determine the extreme values of the ith isotropic coordinate
of the vector & (only in the case when there is no i-isotropic vector in the

basis of Ej,(¢)) under the condition e = Zﬂ (y")2 = 1 which guarantees

i=y+1
that the extrema exist. We consider the funcltion
&~ k+i 1 N
Ftypats v = D vV 0] 7@ = 54| D0 0@ -1
Jj=v+l j=v+1

The necessary conditions for the extrema are

9 _ é{l—k+i — 1
ayj J
Hence, the critical points are

yj =0, j=v+1,...,u.

an—k+i
e.
J

yj= 1 , J=v+1,...,u.
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In some generating space Ey,(tg), to € I’, we can assume that e, 1 (f) is the
vector of the maximum of the considered function. Therefore

,y’l/+1:1,y’l/+2:”‘:,y‘u:0’
1 Al— A
’l£+)1 = 5+1k+l [&+11;
(D) ._ sn—k+i _ (1) sn—k+i _
/lv+2 1’/1+2 f= }' /’ll f= 0’

where [ ]; denotes the ith range of the given vector. Therefore the vector &,
is i-isotropic, while the vectors &,,»,..., €, are isotropic of degree > r + 1.

Again, there exists an open interval I; C I’ where the previous equations
hold.

If /11(}131 = 0, then the ith isotropic coordinate of the vector € is equal to 0.
Therefore, in the basis of A(f) there is no i-isotropic vector. We consider the
(r + 1)st isotropic coordinate and repeat the procedure. If there exists some

Jj1 €{n —k+r+1,...,n} such that lf}L)J = é:}:lkﬂl # 0, than jj-isotropic

vector &,, is the vector in the basis of A(z). If all /1(1) 0, than all the
vectors €,,1,...,€, are zero vectors.

If 4 = v + 2, then the vector e, , of the Euclidean part of the basis of
E,, (¢) is uniquely determined, up to a sign. The corresponding €,,, is an
isotropic vector of degree > jj.

If w > v +2, we repeat the previous procedure on vectors €,,7,...,€;
and obtain a j,-isotropic vector €,,, of the basis for A(¢). Finally, in the
same manner, we construct an interval J C ... C I; and the other vectors
€,43,...,€, of the basis of A(t),t € J. For the rest of the vectors €ils---s€u
we get that the vectors €,,1, ..., & are zero-vectors.

It is easy to see that the vectors €;, e;, which are Euclidean, are mutually
orthogonal, which with the previous part implies that {ey,...,e,,&;,...,&}
is the orthogonal set of vectors.

Finally, let us construct the vectors of the basis of A(¢), t € J, from
the isotropic vectors €41, ...,€y,. The vectors éﬂ+1: ...,€p defined by (2)

are isotropic vectors of degree € {r + 1,...,k} U {i}. Together with the
vectors obtained from the Euclidean vectors, these vectors span A(t). The
same isotropic degree of these vectors can appear either if one of the vectors
{eq,...,ey} is Euclidean and the other isotropic, or if both are isotropic (the
case when both are Euclidean is treated in the previous part of the proof).
Suppose that eg is Euclidean vector and e; is isotropic of degree i such that
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€r and € are isotropic of degree j. Then instead of the vector eg in the basis
of Ej(t) we take the vector

n—k+j
°E

n—k+j
r

e +toaer, a =—

which is again unit Euclidean vector, orthogonal to other Euclidean vectors,
such that eg + ce; is of isotropic degree > j. Similarly we treat the case of
two isotropic vectors eyj, ey, of isotropic degrees I} < L. In the basis of
E,;,(¢) instead of the vector ey; we take the vector e;; + a ey, which is again
unit isotropic of degree I;. In that way we orthogonalize the obtained vectors
€u+1,--.,€pn in the unique way and obtain the required orthonormal basis for
En(), 1 € J.

Finally, in order to get that the formulas (1) hold, we rename the obtained
vectors by permuting their indices. By normalizing the vectors €;(¢), ..., €;(t)
we define the required unit vectors

A1 ),..., Ay (1)
of the basis of A(z). |

3. The Striction Space

The tangent (m + 1)-plane of a regular (m + 1)-ruled surface U in a point
P(t;vq,...,vy) of the generating space E;;(¢) is spanned by

m

(X1, X1, .-, Xm]p = [€+ Z Vi€i,eq,...,em]p.
i=1
The tangent (m + 1)-planes of U in all points of one fixed generating space
E,, (1) lie in
T(t) = [éaéla' . '7ém7e17' . -:em]-
T(t) is called the tangent bundle of U in Ey;;(¢). The asymptotic bundle of

U in E,(t) is a subspace of the tangent bundle 7'(¢) spanned by the tangent
(m + 1)-planes at points at infinity of E,, (). Therefore

m+l <dmT@#)<m+1+1.

We distinguish two cases:
() dimT(t)=m + 1,
(b) dmT()=m +1 + 1.
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CASE (A). In this case there exists a base curve ¢ such that

cr)eler,....em 41,2471

We can write

m l

¢= Zr’ei +
i=1 J

The tangent (m + 1)-plane in a point P(v{,...,Vv;;) € Ey(t) is spanned by the
vectors ey, ...e; and by

o/ Ayt -
1

m m [

m
X[=C+Zviéi=z Ti+ZOC{Vj ei+2(oj+vj/cj)am+j.
i=1

i=1 j=1 j=1
Hence we can conclude that in the points of E,;(¢) which satisfy
(3) o +vikl =0, j=1,...,1,

the tangent (m + 1)-plane does not exist. Since ki # 0,0 =1,...,1, the
points that satisfy (3) form a (m — [)-dimensional subspace K,,_;(t) of the
generating space Ey, (t). This subspace is called the space of regression.

Specially, if a base curve is such that ¢(¢) is a point of a space of
regression, then

m
¢= E r’e,-,
i=1

i.e., ¢ is tangent to the generating space Ej(t). Therefore the following
theorem holds:

THEOREM 2. If for a generating space Ey, (t) the tangent bundle T(t) and
the asymptotic bundle A(t) coincide, then there exists a subspace K,,,_;(t) of
E,,(t) in whose points the tangent vector €(t) of the base curve belongs to
E,,(t) and the tangent (m + 1)-planes of the surtface does not exist.

Among the tangent surfaces in I,f there appear specially tangent surfaces
of a curve lying in some non-isotropic as well as in isotropic j-plane, j €
e{l,...,n—1}

CASE (B). In this case there exists a base curve ¢ such that

é ¢ [el, . -,e]n, a’n+1, PP ,a’n+l].
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Therefore there exists a unit vector a,,,;,; which extends the orthonormal
basis of A(t) to an orthonormal basis of T(¢z) in E,,(t). Hence the vector ¢
can be written in the form

m l

; i j [+1 [+1

¢= E Tle; + E o/ ap ;i +0" Ay, 07 £ 0.
i=1 j=1

The tangent (m + 1)-plane in a point P(vy,...,Vv;;) € Ey(t) is spanned by the
vectors €j,..., €, and by

m m m l
x=erd vie =Y <r’+2a{vf>ei+ (07 + V70 ) 40 a1
i=1

i=1 j=1 j=1

DEFINITION 2. A point P of a generating space E(t) is called the stric-
tion (central) point if the tangent (m + 1)-plane of a surface U in P is
Jj -isotropic, for some j € {1,...,k}.

CASEL Letm+1<n —k.

The tangent (m + 1)-plane is non-isotropic if it is spanned by m + 1
Euclidean vectors. It is j-isotropic, for some j € {1,...,k}, if and only if
there exists an isotropic vector of degree p € {1,...,k} parallel to it.

1. Let a,,,;41 be Euclidean.

Since the vectors e, ..., €y, 8,,41,---,a;41+] are linearly independent,
and o;,; # 0, the vector x; is Euclidean. Hence, the tangent (m + 1)-plane
is non-isotropic in every point of Ey(¢). In this case, the striction point does
not exist.

In this case if among the vectors a,,,1,...,a,,4; there are no Euclidean,
we can conclude

m
T )= alm(e), i=1,...,m.
Jj=1
Thus 7;(ey),...,m(ey) span a fixed m-plane in U;. Therefore, the generators

el,...,ey, are parallel to a k-isotropic (m + k)-plane in the space I,f. Such
a ruled surface is called (m + k)-conoidal (there exists a (m + k)-plane such
that the generators are parallel to it) with generators parallel to a k-isotropic
plane.

The surfaces of type 3 in 131 are example of such surfaces.
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2. Let a,,,;, be a p-isotropic vector, for some p € {1,...,k}.

If all the vectors a,,,q,...,a,,4; are Euclidean, i.e., if the asymptotic
bundle is non-isotropic, then the tangent (m + 1)-plane is j-isotropic, for some
J €{l,...,k} if and only if

4) o +vikl =0, j=1,...,1.

Since k/ = 0,j =1,...,1, the previous [ equations for the variables v{,..., v,
determine a (m—[)-dimensional subspace Z,,_;(t) C E; (¢) of striction points.
This subspace is called the striction (central) space.

Specially, in the case [ = m there exists a unique striction point in every
generating space Ej,(¢). The set of all striction points, t € J, is called the
striction (central) curve.

The surfaces of type 1 and 2 in 131 are examples of such surfaces.

If among the vectors a,, ., .-.,a,,; there exist vectors that are not Eu-
clidean (including the possibility that none of these vectors is Euclidean), then
the tangent (m + 1)-plane is j-isotropic, for some j € {1,...,k} in the points
of some (m — I’)-dimensional subspace of E(t), 0 < I’ < [. In particular,
in the case [’ = 0, tangent (m + 1)-plane is j-isotropic in every point of the
surface. But such surfaces do not fit in the notion of an admissible surface
([11, [6], [7]), which has a non-isotropic tangent plane everywhere except
along the striction space, and therefore they will be excluded from the further
study.

In 131 such surfaces do not exist.

CAaSEll. Letm+1=n—k+r,re{l,....,k —1}.

In this case, a (m + 1)-plane is non-isotropic if it is spanned by n — k
Euclidean vectors, one 1-isotropic, ..., one r-isotropic vector. A (m+1)-plane
is j-isotropic, for some j € {l,...,k}, if there exists a p-isotropic vector,
p €{r+1,...,k} parallel to it. Again, we distinguish the following cases:

1. If a,,,;, is p-isotropic, for some p € {r +1,...,k}, and the vectors
a,.1,...,8,4 are Euclidean or p-isotropic, p € {1,...,r}, thatis, if A(z) is
non-isotropic, then there exists the (m — [)-dimensional striction space Z,,_;
defined by the system (4).

The surfaces of type A,B in 132 are examples of such surfaces.

As before, the surfaces satisfying that among the vectors a,, .1, - .., a;4;
there are vectors that are p-isotropic, p € {r + 1,...,k}, are excluded from
the further study.
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Such surfaces do not exist in 132.

2. If a,,4;41 is Euclidean or p-isotropic, p € {1,...,r} then the striction
space in Ey, () does not exist.

In this case, when the vectors a,,,1,...,a;,4; are neither Euclidean nor
Jj-isotropic, j € {1,...,r}, then for the projections &i,...,&, of the vectors
eq,...,ey onto the space Uy @ b, _j41 & -+ D b,_g4 wWe have

m

L J~ .
€; —Zaiej, i=1,...,m.
j=1

Hence €4,...,€, span a fixed m-plane in Uy ©®b,,_j;1 -+ & by_r4r, and
the surface is (m + k — r)-conoidal with generators parallel to some isotropic
plane.

The surfaces of type C and D in 132 are examples of such surfaces.
Let us summarize:

THEOREM 3. Two main types of skew ruled (m + 1)-surfaces in the space
I are described as follows:

(@ ifm+1<n—k anda, | is Euclidean orm+1=n —k +r and
a,,,;41 1s Euclidean orp -isotropic, p € {1,...,r}, then the surfaces is a ruled
surface without the striction space;

(b) ifm+1 < n — k and a, 1 is p-isotropic, p € {1,...,k} or
m+1=n—k+r and a, is p-isotropic, p € {r +1,...,k}, while the
asymptotic bundle A(t) is non-isotropic, then the surface is a ruled surface
with the striction space.

Among surfaces without the striction space, we distinguish the following
subtype:

(al) ifm+1 < n — k and none of a,,,,...,a,4; is Euclidean or m +
+1 =n —k +r and none of a,q,...,a,, is Euclidean nor j-isotropic,
J €{1,...,r}, then the surface is a conoidal surface with generators parallel

to an isotropic plane.

For the (m + 1)-ruled surfaces U we define the ith parameter of distribu-
tion by

[0}
6= i=1,...,1
Ki

which is invariant under an admissible transformation of parameters.
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The parameter of distribution of 2-ruled surfaces in I3, 132 coincides with
the first parameter of distribution here defined.

Let now U be a (m + 1)-ruled surface such that the isotropic degrees of
vectors of the natural basis are constant (on an open interval J) and dim7'(¢) =
=m +1 + 1. Let the orthonormal basis of tangent bundle 7(¢) for r € J

{ela SRR - /PE : S PR am+l+1}

be extended to an orthonormal basis of I¥

{ela s Cms A s - Al 41> A4 425 - - - an}-
In such a way we have obtained an associated n-frame of an (m + 1)-ruled
surface U. The following expressions for the derivatives hold
m . i
&)= alejt)+K'a, (1), i=1,...,1,
j=1

m
&)= ale), i=l+1,....m,

j=1
Ay = _eklei + Z /ljiej + Zﬁ{ A4 +wlam+l+1 +
¢; =isotropic j=1

n—m-—

+ Z nlam+l+J7 i=1,...,l,

n—m-—

A4 = Z l+1ej +Zw L Z ﬁ An+l+j>

e; =isotropic

A4 = Z l+t € + Z’? Ay 4 +7; iAn4l+l +
e; =isotropic j=1

n—m-—

+ Z ﬁam+l+Ja i=2,...,n—m-—1,

where

¢ = { 1, if a,,,;,e; and their derivatives are Euclidean
0, otherwise,

i j i = i i j i
—a,ﬂ{:—j,nf —17], =—wl, ? ﬁ,ﬁ{:—ﬁj,
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if the corresponding vectors and their derivatives are Euclidean.

The striction space Z,_;(t) C Ey(t) is given by [ equations for the
variables vy,...,Vy. In particular, in the case / = m there exists a unique
striction point in Ey(t). The set of all striction points for ¢ € J determines
the striction curve s. It is given by
s() =) = Y (0ej(n),

i=l

The base curve ¢ is the striction curve if and only if v! = v" =0, ie., if
and only if 0! = ... = 0™ = 0. Hence, if the base curve is the striction curve
then

m
5) $= Zr’e,- +o0"™a, .

If the striction curve s is an admissible curve parametrized by the arc length,
then the coefficients T 1, ..., TP are the direction cosines of the tangent vector $

i =cosy', i=1,...,p,

where y! = /(s,¢;) is the angle between the projections of the corresponding
vectors onto Uy, and ey,..., €, are the only (because m = [) Euclidean vectors
of the natural basis.

The coefficients yP*1,...y™ represent the isotropic angles

Finally, the following is also true

m
o™l =/ (S,Zr’el) .
i=1

m+1

The anglesyi, i=1,....,m,0
surface U.

are called the ith strictions of (m + 1)-ruled

In the case when [ < m, the striction space Z,,_; determines a (m — [ + 1)-
ruled surface. This surface is called the striction (central) surface. Its para-
metrized position vector is given by

l

x(t; v vy = er) — Z—(t)e,(t)+ Z vie,.

i=1 i=l+1
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In the points of the striction space the tangent (m — [ + 1)-plane is spanned by

m l ; m
J

_j 0 N I+1
(6) Xt:Z Tl_z {K_J+ Za{vj € +0 Ay,

i=1 j=1 j=l+1
X[+1 = €l415--->Xm = €m,
where
s _ {ri — (%), i i=1..
i, if i=l+1,...,m.
Since the vector a,,,;,1 is p-isotropic, p € {1,...,k}, whenm +1 <n —k
orpe{r+1,...,k} whenm +1 =n — k +r in the case when the striction

space exists, the projection of the tangent (m — [ + 1)-plane onto U; or onto
U @b, _;+1%- - -@b,, 14, 1s contained in m-plane spanned by the projections
of the vector ey,...,e,. Therefore, if [ = 1, the projection of the striction
surface is the envelope of the projection of the family of generators. These

surfaces are generalization of the surfaces of type 1 in 131 and of type A in

132. Therefore, the following theorem holds:

THEOREM 4. The projection of the striction m-surface onto U; (U} &
b,_;+1 D - & b,_r4,) is the envelope of the projections of the family of
the generators.

4. 2-Ruled Surfaces in I¥

2-ruled surfaces are given by
x(t,v) =c(t)+ve().
Let us consider the case of non-cylindrical skew surfaces, i.e., m =1 = 1.
Theorems 2, 4 and the previous considerations imply that there are exactly
the following types of 2-ruled surface in I,f:

COROLLARY 1. Among the surfaces without the striction curve there are
exactly two types:

(al) conoidal surfaces with generators parallel to some isotropic plane;

(a2) if dimU, > 3, surfaces having both tangent and asymptotic plane
non-isotropic.

Among the surfaces with the striction curve there are exactly two types:
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(b1) surfaces whose projections of the striction curve to Uy (Uy @ by)
degenerates to a point;

(b2) surfaces whose projections of the striction curve is the envelope of
the projection of the generators.

More precisely we have:

Lm+1=2<n—k,ie,dimUj > 2.

In this case, the generator is determined by a unit Euclidean vector e.
The vector a is determined by

é=ka,
where k = ||é||, if € is Euclidean, or k = [e];, if & is j-isotropic, for some
j €{l,...,k}. [ ]; denotes the jth range.

There exists the striction point in Ej(¢) if and only if a3 is some p-

isotropic vector, p € {1,...,k}. This point is determined by ¢! +vk! = 0.
The set of all striction points determines the striction curve.

A base curve c is the striction curve if and only if v = 0. If ¢ parametrized
by the arc length, then

c=e +02a3,

or, in the projection onto U,
m1(€) =y (e).
The projection of the striction curve is therefore the envelope of the projection
of the family of generators. Such surfaces are the surfaces of type 1 in 131 and
of type A in 132.
The striction curve ¢ can also be degenerated, i.e., r{(¢) can be a point.
Such surfaces are the surfaces of type 2 in 131 and of type B in 132.

The parameter of distribution of 2-ruled surface with the striction curve
is defined as

2
o
0=—,
K
where
0% = /(¢ e).
The striction curve does not exist if and only if a3 is an Euclidean vector. If
the vector a is j-isotropic, for some j € {I,...,k}, then the projection of &

onto Uy &by, _g41 &+ & b,_pyj_ is zero-vector. Therefore, the projection
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of e is constant. The generators e are parallel to some (k — 1)-isotropic
(k —j +2)-plane, for j > 1, and to k-isotropic (k + 1)-plane for j = 1. Such a
surface is (k — j + 2)-conoidal.

Furthermore, if e, a, a3 are all Euclidean (dimU; > 3), we get a surface
of type (a2).

I. m+1 =2 =n—k +r. This is possible only in the case when

n—k=1,r =1, ie., in the space I'~!. The vector e can be either a

unit Euclidean or a unit 1-isotropic vector. In both cases, a is defined by
€ =«ka.

Furthermore, the striction point exists if and only if a3 is p-isotropic, for
somep € {2,...,k}. For such a striction curve we have the same conclusions
as in the previous case.

The striction curve does not exist if and only if a3 is 1-isotropic, in the
case when e is Euclidean, or if and only if a3 is Euclidean, in the case when
e is l-isotropic. If the vector a is j-isotropic, for some j € {2,...,k}, then
the projection of € onto U & b, 41 & -+ & by _pyj—1 is zero-vector. In
these cases the surfaces are (k — j +2)-conoidal. More precisely, if j =2 and
e is Euclidean, this k-plane is (k — 1)-isotropic; if e is 1-isotropic then it is
k-isotropic. If j € {3,...,k}, this (k —j + 2)-plane is (k — 1)-isotropic.

5. (n — 1)-Ruled Surfaces in I¥

We consider the surfaces such that the generating spaces E,,_,(t) are
(n — 2)-dimensional and the surfaces are non-cylindrical skew surfaces, i.e.,
m =n — 2,1 = 1. Then the asymptotic bundle is generated by

Alt)=[e,....e; 2,2, 1]
and the following equations for the derivatives hold

m

; j 1

&)= ajej(t)+K'a,_i(1),
j=1
m

(=Y alej®), i=2...,n-2
j=1

From Theorem 2 it follows immediately:
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COROLLARY 2. There exist exactly the following types of ruled hyper-
surfaces in I,ﬁ‘ :
(a) conoidal surfaces with generators parallel to an isotropic plane;

(b) surfaces with the striction space.

More precisely:

I. Let n — 1 < n — k. This is possible if and only if k = 1, i.e., in the
space Inl. In this case the generators ey, ..., e, _» are all Euclidean.

There exists the striction space Z,_3(f) in the generating space E,, _(t)
if and only if a, is equal to the completely isotropic vector by. Then, in the
projection onto Uj, the (n — 2)-striction surface is the envelope of the family
of generators.

Obviously, the striction curve exists if and only if n = 3.

The striction space does not exist if and only if a, is Euclidean. Since the
vectors ej,...,e,_o are also Euclidean, the vector a,,_; must be completely
isotropic. The projection onto U; of the generators span a constant (n — 2)-

plane. Therefore, generators are parallel to an isotropic hyperplane in In].
Such a surface is (n — 1)-conoidal.

II. Letn—1=n—k+r, forsome r € {1,...,k—1}, i.e., we consider the

space I *+1 In this case the generators can be either Euclidean or j-isotropic,
Je{l,...,r}.

Let the generators be such that there are n — k Euclidean and one of each
of j-isotropic vectors, j € {1,...,r} \ {i}. The striction space Z,_3 exists if
and only if a, is (r +1)-isotropic vector. In projection onto U; ®b,,_j41 & -
-+ @ b,,_; the striction surface is the envelope of the family of generators.

The striction space does not exist if and only if a, is i-isotropic. Then
a,_ must be (r + 1)-isotropic. Now the projection of generators onto the
space Uy @ by, 41 ® --- B b,_1 is a constant (n — 2)-plane. Hence the
generators are parallel to a (k — i)-isotropic hyperplane. Such a surface is
(n — 1)-conoidal.

Let the generators be such that there are n — k — 1 Euclidean and one
of each of j-isotropic vectors, j € {1,...,r}. Then, the striction space Z,_3
exists if and only if a, is again (r +1)-isotropic. It does not exist if and only if
a, is Euclidean. In the case when the striction space exists, in the projection
onto Uy & b,_;41 ®--- & b,,_1, the striction surface is the envelope of the
family of generators.
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In the case when it does not exist, a,_; must be (r + 1)-isotropic. By

projecting onto Uy & b,, ;41 ® --- & b,,_| we see that the generators span a
constant (n — 2)-plane. Such a surface is (n — 1)-conoidal. The hyperplane to
which all the generators are parallel is k-isotropic.
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GRAHAM’S EXAMPLE IS THE ONLY TIGHT ONE FOR P || Gnax

By
GYORGY DOSA

(Received December 20, 2004)

1. Introduction

One of the most known and well-studied problem of scheduling theory
is P || Cnax. There is a fixed set of jobs I = {T},..., T, }. Each job must
be processed exactly one of m identical parallel machines. 7; (i = 1,...,n)
denotes both the job itself and its processing time which is the same on all
machines. If the processing of a job started on a machine then it must be
finished without any interruption. One machine can process only one job at
the same time. Each job and machine are available at time zero. The goal is
to minimize the makespan, i.e., the time when the last job is finished.

A schedule of the set of jobs J is a partition P = { P;, P>, ..., Py }
which means that part P; is loaded to machine i. Denote by £(P) the
makespan if partition P is applied and let £(P;) be the load of machine i
in this case. Then £(P) = max{L(P) |i=1,...,m} = maX{ZTkePI- T |i=
= 1,...,m}. A schedule P* is optimal if for any other partition P the
inequality £(P*) < £(P) holds. It is obvious that optimal schedule exists as
the number of partitions is finite. Throughout the paper the makespan of the
optimal schedule is denoted by C*(J) or simply C*.

The P || Gnax problem is NP-complete. Therefore several heuristic
procedures have been suggested. One of the earliest algorithms is Graham’s
LPT list scheduling [1]. Let .4 be a heuristic algorithm. Denote by Cy(J) the

Mathematics Subject Classification (2000): 90B35
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makespan of the partition of set J determined by 4 for a given number of

machines. Let
Cy(J )}
R, (A) =su
IT[( ) gp { C*(g)

be the performance ratio of the algorithm. In [1] Graham introduced the
LPT list scheduling algorithm: First we arrange the jobs into a nonincreasing
order of their processing times, then the tasks are scheduled in this order
individually in such a way that each job is assigned to a machine which has
minimal current load.

THEOREM 1 ([1]). R, (LPT) = 22=1 ]

3m
Graham’s example to show the tightness of the theorem is
I *={2m —1,2m —1,2m —2,2m —2,....m+ l,m+ 1,m,m,m},

i.e., it has two copies of jobs with processing time [ = m+1,m+2,...,2m—1,
and three copies of jobs with processing time m. The number of jobs is 2m+1.
In the optimal solution the last three jobs are on the same machine. The load
of this machine is 3m. Pairs are formed from the remaining 2m — 2 jobs such
that the sum of the two processing time is again 3m and these pairs are loaded
to the remaining m — 1 machines. The LPT list scheduling assigns the first
2m jobs to the machines that each machine has two jobs and total processing
time 3m — 1. The makespan is obtained after the assignment of the last job
with length m and is 4m — 1. This note is devoted to show that for any other

task-set J holds that CI@E%‘?) < et

2. There is no other tight example

THEOREM 2. Let I # J*. Then Cé’i(%(‘;]) < dm=l

REMARK 1. Let us introduce the following notation:
CyqJ)
Ry () = su { I =ny.
m,n gp C*(g) | |
It is obvious that Ry, (d) = sup, {Ru »(4)}. It is not too hard to prove that

Ry n (LPT) is strictly less than 4’?};1, ifn#2m+1,ie.n = |J7.

The tightness of the bound of the performance ratios are shown by the
notion of counterexample.
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DEFINITION 1. Let 4 be a heuristic method. Assume that the number of
machines is fixed. Let p, and g be positive numbers with p > g. A (p/q)
counterexample is a set J of jobs such that Cy(9) = p, and C*(J) = gq.
J is minimal (p /q) counterexample if it is a counterexample and has minimal
number of jobs.

The next definition will be useful.

DEFINITION 2. The moment during the execution of the LPT list schedul-
ing algorithm just before assigning the last task is denoted by *.

LEMMA 1. Assume thatm > 2, let I be minimal (p/q) counterexample
for the algorithm LPT. Then the following inequality holds: Ty, > =5 (p—q),

where T, is the last job with minimum processing time.

PROOF. Task T, was assigned to the earliest possible time, say s. It can
be supposed by minimality of J that before assigning T, the makespan is less
than p, and by assigning T}, it is equal to p. There is a machine among the

other ones with completion time not higher than g — 51__‘11. Task T, has been
pP—q

m—1-
last task the completion time p is reached, thus the processing time of job T,

is at least p — (q — ,’7’1;_‘11) =-Mo(p—q). |

DEFINITION 3. Let J be a job-set, for which |J| < 2m holds. The
schedule of J is regular, if

assigned to the least loaded machine, thus s < g — After assigning the

1. At most two jobs are scheduled for every machines,

2. If two jobs A; and B; are assigned to machine i and A; > B;, then job
A; precedes job B;.

3. If two jobs are assigned to machines i, and j, say A;, B; and A;, B},
resp., and i <j, then A; > A;, and B; < B;.

LEMMA 2. Suppose that there is an optimal schedule such that at most
two jobs are scheduled for any machine. Then the regular schedule is optimal
and LPT produces the regular schedule.

PROOF. The statement follows immediately. |

PROOF OF THEOREM 2. Suppose that there is a minimal counterexample
J for which ¢ = 3m and p > 4m — 1 holds. Then T,, > m according to
Lemma 1. Thus, each machine has at most two jobs in the optimal schedule.
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This is a contradiction according to Lemma 2, because in such a case the

heuristic solution is optimal. Thus R,, (LPT) < %.

Now suppose that ¢ = 3m and p = 4m — 1. Then it follows from Lemma
1 that 7, > m. If T, > m, then a contradiction is obtained similarly, thus
T, = m. Hence it is easy to see that the completion time of the machine to
which Tj, is assigned by LPT is exactly 3m — 1 at * therefore the completion
times of all other machines are also exactly 3m — 1. Then the completion
time of every optimal machine is exactly 3m. It follows from Lemma 2 that
there is at least one machine of the optimal solution having more than two
jobs. From C* =3m, and T, = m it follows that the number of these jobs is
3, and the processing time of each of them is m. At moment * there are two
machines having a job with processing time m. The processing times of the
other job on the same machines are exactly 2m — 1. Each of these jobs are
assigned in the optimal schedule together with a job of processing time m + 1.
These jobs are scheduled at time * together with jobs having processing time
2m — 2, etc. By induction we get that the counterexample J must be equal
to I*. 1
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ON QUASILINEAR PARABOLIC FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH DISCONTINUOUS TERMS

By
LASZLO SIMON

(Received February 2, 2005)

Introduction

This work was motivated by works [4]-[6], [9], [10] where nonlinear
parabolic functional differential equations of certain types were considered.
In [4], [5] M. Chipot, L. Molinet, B. Lovat considered the equation

©.1)  Du— Y Dila;(u(,0)Djul +ag(lu(-,0)u=f in Q x R
ij=1

where Q C R" is a bounded domain with sufficiently smooth boundary,

> @@k > AP forall £ € R", ¢ € R

ij=I

with some constant A > 0,
l(u(at)) = / g(X)M()C,t)dX
Q

with a given function g € L*(Q). Existence and asymptotic properties (as
t — 00) of solutions of initial-boundary value problems for (0.1) were proved.
Such problems arise in diffusion process (for heat or population), where the
diffusion coefficient depends on a nonlocal quantity.

In [9], [10] systems of nonlinear parabolic functional problems were con-
sidered when modelling diffusion, convection, absorption reaction of chem-
icals in porous media and reactive transport through an array of cells with
semi-permeable membranes.
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Finally, in [6] a climate model was considered where the differential
equation contained discontinuous and delay terms. Some results on the sta-
bilization (as t — oco) of solutions to certain nonlinear parabolic functional
differential equations with discontinuous and delay terms were proved in [13]
by using methods of [7], [8] proving stabilization results for the above men-
tioned climate model without delay terms.

The aim of the present paper is to consider equations of the form
0.2)

n
D =Y Dilai(t,x,u(t,x), Du(t,x); u)]+ ag(t, x, u(t,x), Du(t,x);u) = f
i=1
in Qr = (0, T) x Q with certain homogeneous boundary and initial conditions,
where the functions

a;: Qr x R < 170, T; V) — R

(with a closed linear subspace V' of the Sobolev space wlrQ), 2 < p < o0)
have certain special forms such that they contain terms which do not de-
pend continuously on u. These equations are generalizations of the parabolic
functional differential equations of [4]-[6], [13] and in certain special cases
can be considered as models for nonlinear diffusion processes where the
diffusion coefficient depends on a nonlocal quantity. The conditions I-V of
the existence theorem on (0.2) are generalizations of the above conditions
with respect to (0.1).

In Section 1 we shall prove a general existence theorem for (0.2) in the
continuous case. In Section 2 a special form of (0.2) with discontinuous terms
will be studied. First we prove existence of weak solutions, then we prove the
uniqueness of the solution if certain additional conditions are satisfied. Some
results on boundedness and stabilization of the solution as ¢t — oo will be
shown in a separate paper.

1. Existence of solutions

Let Q C R" be a bounded domain having the uniform C! regularity

property (see [1]) and p > 2 be a real number. Denote by W LP(Q) the usual
Sobolev space of real valued functions with the norm

1/p
Jull = [ / <|Du|P+|u|P>]
Q
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andlet V. C Wl (Q) be a closed linear subspace. Denote by X =170, T; V)
the Banach space of the set of measurable functions u : (0, T) — V such that
|lue||P is integrable and define the norm by

T
|‘”|‘Izp(o,T;V) :/O Hu(t)“ﬂ,dt.

The dual space of X = IP(0,T;V)is X* = L9(0,T; V*) where
1/p+1/q=1and V * is the dual space of V (see, e.g., [11], [14]).
Assume that

I. The functions a; : QrxR"™!xIP0,T; V)—R satisfy the Carathéodory
conditions for arbitrary fixed v € IP(0,T; V) (i =0,1,...,n).

II. There exist bounded (nonlinear) operators g : I”(0, T; V) — R* and
ki : IP(0,T; V) — L1(Qr) such that
ai(t, %, 80, 55| < 1) 6o~ + 6P+ I, x), i =01, m

for ae. (1,x) € Qr, each (§y,8) € R" ! and v € IP(0,T; V) and there

exists > 0 such that k; is continuous as a map from L”(0, T; wl-0p ()
into L1(Qy).

I S0 [ (1%, 80,85 v) — @i (,%,60,§ ¥ 5N —8*) > 01 § = & X
IV. There exist a constant ¢ > 0 and a bounded operator k,
IP(0, T; V) — LY(Qp) such that

(1.3) Zai(t,x,CO,C;V)Ci > ¢ [[GolP +[EIPT = lkoW)] (2,x)  (ky > 0)
i=0

for a.e. (t,x) € Qr, all (o,&) € R v € [P(0,T; V),

k2 71
(1.4) im — @
Iviix—oc  [vlx
and k, is continuous as a map from (0, T; wil=0p (Q)) into LI(QT).
V. If () — u strongly in LP(0, T; W!=0P(Q)) and ox) — Co, Cx) —
— & then
(1.5) a;(t,x,8ok, 8k ug) — a;(t,x,80,85;u) as k — oo
for a.e. (1,x) € Qr (i =0,1,...,n).
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Then we may define operator A : [”(0,T; V) — L1(0,T; V *x by
[Au),v] =

n
[Z a;(t,x,u(t,x), Du(t,x);u)D;v +ap(t,x,u(t,x), Du(t,x);u)v | dtdx,
i=1

Qr
u,v € X =170,T; V).

THEOREM 1.1. Assume I-V. Then A : X — XX g bounded, demi-
continuous, pseudomonotone with respect to D(L) = {u € X : Du €

. Gl ,u(0) = 0} and it is coercive. Consequently (see, e.g., [2]), for any
feX X there exists a (weak) solution u € D(L) of
(1.6) Diu+Aw)=f, u(0)=0.

PROOF. a) Boundedness of A (i.e. A maps bounded sets of X into
bounded sets of X *) follows from I, II and Holder’s inequality.

b) We show that A is demicontinuous, i.e. if (i) — u strongly in X then
(A(uy)) — A(u) weakly in x*. Assuming that (1) — u strongly in X, we
obtain by V for a subsequence
(1.7)

a;(t,x,u,(t,x), Dup(t,x);ur) — a;(t,x,u(t,x), Du(t,x);u) a.e. in Qr
since for a subsequence (u;) — u and (Duy) — Du ae. in Qp. So, by
using II and Holder’s inequality, we can apply Vitali’s theorem to obtain that
(A(ug)) — A(u) weakly in X * .

¢) By using arguments of [3], we show that A is pseudomonotone with
respect to D(L), i.e.

(1.8)u; € D(L), (u) — u weakly in X, (Djug) — Dyu weakly in X ¥,
(1.9) lim sup[A(ug), ur, —u] <0

k—o00
imply
(1.10) klim [A(ug),up —u] =0 and (A(ug)) — A(u) weakly in xX*.
— 00
Since W1P(Q) is compactly imbedded in W1=0.,(Q), one may apply a

well known imbedding theorem, see [11]. Consequently, (1.8) implies that
for a subsequence (denoted for simplicity again by (uy))

(1.11) (u) — u strongly in IP(0, T; W07 (Q))
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and
(1.12) (ux) — u in the norm of I’ (Qr) and a.e. in Q7.

Define the function p; by
n

(1.13) pr(t,x) =) [a; (0,0, ug (1, x), Duge(t,x)sup0) —

i=1
—a; (t,x,u(t,x), Du(t,x);u)] (D;uy — Dju) +

+ [a() (ta-xa I/lk(t,X), DMk(t,)C); le) —q (ta-xa I/l(t,X), DM(t,X); M)] (Mk - I/l).
Assumption IV implies
n
(1.14)> "~ a;j(t,x, u, Dug; ) Dy + ao(t, x, uge, Dugs wpuge >
i=l
> ¢ [Juk [P +Dug P] — Tka(ug))t, x) > ca| Dug [P — [y (g )1(2, %)
By using Young’s inequality, it is not difficult to obtain from (1.14) and II
(115 pr(t,x) >

C
> 72|D“k P —c3 [Jug [P+ [ Du P + |ulP + |k ()| + [k )] + ko (ug)]

with some positive constant c3. The expression in (1.15), which is multiplied
by c3, is convergent in LI(QT) because of (1.11), II, IV, thus it is a.e. con-
vergent and so bounded a.e., for a subsequence. Hence, for a fixed point
(1,x) € Qr
(1.16) pr(t,x) < 0 implies that (Duy (t,x)) is bounded
except possibly a set of zero measure.

One can write pg(t,x) in the form
(L.17) Pr(t,x) = qi(t,x) + ri(t,x) +sp(t,x)

where
n

ac = Y [ai(t,x, we(t, %), Dug (,%); ) —
i=l1
- a,-(t,x,uk(t,x), DM(I,X); Mk)] (Di“k - Dil/l),

n

ry = Z[ai(t,x,uk(t,x),Du(t,x);uk) -

i=1
- a,-(t,x,u(t,x),Du(t,x);u)](D,-uk - Di“):
sk = [ao(t,x, ug (t,x), Dug(t,x); u) — ao(t, x,u(t,x), Du(t,x);u)] (. —u).
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Denoting by p; (¢, x) the negative part of py(¢,x) and by y the characteristic
function of p, ", we find by (1.17)

(1.18) —Py =Xkqk +XkTk + XkSk-
(1.11), (1.12), V and 11, (1.16) imply
(1.19) (Otxkrr) — 0 and (ygsk) — 0 a.e. in Q7.

Since xxqr > 0, p, > 0, (1.18), (1.19) imply that

(1.20) py (t,x) — 0 a.e. in Qy.
Further, by (1.15)
pr(t,x) > —c3llug P + [Dul? + |ufP + |ky ()9 + [kq ()| + k()]

where the right hand side is convergent in L!(Qr) and so it is equiintegrable,

which implies that (p,) is equiintegrable. Combining this fact with (1.20),
we obtain

1.21 li ~=0.
(1.21) Jm QTpk

By (1.8), (1.9)

(1.22) lim sup/ pr = limsup[A(uy ), u, —u] — lim [A(u),u; —u] <0,
Qr k—o0

k—o0 k—o0

thus

lim sup/ p,ir = lim sup/ pr + lim p, <0,

k—oo JQr k—oo JQr k= Jor
consequently,

(p}) — 0in L'(Qr)

and so
(1.23) (Pr) — 0in LI(QT) and a.e. in Qp

for a subsequence. Combining (1.23) with (1.15), we find that (Duy) is
bounded a.e. Consequently, (r;) — 0, (sp) — 0 a.e. in Qr which implies
that

(1.24) (qx) — 0 a.e. in Q7.
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Since (Duy) is bounded a.e. in Qp, for a.e. fixed (t,x) € Qr is has a
convergent subsequence: (Duy)(t,x) — v(t,x). Consequently, by (1.11),
(1.12) we obtain from V

n

D lai(t,x,u(t,x), v(6,);4) = a;(t,x, u(t,x), Dut,x); w)][vi(t, x) = Dyu(t,x)1=0
i=1

which implies v (¢,x) = Du(t,x) (for a.e. (¢,x)) by III, i.e.
(1.25) (Duy) — Du a.e. in Q.

By (1.22), (1.23)

(1.26) Jim LA, u —u] =0,

further, by (1.11), (1.12), (1.25), V, Holder’s inequality, Vitali’s theorem we
obtain that

(A(ug)) — A(u) weakly in X ¥,
i.e. with (1.26) we have proved (1.10).
d) Finally, by IV

[A(v), V]
Ivilx

1
v lcz

k2 ()1
-1 L (Q7)
> CzHVHI;( - TXT =

_ ||k2(v)||L1(QT)

— 400
P
VI ]
as ||v||x — oo which implies coercivity of A. |

REMARK 1. According to part c) of the proof, if assumptions I-V are
satisfied such that (1.3) holds in the following weaker form:

(1.27) > ai(t,x,80,5: )8 > ealCl” — ko), x)
i=0

then (1.8), (1.9) imply that (u;) — u and (Du;) — Du a.e. in Qr and
(A(uy)) — A(u) weakly in X * for a suitable subsequence.
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2. Existence and uniqueness with discontinuous terms

In this section we shall consider equations (0.2) if the functions a; have
the following form:

(2.28) a;(t,x,8p,C;v) =
b(LHW)I(t, x)a} (t,x,80,8) + BUGWIE, x)ak(t,x,5o, ),
i=1,...,n;
(2.29) ag(t,x,80,5:v) = bi([G (), x)ag(t,x,50,8) +
by([GyWI(t, x)ag(t,x,50,5) +ag(t,x,50,5)

where al.l,ai2 (i = 0,1,...,n) satisfy the Carathéodory conditions, ag is
measurable;
(2.30) jai' (1,%,80,8)| < e1(GoP " + 617~ + Ky (x)

with some constant ¢y, k; € L9(Q), i =0,1,...,n;

@231 |af(,x, 80,0 < er(Gol” + 151,
withsome 0 <p <p—1, i=0,1,...,n;

2.32) @ (t,x,80,0)] < c1[ColP ! + ky(x).
Further,

233) ) I} (t,x,50,8) — a} (t,x,80,E *)IE —E*) > 0if & = L X

i=1

234) Y [af(t,x,50.8) — aF(t,x,50, L *OIE — £*) > 0;

i=1
(2.35) iail(t,x,é?o,é)@i > 0fElP — ka(x)

i=1
with some constant ¢, > 0, ky € L1(Q);
(2.36) ia?(t,x,é?o,é?)@i > 0;

i=1

(2.37) ag(1,%,50,£)50 > e2[8ol” — ka(x);
(2.38) ap (t,%,80,6)80 > 0.
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The functions b,b : R — R are continuous, b; : R — R are measurable
and satisfy the following conditions: there exist positive constants c3, ¢4, C5
such that

(2.39) c3 S b(6) S Cy4, c3 S b1(6) S Cy4,
(2400 0<BO) <csl0)PTITP, [b2(0)] < eslofPI O

with some pg > p.
Finally, the operators H, G, G; satisfy:

(2.41) H,Gy: [P0, T; W'=0P(Q)) — L' (Qr) and
(2.42) G, G, : I (0, T, W'=0P(Q)) — [ (Qr)

are linear and continuous operators.

Since the functions b; are locally bounded, we may define for any ¢ > 0
(see [12])

b; (0) = ess sup|0_§|<8b,-(é), bi(0) = ess inf|0_§|<8b,-(§),
b;i(0) = lim b; (), b;(0) = lim b%(H).
e—0 e—0
Similarly define
58,8 (I,X,CO,C) = €SS Sup|<§0_§0|<£’|é_§|<8a8(t7xaSO)S))
QS,S (taxag():C) = Css inf|§0_§0|<£’|§_§|<8a8(t7x76055)7
ap(t,x,80,0) = lim @g* (1., £0,0).
3 T 3¢
Q()(taxag():C) - Slir%)go (t,x,CO,C)-

THEOREM 2.1. Assume (2.28)—(2.42). Then for any f € 11(0,T; V *)
p
there exists u € IP(0,T;V), B € L®(Qr), B € LP~7P0(Qr), B3 €
€ L1(Qr) such that

(243) Du € L0, T;V*), u(0)=0,

(D v]+) /Q {BAHIE a5, u, Duy +
i=1 T

(2.44) + BGI(t, x))al(t,x,u, Du) | Divdrds +
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+/{ﬁ1 (t,x)aé(t,x, u,Du) +ﬁ2(t,x)ag(t,x, u,Du) +,33(t,x)} vdtdx = [f,v]
Qr
and for a.e. (t,x) € Qr
(2.45) bi([G;(w)](r,x)) < Bi(1,x) < bi([G;(w)](7,x)), i=1,2,
ad(t,x,u(t,x), Du(t,x)) < B3(t,x) < @g(t,x,u(t,x), Du(t,x)).
REMARK 2. Clearly, if bi,ag are Carathéodory functions, (2.42)—(2.45)
means that u is a weak solution in usual sense.

REMARK 3. The value of the operators H, G, G; in (¢,x) may have e.g.
one of the following forms:

u(r(t),x) wheret : [0, T] — [0, T] is a C! function, ()<t, 7'(t)>0;
t

/ 211, %, EYut, E)dE; / o2(t,7, %, Eu(r, E)dEdr / g3(t,7, 3 )u(r, X)dr
Q Q; 0

/g4(t,x,§)u(t,§)dag, /gs(t,r,x,é)u(r,g)drd(fg, where I'; = [0,1] x 9€,
0Q Iy

€ss Sup(t,x)EQT /Q |g1(t7x7£)|qd‘:&> < o0,
ess SuP(t,x)eQT/Q lg2(t,7,x,8)|9drdE < o,
T
t
ess SuP(r,x)eQT/O lg3(t,7,x)|9dr < o,
ess SUP( )eQr /69 |g4(t,r,§)|qd0§ < 00,

ess SuP(f,X)GQT/F |g5(t,r,x,§)|qdrd0§ <oo, 0<1-1/p.
T

PROOF OF THEOREM 2.1. Let functions j € CgO(R),f € C@O(R”“) be
supported by the unit ball with the properties

o, /jzl, /f=1
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and for any positive integer k define functions ji,j; by

Jk©) = kj(k0), i (o,8) = k" (kEo, k).
Then the convolutions (with fixed #,x)
(2.46) DK =bykji, D5 =bykji, ay’ =adxj;

are smooth functions (of 0, (§y,$), respectively). Then we may define opera-
tors

A,B¥,BX BY . 170, T, v) - 140, T; V*)
by
[A(u),v]=[A@),v]T =

n

=Y /{b([H(u)](t,x))ail(t,x, u, Du) + b([G(w)](t,x))a’(t,x,u, Du)} Dyvdtdx,
i=IQ
T

[Bf (u),v]=[Bf (u),v]y = / by (G ))(t, x)ad(t, x,u, Duyvdtdx, | = 1,2,

Or

k k 3.k
[B3(u),v]=[B3(u),v]r = / ag” (t,x,u, Du)vdtdx.
Or

By Theorem 1.1 the operator
A+BN+BY+BY 120, T V) - 190, T; V*)

is bounded, demicontinuous, pseudomonotone with respect to D(L) and it is
coercive, because we can show that the functions q;, i = 1,...,n, defined

by (2.28) and ag = af, defined by
ag(t,x,80,83v) = bE(G1 It x)ad(t,x,80,8) +

DK ((Ga)I(t, x)ad(t,x,80,) + g (1,x,80,2)
satisfy the conditions [-V.

The conditions I, I follow easily from (2.30)—(2.32), (2.39)-(2.42) and
Young’s inequality since according to the definitions (2.46)

Q47 3 <biO) <ca,
(2.48) [D5@)] < 0P~ PO+ el Jad®(1,x,80,8)] < ¢G0P + Ky (x)

with some constants ¢}, c§, cg and ky € LI(Q).
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The condition III follows directly from (2.33), (2.34), (2.39). Further,
condition IV follows from (2.31), (2.32), (2.35)—(2.38), (2.42), (2.47), (2.48)
since by (2.32), (2.38) and (2.46)

a3, 80,000 > —k * (1)

with some k* € L! (Q) and from (2.31), (2.42), (2.48) we obtain by using
Young’s inequality for any & > 0

|5 (LG ()1(, x )ad(t, x,E0,E)Eo| <

2 P k p
< elaj (1,x,80,0)50/P*T + c(€)|b5([Go(W)](t,x))[P~T=P <

p—1-p
<cfe(Gol + [Py +e X @) {I[G2<v>](t,x>|’”pT—p0 ¥ 1}

with some constant cl* (not depending on ¢) and a constant ¢ * (¢) (depend-

ing on ¢). Choosing sufficiently small ¢ > 0, we obtain IV with ¢, /2 instead
of ¢y and

p—1-pg
[oW(t,x) = c * () {l[Gz(vn(t,x)V” =Tp 4 1}

by (2.42). (kp(v) is independent of k.)

Finally, condition V follows from (2.41), (2.42) and the fact that ail,al-2
(i=0,1,...,n), ag’k satisfy the Carathéodory condition; b, b are continuous,
b’l‘, b’z‘ are smooth functions.

Because, if (u;) — strongly in [P (0, T} W1=9.2(Q)) then by (2.41), (2.42)
(2.49) (H(ug)) — H), (Gy(ug)) — Gy(u)

in L'(Qy) and

(2.50) (G(ug)) — Gu), (Gr(ug)) — Gr(u)

in I”(Qr), consequently, (2.49), (2.50) hold a.e. in Qp for a subsequence.

So we have shown that all the conditions of Theorem 1.1 are satisfied,
thus for each k there exists

2.51)  wy € LP(0, T; V) with Dy € LY0, T; VX), i (0) =0,
(2.52) Dy +(A+BF + BY + B = f.
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Consequently, for any ¢ € [0, T]
t

(2.53) /(Dtuk @), u (T))dr + [Auy ), ug 1 + [B{‘(Mk), ugls +
0
+ [BY ), w1y + [BX (), u 1s = [ g s

Since 1V is satisfied with a constant ¢, and ky(v) which are independent of
k, we obtain from (2.53) that

(2.54) lugllx> |(A+ B+ B5+ Bé‘)(uk)HX & are bounded,
consequently,

(2.55) || Drug || y % is bounded,

(2.56) || etk ||L°°(O,T;L2(Q)) is bounded.

(2.54), (2.55) imply that

(2.57) (ug) — u weakly in X, strongly in I”(0, T; Wl_a’p(Q)) and
(Dyug) — Dyu weakly in X ¥

for a subsequence (see, e.g., [11]).

Since (u) — wu in IP(Qy), it is not difficult to show (by using the
assumptions of our theorem and Holder’s inequality) that

(2.58) lim [Bik(uk), u, —ul=0 (=123, lim|[f,u, —u]=0.
k—o0 k—o0
Thus, applying (2.52) to (u; — u), we find
(2.59) lim [A(ug),u;, —u] =0.
k—o0

Now we apply Remark 1 to operator A which satisfies (1.27), so by (2.57),
(2.59) we obtain that

2.60) (ux) — u, (Dsuy) — Diu
ae. in Qr and (A(uy)) — A(u) weakly in X *
for a subsequence.
By (2.47) (bll‘([Gl(uk)](t,x))) is a bounded sequence in L*°(Qr), i.e. it

is a bounded sequence of linear continuous functionals on L (Qr), thus there
exists f1 € L°°(Qr) such that for a subsequence

@61 lim / bY(Gy(w))gdtdx = / Bygdtdx for any g € L'(Qp).

Qr Qr
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Consequently, for any v € X

/ b1 (Gy(ug)ad (t,x, uy, Duy vdrdx =/b1(Gl(uk))aé(t,x,u,Du)vdtdx+
Qr
Qr

+/bl(Gl(uk))[ag(z,x,uk,Duk)—ag(t,x,u,Du)]vdtdx — /ﬁlvdtdx
Qr Qr

because the second term in the right hand side of the equality tends to O
by (2.47), (2.60) and Vitali’s theorem. Thus

(2.62) (Bf (u)) — Bral(t,x,u, Du) weakly in X .

Similarly, ag’k(t,x,uk,Duk) is bounded in L9(Qy), hence there exists
p3 € L1(Qr) such that (for a subsequence)

(2.63) aZ® (t,x, ur, Duy) — B3 weakly in LI(Qr) as k — oc.
Finally,

P
(2.64) (bK(Ga(uy))) — B weakly in LP=1=20 (Qr),

hence, by using Holder’s inequality, we obtain that

(2.65) (BX(uy)) — Barad(t,x,u, Du) weakly in X *

p
with some B, € LP~17€0 (Qr). By using (2.60)—(2.65), we obtain from (2.52)
as k — oo the equality (2.44).

To complete the proof of our theorem, we have to show the inequali-
ties (2.45). Now we use arguments of [12]. Because of (2.57), (2.41), (2.42)

(2.66) Gi(ug) — Gi(u), Gr(ug) — Gy(u)

in L'(Qr) and so for a subsequence (2.66) holds a.e. in Q. Thus for arbitrary
small number a > 0O there exists a set ® C Qp such that
(2.67) AMw) < a and G;(u;) — Gj(u) uniformly in Qr \ @,
Gi(w) € L(Qr\w), (i=12).
Hence for any ¢ > 0 there exists ky > 2/¢ such that

2.68) |[Giwp)(t,x) — [Gi@)](t,x)| < €/2 if (1,x) € Or \w, k > ko.
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By definition bf-‘([Gi(uk )](t,x) is an average of b; over the interval centered

in [G;(uy)](t,x) with radius 1/k < /2 and this interval is contained by the
interval centered in [G;(u)](¢, x) with radius &, because of (2.68). Thus

b ([G;w)](t, %)) < bE([Giw)1(t,x)) < by ([G; (w)](t, x)).
Hence for any ¢ € G3°(Qr), ¢ >0

/ B (1Gy ()10t x ) (1, 3 )t dx < / BE (LG )11, X)) (1, X ) dx <
Qr\w Qr\w

< / B (LG (w))(t,)p (1, )dtdx
Qr\w
which implies by (2.61), (2.64)

@6 [ BAGWIewaxddx < [ Bt optadidy <
Qr\w Qr\w
< [ BaGwieowaxdrds.
Qr\w
The functions G;(u) (i = 1,2) are bounded in Qp \ @ thus we obtain
from (2.69) as e — 0
| btGwiepndiar < [ B
Qr\w Qr\w
< [ DGl w0,
Qr\w
Since ¢ € C;°(Qr) is an arbitrary nonnegative function, we find
(2.70) b;([G;w)(t,x)) < Bi(1,x) < bi([Giw))(1,x)), i=1,2

for ae. (t,x) € Qr \ w. The equality (2.70) holds for arbitrary a > 0,
AMw) < a,w C Qr, thus it is valid a.e. in Q7.

Similarly can be proved the inequality for $3(z, x), by using (2.60). 1

If certain additional conditions are satisfied then one can prove unique-
ness of the solution.
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THEOREM 2.2. Let the assumptions of Theorem 2.1 be satisfied such that
b@©)=bO)=by(0)=1 forall® € R,
ail(t7x7CO)C)=ai1(t)x>C)) i=17"'7n

(it is not depending on &),
ag(t,x,80,8) = a(t,x,50)

(it is not depending on {) and the function {y — aé (t,x,8p) is monotone
nondecreasing for a.e. (t,x). Further, ag(t,x,Co,C ) =1, by satisfies a global

Lipschitz condition and G, is continuous with respect to the norm of L*(Qr)
such that

lle 0" [G, (0% it)] ||L2(QT) < const||ii ”LZ(QT)

for any constant c > 0 where the constant is not depending on c, ii. (€07 ii
denotes the function (t,&) — €“0%ii(t,&).) Finally,

3 3
a()(ta-x)CO’C) = aO(CO)
where ag is monotone nondecreasing.

Then the solution of (2.43)—(2.45) is unique.

PROOF. Assume that u and u * are solutions of (2.43)—(2.45). Define i
and i X by
Gi(t,x)=e ' u(t,x), a*¥(t,x)=e 0u*(t,x)

with some (sufficiently large) constant ¢y > 0. Transforming (2.44) to i and

*

i * and applying them to v = ii — & ™ , we obtain

271) [D@—a*),a—a*]+c /(a — @ *)dtdx+
Qr
n
+/e—2601 Z [O!i] (t,x,e0" Dit)—a/} (f,X,eCOtDﬁ*)} (0" D;ii—e 0" Dyt * )dtdx+
or =1
n
¥ / 2003 e, x, eV Dit)—a (1, x,e0 D ¥ )| (€0 Dyi—e0' Dyt * )drdlc+
or i=l
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+ / e |ag(t, x, €0t i) — g (t,x,e0' ¥ )| (0 — V' ¥ )drdx+
Qr
+ / e 20" [Bat,x) — B3 (1,3)] 0" — €0 * ydrdlx+
Qr

+ /e_zcot B5(t.x) -B* (t,x)] (€0 — %0 ¥ )dtdx = 0.
Qr

By the assumptions of our theorem, several terms in (2.71) are nonnega-
tive, so we obtain from (2.71)

(2.72) ¢o / (i — i *)2dtdx + / e 20! [By (1, X)X (t,x)|(u—u X )dtdx +

Qr Qr
+ /e_zcot [B3(t,x) —ﬁ3* (t,))(u — u*)dtdx < 0.
Qr
Since ag is monotone nondecreasing and
lim  «l@®)=a’ £,x)) < B3(t,x) < @ t,x))= lim al©
6—u(tx)—0 ()( ) _o(u( x)) < ﬁS( x) < o(”( X)) 0—ult x40 o( )

and, similarly,

lim 3@ <pF@,x)<  lim  ad®),
0—u X (t,x)—0 0—uXx (t,x)+0

we obtain that u(t,x) > u * (t,x) implies

*Xitx)<  lim ad@®)<  lim  a?©) < B;(t,x)
3 0 0 3
6—u * (1,x)+0 0 —u(t,x)—

and u(t,x) < u*(t,x) implies B3(t,x) < ,33* (t,x), consequently, the third
term in (2.72) is nonnegative.

Further, since b, is (globally) Lipschitz continuous, for the second term
in (2.72) we have the estimate

‘ /e—zfof[ﬁz(z,x) — BX (1,01 — u*)dtdx | =
Qr
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= \ / e =0 {by([Ga(u)](,x)) — ba([Gau *)]I(t,x)} (@i — & * )drdx | <
Qr
< EHe_CO[[G2(“) — G(u *)]HLZ(QT)H’Z —a* ||L2(QT) <élla—a * ”iZ(QT)

with some constants ¢, ¢, not depending on cy. Thus, choosing sufficiently
large cq, from (2.72) we obtain

i —f‘*”iz(QT) =0, ie.u=u* ae. I
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